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The g-states Potts model (g=3)
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The 3-states Potts model has a critical point on the
square lattice at (Kramers Wannier duality)
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Cluster expansion (Fortuin Kasteleyn = FK clusters)
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Domain walls and boundary
conditions (bc)

fixed bc

Potts

Gamsa Cardy
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boundary conditions
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Potts without disorder

simulations by Marco Picco

Gamsa Cardy
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3-states Potts and CFT/SLE
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@ W: Parafermionic currents (Z3 symmetry)
o W: W symmetry

@ R : non-abelian elements of D3 dihedral group




Representation of a conformal field theory with ¢ <1
... away from free field theory: Coulomb gas |

stress energy tensor 7 (z) = —% :0.0(2)0:(2) : +icd; ¢ (2)

short-distance expansion
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2-point function of a vertex operator with himself
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add additional “charge” at o0
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Coulomb Gas 2
Hamiltonian Q| = Hp— / d*z u_V_(2) + u Vi(z)
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marginal with ~ Vi(z) =:e/*90;
o + 0 = 2(1()

primary operators are represented as vertex operators
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in order to close algebra, charges must be quantized
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charges Vi allow for more possibilities for neutral objects




Curve-Creating Operators

curve-creating operator in the bulk
on the boundary FK clusters
spin
clusters P10(2)
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CI)12(Z)
fractal A 1
dimension (P10(z)P10(2))" ~ — 2|
of curve = df=2—4h,




Potts + random temperature disorder
%:%ure+/d2Z8(Z)5f(Z)

dt(z) is a quenched Gaussian random temperature

ot(z) =0, 5t(z)6t(z) = go6*(z—7)

coupling to the energy density  £(z) = P12(2)

Replicated Hamiltonian

take n copies in the limit of n to 0, and average (replica trick)

exp (- X ) =ewp (- LA b0 L. 002




Conformal perturbation theory Ludwig 1987

Using Coulomb gas, we can construct a continuous family of
models parameterized by ,—__ "

-states Potts
2 arccos (\/75) 9

Ising p=qg=2 3-states Potts p=g=3

Operators defined for all p. Disorder g is marginal for p=2.
Do an expansion in p-2.
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Renormalization of the coupling
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Renormalization of the operator ®((z)
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Coulomb gas: need additional vertex-operator V+(y)
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Dotsenko magic formula (DMF)

we want: 1= [ [ofle - 1P ly - 17 -yl Uady
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Dimension of FK clusters in Random Potts
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In nice agreement.
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Potts with disorder
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Spin and SK clusters

FK clusters random
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A correlation function for afficionados

The 0-vector condition (martingale!) for @), gives the PDE
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With the ansatz
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A correlation function for afficionados (2)
solution was from last slide:
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The missing correlation function
Coulomb gas for (®o1(Z1)e(Z2)e(Z2)®01(Z3)) fails miserably!

Try PDE due to 0-vector condition for @)
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With the same parameterization as above
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This can be combined to (and only to) for general p
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The second term has a non-trivial monodromy
around 1, which is not canceled by first term!




The missing correlation function
Coulomb gas for (®o1(Z1)e(Z2)e(Z2)®01(Z3)) fails miserably!

Try PDE due to 0-vector condition for @)
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With the same parameterization as above
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The second term has a non- tr|V|aI monodromy
around 1, which is not canceled by first term!




Kac table for |
Ising

notation: @, P @@ @ ,

b =1
dpp=¢
Pr» =0

operators on the
boundary of the Kac
table are uncharted

D1

territory, and worth
exploring on their own!
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Conclusions

fractal dimension of Random Potts clusters

SK cluster in agreement of numerical
simulations

spin clusters not yet accessible due to
problems in CFT for opeartors outside the
Kac table

multifractal exponents: Is this SLE ?




