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The q-states Potts model (q=3)

Z = ∑
{Si}

e−βH [{S}]

H [{S}] = J ∑
〈i j〉

δSiS j

Si ∈ {0,1,2} = {red,green,blue}
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The 3-states Potts model has a critical point on the 
square lattice  at (Kramers Wannier duality) 

Z = ∑
{Si}

e−βH [{S}]

H [{S}] = J ∑
〈i j〉

δSiS j

Si ∈ {0,1,2} = {red,green,blue}

exp(βcJ) = 1+
√

q , q = 3

Z = ∑
{Si}

e−βJ ∑〈i j〉δSiS j

= ∏ (4)
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Cluster expansion (Fortuin Kasteleyn = FK clusters) 

Z = ∑
{Si}

e−βH [{S}]

H [{S}] =−J ∑
〈i j〉

δSiS j

Si ∈ {0,1,2} = {red,green,blue}

exp(βcJ) = 1+
√

q , q = 3

Z = ∑
{Si}

eβJ ∑〈i j〉δSiS j

= ∑
{Si}

∏
〈i j〉

[
1+

(
eβJ−1

)
δSiS j

]

∝ ∑
{Si}

∏
〈i j〉

[
1− p+ pδSiS j

]
, 1− p = e−βJ

2
each cluster has a unique color 
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Z = ∑
{Si}

e−βH [{S}]

H [{S}] =−J ∑
〈i j〉

δSiS j

Si ∈ {0,1,2} = {red,green,blue}

exp(βcJ) = 1+
√

q , q = 3

Z = ∑
{Si}

eβJ ∑〈i j〉δSiS j

= ∑
{Si}

∏
〈i j〉

[
1+

(
eβJ−1

)
δSiS j

]

∝ ∑
{Si}

∏
〈i j〉

[
1− p+ pδSiS j

]
, 1− p = e−βJ

Z = ∑
G

p|G |(1− p)|G |q||G || (4)
2
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graphs

number of connected 
componentsnumber of edges in complement



Domain walls and boundary 
conditions (bc)

Ising

Potts

fluctuating bcfixed bc

fixed bc

Gamsa Cardy



More boundary conditions

fluctuating fixed fixed - free



Potts without disorder

FK clusters

spin clusters

Gamsa Cardy
CFT/SLE

simulations by Marco Picco
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3-states Potts and CFT/SLE
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Representation of a conformal field theory with c<1

stress energy tensor

Representation of a conformal field theory with c < 1

T (z) =−1
4

:∂zφ(z)∂zφ(z) : +iα0∂ 2
z φ(z)

4

Representation of a conformal field theory with c < 1

T (z) = −1
4

:∂zφ(z)∂zφ(z) : +iα0∂ 2
z φ(z)

〈T (z)T (z′)〉 =
c

2(z− z′)4

c = 1−24α2
0

4

short-distance expansion
with central charge

dimension of vertex operators

Representation of a conformal field theory with c < 1

T (z) = −1
4

:∂zφ(z)∂zφ(z) : +iα0∂ 2
z φ(z)

〈T (z)T (z′)〉 =
c

2(z− z′)4

c = 1−24α2
0

T (z) :eiαφ(z′) : =
[

hα

(z− z′)2 +
1

z− z′
∂z′

]
:eiαφ(z′) :

4

... away from free field theory: Coulomb gas 1Representation of a conformal field theory with c < 1
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hα = α2−2α0α ≡ h2α0−α = hα
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2-point function of a vertex operator with himself 

Representation of a conformal field theory with c < 1

T (z) = −1
4
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]
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T (z) = −1
4

:∂zφ(z)∂zφ(z) : +iα0∂ 2
z φ(z)
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T (z) :eiαφ(z′) : =
[

hα

(z− z′)2 +
1

z− z′
∂z′

]
:eiαφ(z′) :

hα = α2−2α0α ≡ h2α0−α = hα

c < 1
Vα(z) =:eiαφ(z′) :

〈
Vα(z)V2α0−α(z′)

〉
=

1
(z− z′)2hα

1
L4α2

0

4

is zero for large L

add additional “charge” at ∞

hnm := ∆nm = −αnmαnm

=
(nα−+mα+)2− (α−+α+)2

4
(5)

We also note αnm = ᾱnm.

αn,m =
1−n

2
α−+

1−m
2

α+ (6)

ᾱnm = α−n,−m = 2α0−αn,m (7)

α+α− = −1 (8)

α+ +α− = 2α0 (9)

α± = α0±
√

α2
0 +1 (10)

c = 1−24α2
0

= 1−3
(κ−4)2

2κ
(11)

−2α0 V±(z) =:eiα±φ(z) :
5

Representation of a conformal field theory with c < 1

T (z) =−1
4

:∂zφ(z)∂zφ(z) : +iα0∂ 2
z φ(z)

〈T (z)T (z′)〉=
c

2(z− z′)4

c = 1−24α2
0

T (z) :eiαφ(z′) : =
[
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1

z− z′
∂z′

]
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c < 1
Vα(z) =:eiαφ(z′) :

〈
Vα(z)V2α0−α(z′)

〉
=

1
(z− z′)2hα

1
L4α2

0

〈
Vα(z)V2α0−α(z′)

〉
−2α0

= lim
R→∞

R8α2
0
〈
Vα(z)V2α0−α(z′)V−2α(R)

〉
= (z− z′)−2hα

4



Coulomb Gas 2

Hamiltonian 
Coulomb gas

Path integral
Z =

∫
D [φ ] e−H [φ ]

H [φ ] =
1

4π

∫
d2z ∂φ(z)∂̄ φ(z)−µ−V−(z)−µ+V+(z)

Φnm(z)−→
{

Vnm(z)
V nm(z)

3

primary operators are represented as vertex operators 

Coulomb gas
Path integral
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D [φ ] e−H [φ ]

H [φ ] =
1

4π
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d2z ∂φ(z)∂̄ φ(z)−µ−V−(z)−µ+V+(z)
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V nm(z)

Vnm(z) =:eiαnmφ(z) :
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in order to close algebra, charges must be quantized
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The minimal models are given by co-prime integers p̃ and p̃′ > p̃ > 0,
s.t.
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marginal with

Coulomb gas
Path integral

Z =
∫

D [φ ] e−H [φ ]

H [φ ] = H0−
∫

d2z µ−V−(z)+ µ+V+(z)

Φnm(z)−→
{

Vnm(z)
V nm(z)

Vnm(z) =:eiαnmφ(z) :

αnm =

3

Coulomb gas
Path integral
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charges      allow for more possibilities for neutral objects 
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Curve-Creating Operators
curve-creating operator

on the boundary
in the bulk

NEWXT

Φ01(z) Φ12(z)

7

NEWXT

Φ01(z) Φ12(z)

7

NEWXT

Φ01(z) Φ12(z) Φ10(z)

7

FK clusters

spin 
clusters

fractal 
dimension 
of curve 

NEWXT

Φ01(z) Φ12(z) Φ10(z)

p =
π

2arccos(
√q
2 )

p = q = 2

〈Φ10(z)Φ10(z′)〉c ∼ 1
|z− z′|4hε

=⇒ d f = 2−4hε

p = q = 3

7



Potts + random temperature disorder
Disorder

H = Hpure +
∫

d2zε(z)δ t(x)

δ t(z) = 0 , δ t(z)δ t(z′) = g0δ 2(z− z′)
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Disorder

H = Hpure +
∫

d2zε(z)δ t(z)

δ t(z) = 0 , δ t(z)δ t(z′) = g0δ 2(z− z′)

ε(z) = Φ12(z)

8

Disorder

H = Hpure +
∫

d2zε(z)δ t(z)

δ t(z) = 0 , δ t(z)δ t(z′) = g0δ 2(z− z′)

ε(z) = Φ12(z)

8

is a quenched Gaussian random temperature 

coupling to the energy density

Replicated Hamiltonian
take n copies in the limit of n to 0, and average (replica trick)  

Disorder

H = Hpure +
∫

d2zε(z)δ t(z)

δ t(z) = 0 , δ t(z)δ t(z′) = g0δ 2(z− z′)

ε(z) = Φ12(z)

exp
(
−

n

∑
a=1

H a
)

= exp
(
−

n

∑
a=1

H a
pure +g0

n

∑
a,b=1

εa(z)εb(z)
)
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Conformal perturbation theory
NEWXT

Φ01(z) Φ12(z) Φ10(z)

p =
π

2arccos(
√q
2 )

7

Using Coulomb gas, we can construct a continuous family of 
models parameterized by 

NEWXT

Φ01(z) Φ12(z) Φ10(z)

p =
π

2arccos(
√q
2 )

p = q = 2

p = q = 3

7

NEWXT

Φ01(z) Φ12(z) Φ10(z)

p =
π

2arccos(
√q
2 )

p = q = 2

p = q = 3

7

3-states PottsIsing

q-states Potts

Operators defined for all p. Disorder     is marginal for p=2. 
Do an expansion in p-2.

Ludwig 1987

Disorder

H = Hpure +
∫

d2zε(z)δ t(z)

δ t(z) = 0 , δ t(z)δ t(z′) = g0δ 2(z− z′)

ε(z) = Φ12(z)

exp
(
−

n

∑
a=1

H a
)

= exp
(
−

n

∑
a=1

H a
pure +g0

n

∑
a,b=1

εa(z)εb(z)
)

8

Disorder

H = Hpure +
∫

d2zε(z)δ t(z)

δ t(z) = 0 , δ t(z)δ t(z′) = g0δ 2(z− z′)

ε(z) = Φ12(z)

exp
(
−

n

∑
a=1

H a
)

= exp
(
−

n

∑
a=1

H a
pure +g0

n

∑
a,b=1

εa(z)εb(z)
)

δH = −g0∑
a

εa(z)2−g0 ∑
a#=b

εa(z)εb(z)

8

irrelevant
dimension is O(p-2)



Renormalization of the coupling

3

FIG. 1.2: p as a function of q, see Eq. (??).

are the new convention. Then they have

α+ =
√

2p

2p− 1
> 0 (1.35)

α− = −
√

2p− 1
2p

< 0 (1.36)

α0 =
1
2

√
1

2p(2p− 1)
(1.37)

c = 1− 3
p(2p− 1)

(1.38)

αnm = −

√
1

2p(2p− 1)
2(m− n)p + n− 1

2
(1.39)

The dimension of an operator in this parameterization is

∆nm =
(n + 2mp− 2pn)2 − 1

8p(2p− 1)
(1.40)

The parameter p is related to q (use relations for α0):

p =
π

2 arccos
(√

q
2

) (1.41)

G. Dimensions of basic operators for Ising and
Potts

1. Ising, q = p = 2

The critical exponents ν (specific heat) and β (magnetization)
are related to the dimension ∆12 = ∆ε of the energy and ∆σ

of the spin in dimension d via

ν =
1

d−∆ε
, β =

∆σ

d−∆ε
(1.42)

The parameterization is as follows:

α+ =
2√
3

, α− = −
√

3
2

, α0 =
1

4
√

3
(1.43)

FIG. 1.3: Kac table for Ising, with p′ = 4, p = 3. For the 3-states
Potts model, we have p′ = 6, p = 5.
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2. Potts, q = p = 3
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II. RG-CALCULATIONS

A. Renormalization of g to 1-loop order

We use formulas like (for Pierre: (5.1.13) of [3])

εa(Z)εb(Z ′) = δab 〈ε(Z)ε(Z ′)〉0 1 + . . . (2.1)

where 〈. . .〉0 is the average in the unperturbed single replica
theory (at given q), represented, in the Coulomb gas, by
〈. . .〉−2α0

. Hence we will use both notations. (Fusion rules
say that Φ13 and Φ11 = 1 are generated, plus descendants.)
At 1-loop order

∑

a$=b

εa(Z)εb(Z)
∑

c$=d

εc(Z ′)εd(Z ′)

→ 4
∑

d$=a$=b

εb(Z)εd(Z ′) 〈ε(Z)ε(Z ′)〉0 + . . . (2.2)
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From this sum the term b = d is subdominant (see [1]), and
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εb(Z)εd(Z) 〈ε(Z)ε(Z ′)〉0 + . . . (2.3)

The expectation value is
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1

|Z − Z ′|4∆ε
(2.4)

where
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This yields the β-function (for q > 2):

L∂Lg = (2− 4∆ε)g + 4π(n− 2)g2 + . . . (2.7)

The fixed point is for n = 0 at

g∗ =
1− 2∆ε

4π
(2.8)

B. The renormalisation of Φ01 (“2-arm operator”)

There is no contribution at 1-loop order, since

Φa
01(Z)

∑

b !=c

εb(Z ′)εc(Z ′) = 2-replica operator + higher

(2.9)
has no projection on Φ01, since

Φa
01(Z)εa(Z ′) = 0× 1a + . . . , (2.10)

At second order, we have only one diagram, namely

Z1

Z3

Z2

=
g2
0

2!
4(n− 1)

∫

Z2,Z3

〈ε(Z2)ε(Z3)〉0

×
(
Φ01(Z1)ε(Z2)ε(Z3)

∣∣Φ01(Z1)
)

,

(2.11)
where the line identifies the replica, and the OPE should be
performed in each (distinct) replica. One can show the identity
**** should we explain it, and how general is it ? ****

(
Φ01(Z1)ε(Z2)ε(Z3)

∣∣Φ01(Z1)
)

= lim
R→∞

〈Φ01(Z1)ε(Z2)ε(Z3)Φ01(R)〉0
〈Φ01(Z1)Φ01(R)〉0

(2.12)

We can use the following CG representation (see (6.2.15) of
[3]), from the general recipe (1.28):

〈Φ01(Z1)ε(Z2)ε(Z3)Φ01(R)〉 (2.13)

= µ+

∫

Y
〈V01(Z1)V12(Z2)V12(Z3)V+(Y )V01(R)〉−2α0

which satisfies charge neutrality, since α12 = −α+/2. It is
more convenient to first use the conformal transformation

g(z) = − R(z − z1)(R− z2)
(z1 − z2)R2 + (z2 + z(−z1 + z2 − 1))R + z1(z − z2)
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which maps z1 onto 0, z2 onto 1, and R onto R. For R →∞ and all z, zi fixed, it simplifies into

g(z) =
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∫

Y
〈V01(0)V12(1)V12(Z)V+(Y )V01(R)〉−2α0

, Z =
Z1 − Z3

Z1 − Z2
(2.17)

where the last formula means Z = (z, z̄) with z = (z1 − z3)/(z1 − z2). Note that the CG average includes another charge at
infinity R′ → ∞, which must be taken before the limit R → ∞. Note also one could perform the conformal map directly on
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∣∣Φ01(Z1)
)

,

(2.11)
where the line identifies the replica, and the OPE should be
performed in each (distinct) replica. One can show the identity
**** should we explain it, and how general is it ? ****

(
Φ01(Z1)ε(Z2)ε(Z3)

∣∣Φ01(Z1)
)

= lim
R→∞

〈Φ01(Z1)ε(Z2)ε(Z3)Φ01(R)〉0
〈Φ01(Z1)Φ01(R)〉0

(2.12)

We can use the following CG representation (see (6.2.15) of
[3]), from the general recipe (1.28):

〈Φ01(Z1)ε(Z2)ε(Z3)Φ01(R)〉 (2.13)

= µ+

∫

Y
〈V01(Z1)V12(Z2)V12(Z3)V+(Y )V01(R)〉−2α0

which satisfies charge neutrality, since α12 = −α+/2. It is
more convenient to first use the conformal transformation

g(z) = − R(z − z1)(R− z2)
(z1 − z2)R2 + (z2 + z(−z1 + z2 − 1))R + z1(z − z2)

(2.14)

which maps z1 onto 0, z2 onto 1, and R onto R. For R →∞ and all z, zi fixed, it simplifies into

g(z) =
z1 − z

z1 − z2
+ O(1/R) , g′(z) =

1
z2 − z1

+ O(1/R) (2.15)

while g′(R) = z2 − z1 + O(1/R). Using (1.18) one has:

〈Φ01(Z1)ε(Z2)ε(Z3)Φ01(R)〉0 =R→∞ |Z2 − Z1|−4∆12 〈Φ01(0)ε(1)ε(Z)Φ01(R)〉0 (2.16)

= µ+|Z2 − Z1|−4∆12

∫

Y
〈V01(0)V12(1)V12(Z)V+(Y )V01(R)〉−2α0

, Z =
Z1 − Z3

Z1 − Z2
(2.17)

where the last formula means Z = (z, z̄) with z = (z1 − z3)/(z1 − z2). Note that the CG average includes another charge at
infinity R′ → ∞, which must be taken before the limit R → ∞. Note also one could perform the conformal map directly on
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need 2 groups of replicas, e.g:  a=b=d and c=e

a=b=d

c=e

Coulomb gas: need additional vertex-operator V+(y)
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∫
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4p
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regulator

Renormalization of the operator 
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In this appendix, we briefly present the general method to compute integrals of the following form

I =
∫

|x|2a|x− 1|2b|y|2a′
|y − 1|2b′

|x− y|4gd2xd2y (B.1)

where the integration is performed over the whole complex plane. Using the techniques of ref.[? ] (see also [? ]), this integral
can be decomposed into holomorphic and antiholomorphic parts :

I = s(b)s(b′)
[
J+

1 J−1 + J+
2 J−2

]
+ s(b)s(b′ + 2g)J+

1 J−2 + s(b + 2g)s(b′)J+
2 J−1 (B.2)

where s(x) corresponds to sin(! x) and

J+
1 = J(a, b, a′, b′, g) ; J+

2 = J(b, a, b′, a′, g)
J−1 = J(b,−2− a− b− 2g, b′,−2− a′ − b′ − 2g, g) (B.3)
J−2 = J(−2− a− b− 2g, b,−2− a′ − b′ − 2g, b′, g)

Here, we used the notation

J(a, b, a′, b′, g) =
1∫

0

du

1∫

0

dv ua+a′+2g+1(1− u)bva′
(1− v)2g(1− uv)b′

(B.4)

=
Γ(2 + a + a′ + 2g)Γ(1 + b)Γ(1 + a′)Γ(1 + 2g)

Γ(3 + a + a′ + b + 2g)Γ(2 + a′ + 2g)

∞∑

k=0

(−b′)k(2 + a + a′ + 2g)k(1 + a′)k

k!(3 + a + a′ + b + 2g)k(2 + a′ + 2g)k

and

(a)k = a(a + 1)...(a + k − 1)

The J integrals appearing in (B.2) are not all independent. Using contour deformation of integrals it can be shown that we have
the following relations:

s(2g + a + b)J−1 + s(a + b)J−2 =
s(a)

s(2g + a′ + b′)
(
s(a′)J+

1 + s(2g + a′)J+
2

)
(B.5)

s(2g + a′ + b′)J−2 + s(a′ + b′)J−1 =
s(a′)

s(2g + a + b)
(
s(a)J+

2 + s(2g + a)J+
1

)
(B.6)

2. Some checks

J(a, b, a′, b′, g) :=
1∫

0

du

1∫

0

dv ua+a′+2g+1(1− u)bva′
(1− v)2g(1− uv)b′

(B.7)

=
∞∑

n=0

1∫

0

du

1∫

0

dv ua+a′+2g+1(1− u)bva′
(1− v)2g (−b′)n (uv)n

n!

=
Γ(b + 1)Γ(2g + 1)Γ (n + a′ + 1) Γ (a + 2g + n + a′ + 2) (−b′)n

n!Γ (2g + n + a′ + 2) Γ (a + b + 2g + n + a′ + 3)
(−b′)n

n!

=
∞∑

n=0

Γ(b + 1)Γ(2g + 1)Γ (a′ + 1) Γ (a + 2g + a′ + 2) (a′ + 1)n (a + 2g + a′ + 2)n (−b′)n

n!Γ (2g + a′ + 2) Γ (a + b + 2g + a′ + 3) (2g + a′ + 2)n (a + b + 2g + a′ + 3)n

(B.8)

This checks the equality of first and second line in (B.4).
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In this appendix, we briefly present the general method to compute integrals of the following form

I =
∫

|x|2a|x− 1|2b|y|2a′
|y − 1|2b′

|x− y|4gd2xd2y (B.1)

where the integration is performed over the whole complex plane. Using the techniques of ref.[? ] (see also [? ]), this integral
can be decomposed into holomorphic and antiholomorphic parts :

I = s(b)s(b′)
[
J+

1 J−1 + J+
2 J−2

]
+ s(b)s(b′ + 2g)J+

1 J−2 + s(b + 2g)s(b′)J+
2 J−1 (B.2)

where s(x) corresponds to sin(πx) and

J+
1 = J(a, b, a′, b′, g) ; J+

2 = J(b, a, b′, a′, g)
J−1 = J(b,−2− a− b− 2g, b′,−2− a′ − b′ − 2g, g) (B.3)
J−2 = J(−2− a− b− 2g, b,−2− a′ − b′ − 2g, b′, g)

Here, we used the notation

J(a, b, a′, b′, g) =
1∫

0

du

1∫

0

dv ua+a′+2g+1(1− u)bva′
(1− v)2g(1− uv)b′

(B.4)

=
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and

(a)k = a(a + 1)...(a + k − 1)

The J integrals appearing in (B.2) are not all independent. Using contour deformation of integrals it can be shown that we have
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1 + s(2g + a′)J+
2

)
(B.5)
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s(a′)

s(2g + a + b)
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2 + s(2g + a)J+
1

)
(B.6)
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Dimension of FK clusters in Random Potts

12

J−2 suffers from the same problem as J+
1 .

Finally, using relations (B.5) and (B.6) for p=2, we find that:

J+
1 = −J−1 , J−2 = −J+

2 (3.17)

K1 =
3
4

(
J−1 + J+

2

)2 = 65.7499 (3.18)

Raoul and Pierre agree.
The diagram to be calculated is the combination

µ+K1 = −4.50155 (3.19)

Pierre finds −4.50154.
The final result is (Raoul and Pierre agree!!!)

∫

Z2,Z3

(
Φ10(Z1) ε(Z2) ε(Z3)

∣∣∣Φ10(Z1)
) (

ε(Z2)ε(Z3)
∣∣1

)
= µ+ πL4−8∆12

2(1− 2∆12)
K1 = −7.07101

L4−8∆12

(1− 2∆12)
(3.20)

Pierre is not certain about the last two digits, mathematica gives him −7.071 whatever precision he tries.
Using (2.11) this gives for Φ10

ΦR
10 = ΦB

10

[
1 +

g2
0

2!
4(n− 1)× (−7.07101)

L4−8∆12

(1− 2∆12)
+ . . .

]
(3.21)

This gives at n = 0 the dimension **** here some explanation of the method would be welcome ****

dimL(Φ10) = −2∆10 + (g∗)2 × 8× 7.07101 (3.22)

Using

g∗ =
1− 2∆ε

4π
(3.23)

the final result is

dimL(Φ10) = −2∆10 +
(1− 2∆ε)2

2π2
× 7.07101

=
1− p

2p− 1
+

(p− 2)2

2(2p− 1)2π2
× 7.07101

p=3= −2
5

+ 0.0143289 (3.24)

Expanding everything to order (p− 2)2 would give instead a substantially higher correction

dimL(Φ10) = −2∆10 + 0.0398024(p− 2)2 + O(p− 2)3 = −1
3

+ 0.0398024(p− 2)2 + O(p− 2)3 (3.25)

Pierre does not agree on last digit.
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4π
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dimL(Φ10) = −2∆10 +
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=
1− p

2p− 1
+

(p− 2)2

2(2p− 1)2π2
× 7.07101

p=3= −2
5

+ 0.0143289 (3.24)

Expanding everything to order (p− 2)2 would give instead a substantially higher correction
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0.015

in nice agreement.
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A correlation function for afficionados
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IV. THE 4-POINT FUNCTION 〈Φ10εεΦ10〉

A. From the ODE

The differential equation acting on the holomorphic part is:
[
− 3

2(2∆12 + 1)
∂2

∂z2
+

∆10

(z − z1)2
+

1
z − z1

∂

∂z1
+

∆12

(z − z2)2
+

1
z − z2

∂

∂z2

+
∆10

(z − z4)2
+

1
z − z4

∂

∂z4

]
〈Φ10(Z1)ε(Z2)ε(Z)Φ10(Z4)〉 = 0 (4.1)

Eq. 7.47 in yellow book (this means that all z̄i are kept fixed). One defines:

G(U) := lim
|Z4|→∞

|Z4|4∆10 〈Φ10(0)ε(1)ε(U)Φ10(Z4)〉 (4.2)

Using that:

〈Φ10(Z1)ε(Z2)ε(Z)Φ10(Z4)〉 = |Z4|→∞
1

|Z1 − Z2|4∆12
〈Φ10(0)ε(1)ε(U)Φ10(Z4)〉

= |Z4|−4∆10
1

|Z1 − Z2|4∆12
G

(
U = (u =

z − z1

z2 − z1
, ū =

z̄ − z̄1

z̄2 − z̄1
)
)

(4.3)

Inserting in the above differential equation (keeping track of the zi dependence only) and taking the limit of large z4 one finds
that G(U) satisfies the ODE, with derivative w.r.t. the holomorphic variable:

2G(u) (2∆1,2 + 1)
(
(u − 1)2∆1,0 − (u − 2)u∆1,2

)

3(u − 1)u
− 2

3
(2u − 1) (2∆1,2 + 1) G′(u)− (u − 1)uG′′(u) = 0 , (4.4)
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where the G is the Meijer G-function. It has a logarithmic divergence at u = 0, and can be rewritten as

F (u) =: 2F1

(
− 1

2p − 1
,

2p

2p − 1
− 2

2p − 1
; 2; u

) [
c1 + c2 ln(u)Γ( 1

2p−1 )Γ(1 + 1
2p−1 )

]
+c2R(u) =: M(u)+c2R(u) , (4.10)

where uR(u) is an analytic function at u = 0, defined by

R(u) = G2,0
2,2

(
u

∣∣∣∣
1

2p−1 , 1 + 1
2p−1

−1, 0

)
− 2F1

(
− 1

2p − 1
,

2p

2p − 1
− 2

2p − 1
; 2; u

)
ln(u)Γ( 1

2p−1 )Γ(1 + 1
2p−1 ) (4.11)

with solutions
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+
(2456 log(u)− 7368 log(3) + 13471)u3

2187
+

(257064 log(u)− 771192 log(3) + 1385305)u4

177147

−2(−1416474 log(u) + 4249422 log(3)− 7552039)u5

1594323
+ O

(
u6

) ]
(4.19)

=
Γ

(
1
3

)6

4
√

3π3

[
1. + 0.111111(4 log(u) + 11.8167)u− 0.00823045(−96 log(u)− 228.6)u2

+0.000457247(2456. log(u) + 5376.42)u3

+5.645029269476762× 10−6(257064. log(u) + 538064.)u4

−1.2544509487726139× 10−6(−1.41647× 106 log(u)− 2.88357× 106)u5 + O
(
u6

) ]

(4.20)

To match the terms of order 1 and u in the square brackets, we set

a1 = −8πµ+ × 4π

9
√

3
=

Γ( 1
3 )6

54π2
= 0.693558 (4.21)

a2 = −8πµ+ ×
2Γ( 1

3 )2

27
=

Γ( 1
3 )8

108
√

3π3
= 0.45737 (4.22)

We find as a non-trivial check that (higher orders need a lot of Mathematica time, but should be possible)

G(U)PDE

G(U)Coulomb
= 1 + O(u8) . (4.23)

Let us put everything together for the final result at p = 2

G(U)
∣∣∣
p=2

=
Γ( 1

3 )6

27π2

|U | 2
3

|1− U |2

∣∣∣∣2F1

(
−1

3
,
2
3
; 2; u

)∣∣∣∣
2

+
Γ( 1

3 )8

54
√

3π3

|U | 2
3

|1− U |2

[
2F1

(
−1

3
,
2
3
; 2; u

)
G2,0

2,2

(
u

∣∣∣∣
1
3 , 4

3
−1, 0

)
+ c.c.

]
. (4.24)

Raoul’s version 2:

f(z) :=
1
3

[
−2F

(0,0,1,0)
1

(
4
3
,
1
3
, 1, z

)
− 2F

(0,1,0,0)
1

(
4
3
,
1
3
, 1, z

)
+ 2F

(0,0,1,0)
1

(
4
3
,
4
3
, 1, z

)
+ 2F

(0,1,0,0)
1

(
4
3
,
4
3
, 1, z

)]

+ 2F1

(
4
3
,
4
3
; 1; z

)
(4.25)

g(z) = −2F
(0,0,1,0)
1

(
4
3
,
7
3
, 2, z

)
− 2F

(0,1,0,0)
1

(
4
3
,
7
3
, 2, z

)
(4.26)

G(z) =
|1− z|4/3|z|2/3Γ( 1

3 )6

18
√

3π3

[ (
9
4

f(z)
z

− g(z)
)

2F1

(
4
3
,
7
3
; 2; z

)
+ c.c.

+
∣∣∣∣2F1

(
4
3
,
7
3
; 2; z

)∣∣∣∣
2 (

log(zz) + 4ψ(0)( 1
3 ) +

2π√
3

+ 4γ +
11
2

) ]
(4.27)

We find by Taylor-expanding around zero, that on the real axis GRaoul(U) = 2|1 − U |−4/3GKay(U).
!!!!CHECK!!!!CHECK!!!!

APPENDIX A: EVALUATION OF µ+

Dotsenko claims that µ+ in (1.28) is a parameter independent of the operators V standing in front. Then we can consider the
following Coulomb-gas representation

〈ε(Z1)ε(Z2)ε(Z3)ε(Z4)〉 = µ+

∫

Y
〈V12(Z1)V12(Z2)V12(Z3)V12(Z4)V+(Y )〉−2α0

13

IV. THE 4-POINT FUNCTION 〈Φ10εεΦ10〉

A. From the ODE

The differential equation acting on the holomorphic part is:
[
− 3

2(2∆12 + 1)
∂2

∂z2
+

∆10

(z − z1)2
+

1
z − z1

∂

∂z1
+

∆12

(z − z2)2
+

1
z − z2

∂

∂z2

+
∆10

(z − z4)2
+

1
z − z4

∂

∂z4

]
〈Φ10(Z1)ε(Z2)ε(Z)Φ10(Z4)〉 = 0 (4.1)

Eq. 7.47 in yellow book (this means that all z̄i are kept fixed). One defines:

G(U) := lim
|Z4|→∞

|Z4|4∆10 〈Φ10(0)ε(1)ε(U)Φ10(Z4)〉 (4.2)

Using that:

〈Φ10(Z1)ε(Z2)ε(Z)Φ10(Z4)〉 = |Z4|→∞
1

|Z1 − Z2|4∆12
〈Φ10(0)ε(1)ε(U)Φ10(Z4)〉

= |Z4|−4∆10
1

|Z1 − Z2|4∆12
G

(
U = (u =

z − z1

z2 − z1
, ū =

z̄ − z̄1

z̄2 − z̄1
)
)

(4.3)

Inserting in the above differential equation (keeping track of the zi dependence only) and taking the limit of large z4 one finds
that G(U) satisfies the ODE, with derivative w.r.t. the holomorphic variable:

2G(u) (2∆1,2 + 1)
(
(u − 1)2∆1,0 − (u − 2)u∆1,2

)

3(u − 1)u
− 2

3
(2u − 1) (2∆1,2 + 1) G′(u)− (u − 1)uG′′(u) = 0 , (4.4)

which yields:

p(p − 2(u − 2)u − 1)G(u)
(1− 2p)2(u − 1)u

+
p(2− 4u)G′(u)

2p − 1
− (u − 1)uG′′(u) = 0 . (4.5)

We now set G(u) = uc1(1− u)c2F (u) and ask that the ODE for F has the hypergeometric form:

−abF (u) + (c− (a + b + 1)u) F ′(u) + (1 − u)uF ′′(u) = 0 (4.6)

There are four solutions, all combinations of c1 = 1
6 (1−4∆12±

√
(1− 4∆12)2 + 24∆10(1 + 2∆12)) and c2 ∈ (−2∆12,

1
3 (1+

2∆12), which gives c1 ∈ (− p
2p−1 , p−1

2p−1 ) and c2 ∈ (− 1+p
2p−1 , p

2p−1 ).
We choose one, namely

G(u) = (1 − u)
p+1
1−2p u

p−1
2p−1 F (u) (4.7)

and get

2(p − 1)F (u)
(1− 2p)2

+
(

2 − 4(p − 1)u
2p − 1

)
F ′(u) + (1 − u)uF ′′(u) = 0 (4.8)

Note that the solution is (with of course different coefficients ci than above)

F (u) = c1 2F1

(
− 1

2p − 1
,

2p

2p − 1
− 2

2p − 1
; 2; u

)
+ c2G

2,0
2,2

(
u

∣∣∣∣
1

2p−1 , 1 + 1
2p−1

−1, 0

)
, (4.9)

where the G is the Meijer G-function. It has a logarithmic divergence at u = 0, and can be rewritten as

F (u) =: 2F1

(
− 1

2p − 1
,

2p

2p − 1
− 2

2p − 1
; 2; u

) [
c1 + c2 ln(u)Γ( 1

2p−1 )Γ(1 + 1
2p−1 )

]
+c2R(u) =: M(u)+c2R(u) , (4.10)

where uR(u) is an analytic function at u = 0, defined by

R(u) = G2,0
2,2

(
u

∣∣∣∣
1

2p−1 , 1 + 1
2p−1

−1, 0

)
− 2F1

(
− 1

2p − 1
,

2p

2p − 1
− 2

2p − 1
; 2; u

)
ln(u)Γ( 1

2p−1 )Γ(1 + 1
2p−1 ) (4.11)
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where the G is the Meijer G-function. It has a logarithmic divergence at u = 0, and can be rewritten as

F (u) =: 2F1

(
− 1

2p − 1
,
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2p − 1
− 2

2p − 1
; 2; u

) [
c1 + c2 ln(u)Γ( 1
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]
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where uR(u) is an analytic function at u = 0, defined by

R(u) = G2,0
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(
u

∣∣∣∣
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2p−1 , 1 + 1
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ln(u)Γ( 1

2p−1 )Γ(1 + 1
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solution was from last slide:

regular



6

This integral clearly has a pole in 1/δ, due to the divergence (δ-distribution) at y = 0. So the normalization should have a factor
of δ. Thus we should probably calculate

lim
δ→0

δJp=2
δ = π

∫

Z
|Z|− 5

3 |Z − 1|− 2
3 =

22/3π5/2Γ
(

1
6

)

Γ
(

5
6

)2 = 121.312 (2.31)

We used [3], formula (7.1.55) = (7.1.63). Recheck.
Restore full OPE coefficient, using Z = Z1−Z3

Z1−Z2
, Z − 1 = Z2−Z3

Z1−Z2
.

(
Φ01(Z1)ε(Z2)ε(Z3)

∣∣Φ01(Z1)
)

=
(

π lim
δ→0

µ+

δ

)
|Z1 − Z2|−2

∣∣∣∣
Z1 − Z3

Z1 − Z2

∣∣∣∣
− 5

3
∣∣∣∣
Z2 − Z3

Z1 − Z2

∣∣∣∣

4
3

=
(

π lim
δ→0

µ+

δ

)
|Z1 − Z2|− 5

3 |Z1 − Z3|−
5
3 |Z2 − Z3|

4
3 (2.32)

This expression is symmetric under exchange of Z1 and Z2, as it should. However the divergence in Z2−Z3 is not the expected
|Z2 − Z3|−4 ! 12 = |Z2 − Z3|−2. So the expression seems to be sick.

Apparently the Coulomb-gas formalism is not always unique when applied to the real fields (i.e. product of holomorphic
and anti-holomorphic fields). Therefore use the following differential equation valid for the dependence on the holomorphic
coordinates (an equivalent equation holds for the antiholomorphic one) ****recheck****

[
− 3

2(2h12 + 1)
∂2

∂z2
+

3∑

i=1

hi

(z − zi)2
+

1
z − zi

∂

∂zi

]
〈Φ01(Z1)ε(Z)ε(Z2)Φ01(Z3)〉 = 0 (2.33)

Write for large R = Z3

〈Φ01(Z1)ε(Z)ε(Z2)Φ01(Z3)〉 ≈
1

|Z1 − Z2|4 ! 12

〈
Φ01(0)ε(1)ε( Z−Z1

Z2−Z1
)Φ01(R)

〉
. (2.34)

We note

G(U) := 〈Φ01(0)ε(1)ε(U)Φ01(R)〉 = g(u)ḡ(ū) (2.35)

We find that g(u) satisfies the ODE

(u− 1)u (2(2u− 1) (2∆1,2 + 1) g′(u) + 3(u− 1)ug′′(u))− 2g(u) (2∆1,2 + 1)
(
(u− 1)2∆0,1 − (u− 2)u∆1,2

)
= 0 (2.36)

In order to bring it to the hypergeometric form,

z(1− z)
d2f

dz2
+ [c− (a + b + 1)z]

df

dz
− abf = 0 . (2.37)

we set

g(u) = f(u)uc1(1− u)c2 (2.38)

We find that there are 2 solutions each for c1 and c2.
We first put p = 2, because this gives simpler formulas. We find

c1 =
{
−5

6
,
1
2

}
, c2 =

{
−1,

2
3

}
(2.39)

The solutions are (we give the solution under the form a1 2F1(a, b, ; c;u) + b1u1−c
2F1(a− c + 1, b− c + 1; 2− c;u))

g1(u) = a1
2F1(− 1

3 ,− 5
3 ;− 1

3 ;u)
(1− u)u 5

6
+ b1

√
u 2F1(− 1

3 , 1; 7
3 ;u)

1− u
(2.40)

g2(u) = a2
(1− u) 2

3 2F1(0, 4
3 ;− 1

3 ;u)
u

5
6

+ b2(1− u)
2
3
√

u 2F1( 4
3 , 8

3 ; 7
3 ;u) (2.41)

g3(u) = a3

√
u 2F1(− 1

3 , 1; 7
3 ;u)

1− u
+ b3

2F1(− 1
3 ,− 5

3 ;− 1
3 ;u)

(1− u)u 5
6

(2.42)

g4(u) = a4(1− u)
2
3
√

u 2F1( 4
3 , 8

3 ; 7
3 ;u) + b4

(1− u) 2
3 2F1(0, 4

3 ;− 1
3 ;u)

u
5
6

(2.43)

Coulomb gas for fails miserably!
Try PDE due to 0-vector condition for Φ12

With the same parameterization as above

G(u, ū) = a(ū)
(1−u)2/3

u5/6 +b(ū)
√

u 2F1
(
−1

3,1; 7
3;u

)

1−u
(14)

G(z) =
∫

y

10

This can be combined to (and only to) for general p

7

We remark that there are only two non-identical representations, say g1(u) and g2(u). Even more, we find that also g1 and g2

are equivalent:

g1(u) = a
(1− u)2/3

u5/6
+ b

√
u 2F1

(
− 1

3 , 1; 7
3 ;u

)

1− u
≡ a

(1− u)2/3

u5/6
+ b(1− u)2/3√u 2F1

(
4
3 , 8

3 ; 7
3 ;u

)
= g2(u) (2.44)

For general p $= 2, we find

g(u) = a u
2p+1
2−4p (1− u)

p
2p−1 + b

√
u(1− u)

p+1
1−2p 2F1

(
1, 1

1−2p ; 2 + 1
2p−1 ;u

)
(2.45)

To respect that G(U) is real, we can combine |g1(u)|2 at a = 0 and at b = 0, and use a cross-term (see below):

G(U) = A
|1− U |4/3

|U |5/3
+ B

|U |
|1− U |2

∣∣
2F1

(
− 1

3 , 1; 7
3 ;U

)∣∣2 + C... (2.46)

For p $= 2 this generalizes to

G(U) = A|1− U |1+
1

2p−1 |U |
2p+1
1−2p + B|1− U |

2(p+1)
1−2p |U |

∣∣∣ 2F1

(
1, 1

1−2p ; 2 + 1
2p−1 ;U

)∣∣∣
2

+C
[
u

2p+1
2−4p (1− u)

p
2p−1 ×

√
ū(1− ū)

p+1
1−2p 2F1

(
1, 1

1−2p ; 2 + 1
2p−1 ; ū

)
+ c.c.

]
(2.47)

***REWRITE BELOW WITH C. I THINK THAT DOES NOT GET IT WORKING. We note that

2F1

(
− 1

3 , 1; 7
3 ;u

)
=

∞∑

n=0

4unΓ
(
n + 8

3

)

(3n + 4)Γ
(

8
3

)
Γ(n + 1)

=
∫ 1

0
dt

t5/3

(1− t)4/3(1− tu)4/3
(2.48)

We need to check the limit u → 1. To do so, write (Abramowitz-Stegun, eq. 15.3.6)

2F1

(
− 1

3 , 1; 7
3 ;u

)
= 2F1

(
8
3 , 4

3 , 8
3 , 1− u

)
Γ

(
− 5

3

)
Γ

(
7
3

)
(1− u)5/3

Γ
(
− 1

3

) + 2F1

(
− 1

3 , 1, 4, 1− u
)
Γ

(
5
3

)
Γ

(
7
3

)

Γ
(

4
3

)
Γ

(
8
3

) (2.49)

For u → 1, this gives

lim
u→1

2F1

(
− 1

3 , 1; 7
3 ;u

)
=

4
5

. (2.50)

In that limit, the OPE must factorize into 〈ε(1)ε(u)〉 ≈ 1
(1−u) , since we set p = 2. This fixes B = 25

16 . For p $= 2, eq. (2.44)
generalizes to

g(u) = b
2p(1− u)

p+1
1−2p

2p + 1
+ (1− u)

p
2p−1

[
a +

bΓ( 2p+1
1−2p )Γ(2 + 1

2p−1 )

Γ( 1
1−2p )

]
+ . . . (2.51)

This fixes

b = b∗ =
2p + 1

2p
, B =

(
2p + 1

2p

)2

(2.52)

Let us now study the monodromy around 1. To that purpose write with b given above

g(u) = a u
2p+1
2−4p (1− u)

p
2p−1 + b

√
u(1− u)

p+1
1−2p 2F1

(
1, 1

1−2p ; 2 + 1
2p−1 ;u

)
(2.53)

=
(1− u)1+

2
2p−1 Γ

(
2p+1
1−2p

)
Γ

(
2 + 1

2p−1

)
u

2p
1−2p

Γ
(

1
1−2p

) + a(1− u)
p

2p−1 u
2p+1
2−4p +

2p 2F1

(
1, 1

1−2p , 2
1−2p , 1− u

)

2p + 1
(2.54)

To ensure monodromy around 1, G(U) in eq. (2.47) can also be written as (with U = u)

G(U) = A|1− U |1+
1

2p−1 |U |
2p+1
1−2p +

(2p + 1)2

4p2
|1− U |

2(p+1)
1−2p |U |

∣∣∣ 2F1

(
1, 1

1−2p ; 2 + 1
2p−1 ;U

)∣∣∣
2

= A|1− U |1+
1

2p−1 |U |
2p+1
1−2p

+
(2p + 1)2

4p2
|1− u|

2p+2
1−2p |u|

∣∣∣∣∣∣

(1− u)
2p+1
2p−1 Γ

(
2p+1
1−2p

)
Γ

(
2 + 1

2p−1

)
u

2p
1−2p

Γ
(

1
1−2p

) +
2p 2F1

(
1, 1

1−2p , 2
1−2p , 1− u

)

2p + 1

∣∣∣∣∣∣

2

(2.55)The second term has a non-trivial monodromy 
around 1, which is not canceled by first term!

6

This integral clearly has a pole in 1/δ, due to the divergence (δ-distribution) at y = 0. So the normalization should have a factor
of δ. Thus we should probably calculate

lim
δ→0

δJp=2
δ = π

∫

Z
|Z|− 5

3 |Z − 1|− 2
3 =

22/3π5/2Γ
(

1
6

)

Γ
(

5
6

)2 = 121.312 (2.31)

We used [3], formula (7.1.55) = (7.1.63). Recheck.
Restore full OPE coefficient, using Z = Z1−Z3

Z1−Z2
, Z − 1 = Z2−Z3

Z1−Z2
.

(
Φ01(Z1)ε(Z2)ε(Z3)

∣∣Φ01(Z1)
)

=
(

π lim
δ→0

µ+

δ

)
|Z1 − Z2|−2

∣∣∣∣
Z1 − Z3

Z1 − Z2

∣∣∣∣
− 5

3
∣∣∣∣
Z2 − Z3

Z1 − Z2

∣∣∣∣

4
3

=
(

π lim
δ→0

µ+

δ

)
|Z1 − Z2|− 5

3 |Z1 − Z3|−
5
3 |Z2 − Z3|

4
3 (2.32)

This expression is symmetric under exchange of Z1 and Z2, as it should. However the divergence in Z2−Z3 is not the expected
|Z2 − Z3|−4∆12 = |Z2 − Z3|−2. So the expression seems to be sick.

Apparently the Coulomb-gas formalism is not always unique when applied to the real fields (i.e. product of holomorphic
and anti-holomorphic fields). Therefore use the following differential equation valid for the dependence on the holomorphic
coordinates (an equivalent equation holds for the antiholomorphic one) ****recheck****

[
− 3

2(2h12 + 1)
∂2

∂z2
+

3∑

i=1

hi

(z − zi)2
+

1
z − zi

∂

∂zi

]
〈Φ01(Z1)ε(Z)ε(Z2)Φ01(Z3)〉 = 0 (2.33)

Write for large R = Z3

〈Φ01(Z1)ε(Z)ε(Z2)Φ01(Z3)〉 ≈
1

|Z1 − Z2|4∆12

〈
Φ01(0)ε(1)ε( Z−Z1

Z2−Z1
)Φ01(R)

〉
. (2.34)

We note

G(U) := 〈Φ01(0)ε(1)ε(U)Φ01(R)〉 = g(u)ḡ(ū) (2.35)

We find that g(u) satisfies the ODE

(u− 1)u (2(2u− 1) (2∆1,2 + 1) g′(u) + 3(u− 1)ug′′(u))− 2g(u) (2∆1,2 + 1)
(
(u− 1)2∆0,1 − (u− 2)u∆1,2

)
= 0 (2.36)

In order to bring it to the hypergeometric form,

z(1− z)
d2f

dz2
+ [c− (a + b + 1)z]

df

dz
− abf = 0 . (2.37)

we set

g(u) = f(u)uc1(1− u)c2 (2.38)

We find that there are 2 solutions each for c1 and c2.
We first put p = 2, because this gives simpler formulas. We find

c1 =
{
−5

6
,
1
2

}
, c2 =

{
−1,

2
3

}
(2.39)

The solutions are (we give the solution under the form a1 2F1(a, b, ; c;u) + b1u1−c
2F1(a− c + 1, b− c + 1; 2− c;u))

g1(u) = a1
2F1(− 1

3 ,− 5
3 ;− 1

3 ;u)
(1− u)u 5

6
+ b1

√
u 2F1(− 1

3 , 1; 7
3 ;u)

1− u
(2.40)

g2(u) = a2
(1− u) 2

3 2F1(0, 4
3 ;− 1

3 ;u)
u

5
6

+ b2(1− u)
2
3
√

u 2F1( 4
3 , 8

3 ; 7
3 ;u) (2.41)

g3(u) = a3

√
u 2F1(− 1

3 , 1; 7
3 ;u)

1− u
+ b3

2F1(− 1
3 ,− 5

3 ;− 1
3 ;u)

(1− u)u 5
6

(2.42)

g4(u) = a4(1− u)
2
3
√

u 2F1( 4
3 , 8

3 ; 7
3 ;u) + b4

(1− u) 2
3 2F1(0, 4

3 ;− 1
3 ;u)

u
5
6

(2.43)

The missing correlation function



6

This integral clearly has a pole in 1/δ, due to the divergence (δ-distribution) at y = 0. So the normalization should have a factor
of δ. Thus we should probably calculate

lim
δ→0

δJp=2
δ = π

∫

Z
|Z|− 5

3 |Z − 1|− 2
3 =

22/3π5/2Γ
(

1
6

)

Γ
(

5
6

)2 = 121.312 (2.31)

We used [3], formula (7.1.55) = (7.1.63). Recheck.
Restore full OPE coefficient, using Z = Z1−Z3

Z1−Z2
, Z − 1 = Z2−Z3

Z1−Z2
.

(
Φ01(Z1)ε(Z2)ε(Z3)

∣∣Φ01(Z1)
)

=
(

π lim
δ→0

µ+

δ

)
|Z1 − Z2|−2

∣∣∣∣
Z1 − Z3

Z1 − Z2

∣∣∣∣
− 5

3
∣∣∣∣
Z2 − Z3

Z1 − Z2

∣∣∣∣

4
3

=
(

π lim
δ→0

µ+

δ

)
|Z1 − Z2|− 5

3 |Z1 − Z3|−
5
3 |Z2 − Z3|

4
3 (2.32)

This expression is symmetric under exchange of Z1 and Z2, as it should. However the divergence in Z2−Z3 is not the expected
|Z2 − Z3|−4 ! 12 = |Z2 − Z3|−2. So the expression seems to be sick.

Apparently the Coulomb-gas formalism is not always unique when applied to the real fields (i.e. product of holomorphic
and anti-holomorphic fields). Therefore use the following differential equation valid for the dependence on the holomorphic
coordinates (an equivalent equation holds for the antiholomorphic one) ****recheck****

[
− 3

2(2h12 + 1)
∂2

∂z2
+

3∑

i=1

hi

(z − zi)2
+

1
z − zi

∂

∂zi

]
〈Φ01(Z1)ε(Z)ε(Z2)Φ01(Z3)〉 = 0 (2.33)

Write for large R = Z3

〈Φ01(Z1)ε(Z)ε(Z2)Φ01(Z3)〉 ≈
1

|Z1 − Z2|4 ! 12

〈
Φ01(0)ε(1)ε( Z−Z1

Z2−Z1
)Φ01(R)

〉
. (2.34)

We note

G(U) := 〈Φ01(0)ε(1)ε(U)Φ01(R)〉 = g(u)ḡ(ū) (2.35)

We find that g(u) satisfies the ODE

(u− 1)u (2(2u− 1) (2∆1,2 + 1) g′(u) + 3(u− 1)ug′′(u))− 2g(u) (2∆1,2 + 1)
(
(u− 1)2∆0,1 − (u− 2)u∆1,2

)
= 0 (2.36)

In order to bring it to the hypergeometric form,

z(1− z)
d2f

dz2
+ [c− (a + b + 1)z]

df

dz
− abf = 0 . (2.37)

we set

g(u) = f(u)uc1(1− u)c2 (2.38)

We find that there are 2 solutions each for c1 and c2.
We first put p = 2, because this gives simpler formulas. We find

c1 =
{
−5

6
,
1
2

}
, c2 =

{
−1,

2
3

}
(2.39)

The solutions are (we give the solution under the form a1 2F1(a, b, ; c;u) + b1u1−c
2F1(a− c + 1, b− c + 1; 2− c;u))

g1(u) = a1
2F1(− 1

3 ,− 5
3 ;− 1

3 ;u)
(1− u)u 5

6
+ b1

√
u 2F1(− 1

3 , 1; 7
3 ;u)

1− u
(2.40)

g2(u) = a2
(1− u) 2

3 2F1(0, 4
3 ;− 1

3 ;u)
u

5
6

+ b2(1− u)
2
3
√

u 2F1( 4
3 , 8

3 ; 7
3 ;u) (2.41)

g3(u) = a3

√
u 2F1(− 1

3 , 1; 7
3 ;u)

1− u
+ b3

2F1(− 1
3 ,− 5

3 ;− 1
3 ;u)

(1− u)u 5
6

(2.42)

g4(u) = a4(1− u)
2
3
√

u 2F1( 4
3 , 8

3 ; 7
3 ;u) + b4

(1− u) 2
3 2F1(0, 4

3 ;− 1
3 ;u)

u
5
6

(2.43)

Coulomb gas for fails miserably!
Try PDE due to 0-vector condition for Φ12

With the same parameterization as above

G(u, ū) = a(ū)
(1−u)2/3

u5/6 +b(ū)
√

u 2F1
(
−1

3,1; 7
3;u

)

1−u
(14)

G(z) =
∫

y

10

This can be combined to (and only to) for general p

7

We remark that there are only two non-identical representations, say g1(u) and g2(u). Even more, we find that also g1 and g2

are equivalent:

g1(u) = a
(1− u)2/3

u5/6
+ b

√
u 2F1

(
− 1

3 , 1; 7
3 ;u

)

1− u
≡ a

(1− u)2/3

u5/6
+ b(1− u)2/3√u 2F1

(
4
3 , 8

3 ; 7
3 ;u

)
= g2(u) (2.44)

For general p $= 2, we find

g(u) = a u
2p+1
2−4p (1− u)

p
2p−1 + b

√
u(1− u)

p+1
1−2p 2F1

(
1, 1

1−2p ; 2 + 1
2p−1 ;u

)
(2.45)

To respect that G(U) is real, we can combine |g1(u)|2 at a = 0 and at b = 0, and use a cross-term (see below):

G(U) = A
|1− U |4/3

|U |5/3
+ B

|U |
|1− U |2

∣∣
2F1

(
− 1

3 , 1; 7
3 ;U

)∣∣2 + C... (2.46)

For p $= 2 this generalizes to

G(U) = A|1− U |1+
1

2p−1 |U |
2p+1
1−2p + B|1− U |

2(p+1)
1−2p |U |

∣∣∣ 2F1

(
1, 1

1−2p ; 2 + 1
2p−1 ;U

)∣∣∣
2

+C
[
u

2p+1
2−4p (1− u)

p
2p−1 ×

√
ū(1− ū)

p+1
1−2p 2F1

(
1, 1

1−2p ; 2 + 1
2p−1 ; ū

)
+ c.c.

]
(2.47)

***REWRITE BELOW WITH C. I THINK THAT DOES NOT GET IT WORKING. We note that

2F1

(
− 1

3 , 1; 7
3 ;u

)
=

∞∑

n=0

4unΓ
(
n + 8

3

)

(3n + 4)Γ
(

8
3

)
Γ(n + 1)

=
∫ 1

0
dt

t5/3

(1− t)4/3(1− tu)4/3
(2.48)

We need to check the limit u → 1. To do so, write (Abramowitz-Stegun, eq. 15.3.6)

2F1

(
− 1

3 , 1; 7
3 ;u

)
= 2F1

(
8
3 , 4

3 , 8
3 , 1− u

)
Γ

(
− 5

3

)
Γ

(
7
3

)
(1− u)5/3

Γ
(
− 1

3

) + 2F1

(
− 1

3 , 1, 4, 1− u
)
Γ

(
5
3

)
Γ

(
7
3

)

Γ
(

4
3

)
Γ

(
8
3

) (2.49)

For u → 1, this gives

lim
u→1

2F1

(
− 1

3 , 1; 7
3 ;u

)
=

4
5

. (2.50)

In that limit, the OPE must factorize into 〈ε(1)ε(u)〉 ≈ 1
(1−u) , since we set p = 2. This fixes B = 25

16 . For p $= 2, eq. (2.44)
generalizes to

g(u) = b
2p(1− u)

p+1
1−2p

2p + 1
+ (1− u)

p
2p−1

[
a +

bΓ( 2p+1
1−2p )Γ(2 + 1

2p−1 )

Γ( 1
1−2p )

]
+ . . . (2.51)

This fixes

b = b∗ =
2p + 1

2p
, B =

(
2p + 1

2p

)2

(2.52)

Let us now study the monodromy around 1. To that purpose write with b given above

g(u) = a u
2p+1
2−4p (1− u)

p
2p−1 + b

√
u(1− u)

p+1
1−2p 2F1

(
1, 1

1−2p ; 2 + 1
2p−1 ;u

)
(2.53)

=
(1− u)1+

2
2p−1 Γ

(
2p+1
1−2p

)
Γ

(
2 + 1

2p−1

)
u

2p
1−2p

Γ
(

1
1−2p

) + a(1− u)
p

2p−1 u
2p+1
2−4p +

2p 2F1

(
1, 1

1−2p , 2
1−2p , 1− u

)

2p + 1
(2.54)

To ensure monodromy around 1, G(U) in eq. (2.47) can also be written as (with U = u)

G(U) = A|1− U |1+
1

2p−1 |U |
2p+1
1−2p +

(2p + 1)2

4p2
|1− U |

2(p+1)
1−2p |U |

∣∣∣ 2F1

(
1, 1

1−2p ; 2 + 1
2p−1 ;U

)∣∣∣
2

= A|1− U |1+
1

2p−1 |U |
2p+1
1−2p

+
(2p + 1)2

4p2
|1− u|

2p+2
1−2p |u|

∣∣∣∣∣∣

(1− u)
2p+1
2p−1 Γ

(
2p+1
1−2p

)
Γ

(
2 + 1

2p−1

)
u

2p
1−2p

Γ
(

1
1−2p

) +
2p 2F1

(
1, 1

1−2p , 2
1−2p , 1− u

)

2p + 1

∣∣∣∣∣∣

2

(2.55)The second term has a non-trivial monodromy 
around 1, which is not canceled by first term!

IMPOSSIBLE!

6

This integral clearly has a pole in 1/δ, due to the divergence (δ-distribution) at y = 0. So the normalization should have a factor
of δ. Thus we should probably calculate

lim
δ→0

δJp=2
δ = π

∫

Z
|Z|− 5

3 |Z − 1|− 2
3 =

22/3π5/2Γ
(

1
6

)

Γ
(

5
6

)2 = 121.312 (2.31)

We used [3], formula (7.1.55) = (7.1.63). Recheck.
Restore full OPE coefficient, using Z = Z1−Z3

Z1−Z2
, Z − 1 = Z2−Z3

Z1−Z2
.

(
Φ01(Z1)ε(Z2)ε(Z3)

∣∣Φ01(Z1)
)

=
(

π lim
δ→0

µ+

δ

)
|Z1 − Z2|−2

∣∣∣∣
Z1 − Z3

Z1 − Z2

∣∣∣∣
− 5

3
∣∣∣∣
Z2 − Z3

Z1 − Z2

∣∣∣∣

4
3

=
(

π lim
δ→0

µ+

δ

)
|Z1 − Z2|− 5

3 |Z1 − Z3|−
5
3 |Z2 − Z3|

4
3 (2.32)

This expression is symmetric under exchange of Z1 and Z2, as it should. However the divergence in Z2−Z3 is not the expected
|Z2 − Z3|−4∆12 = |Z2 − Z3|−2. So the expression seems to be sick.

Apparently the Coulomb-gas formalism is not always unique when applied to the real fields (i.e. product of holomorphic
and anti-holomorphic fields). Therefore use the following differential equation valid for the dependence on the holomorphic
coordinates (an equivalent equation holds for the antiholomorphic one) ****recheck****

[
− 3

2(2h12 + 1)
∂2

∂z2
+

3∑

i=1

hi

(z − zi)2
+

1
z − zi

∂

∂zi

]
〈Φ01(Z1)ε(Z)ε(Z2)Φ01(Z3)〉 = 0 (2.33)

Write for large R = Z3

〈Φ01(Z1)ε(Z)ε(Z2)Φ01(Z3)〉 ≈
1

|Z1 − Z2|4∆12

〈
Φ01(0)ε(1)ε( Z−Z1

Z2−Z1
)Φ01(R)

〉
. (2.34)

We note

G(U) := 〈Φ01(0)ε(1)ε(U)Φ01(R)〉 = g(u)ḡ(ū) (2.35)

We find that g(u) satisfies the ODE

(u− 1)u (2(2u− 1) (2∆1,2 + 1) g′(u) + 3(u− 1)ug′′(u))− 2g(u) (2∆1,2 + 1)
(
(u− 1)2∆0,1 − (u− 2)u∆1,2

)
= 0 (2.36)

In order to bring it to the hypergeometric form,

z(1− z)
d2f

dz2
+ [c− (a + b + 1)z]

df

dz
− abf = 0 . (2.37)

we set

g(u) = f(u)uc1(1− u)c2 (2.38)

We find that there are 2 solutions each for c1 and c2.
We first put p = 2, because this gives simpler formulas. We find

c1 =
{
−5

6
,
1
2

}
, c2 =

{
−1,

2
3

}
(2.39)

The solutions are (we give the solution under the form a1 2F1(a, b, ; c;u) + b1u1−c
2F1(a− c + 1, b− c + 1; 2− c;u))

g1(u) = a1
2F1(− 1

3 ,− 5
3 ;− 1

3 ;u)
(1− u)u 5

6
+ b1

√
u 2F1(− 1

3 , 1; 7
3 ;u)

1− u
(2.40)

g2(u) = a2
(1− u) 2

3 2F1(0, 4
3 ;− 1

3 ;u)
u

5
6

+ b2(1− u)
2
3
√

u 2F1( 4
3 , 8

3 ; 7
3 ;u) (2.41)

g3(u) = a3

√
u 2F1(− 1

3 , 1; 7
3 ;u)

1− u
+ b3

2F1(− 1
3 ,− 5

3 ;− 1
3 ;u)

(1− u)u 5
6

(2.42)

g4(u) = a4(1− u)
2
3
√

u 2F1( 4
3 , 8

3 ; 7
3 ;u) + b4

(1− u) 2
3 2F1(0, 4

3 ;− 1
3 ;u)

u
5
6

(2.43)

The missing correlation function



1 ε

σ

1ε

σ

Φ01

Φ10

Kac table for
Ising

Φ11 = 1

(the bad guy)

Φrsnotation:

Φ22 = σ

Φ12 = ε

operators on the 
boundary of the Kac 
table are uncharted 
territory, and worth 
exploring on their own!



• fractal dimension of Random Potts clusters

• SK cluster in agreement of numerical 
simulations

• spin clusters not yet accessible due to 
problems in CFT for opeartors outside the 
Kac table

• multifractal exponents: Is this SLE ?

Conclusions


