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1 Introduction

In these lecture notes, we will follow the philosophy developed in the papers [8, 20, 21, 22, 26, 33, 42, 43, 44, 45,
46, 47, 48, 49, 52, 53, 56, 72, 73]. The main goal is to find the constructive content hidden in abstract proofs of
concrete theorems in Commutative Algebra and especially well-known theorems concerning projective modules
over polynomial rings.

The general method consists in replacing some abstract ideal objects whose existence is based on the third
excluded middle principle and the axiom of choice by incomplete specifications of these objects. We think that
this is a first step in the achievement of Hilbert’s program for abstract algebra methods:

Hilbert’s program. If we prove using ideal methods a concrete statement, one can always eliminate the use of
these elements and obtain a purely elementary proof.

Constructive Algebra can be seen as an abstract version of Computer Algebra. In Computer Algebra, one
tries to get efficient algorithms for solving “concrete problems given in an algebraic formulation”. A problem is
“concrete” if its hypotheses and conclusion do have a computational content.

Constructive Algebra can be understood as a first “preprocessing” for Computer Algebra: finding general
algorithms, even if they are not efficient. Moreover, in Constructive Algebra one tries to give general algorithms
for solving virtually “any” theorem of Abstract Algebra. So a first task is often to understand what is the
computational content hidden in hypotheses that are formulated in a very abstract way. E.g., what is a good
constructive definition for a local ring, a valuation ring, an arithmetical ring, a ring of Krull dimension < 2 and
so on? A good constructive definition must be equivalent to the usual definition in classical mathematics, it has
to have a computational content, and it has to be satisfied by usual objects (of usual mathematics) satisfying
the abstract definition.

Let us consider the classical theorem saying “any polynomial P in K[X] is a product of irreducible poly-
nomials (K a field)”. This leads to an interesting problem. Surely no general algorithm can give the solution
of this theorem. So what is the constructive content of this theorem? A possible answer is the following one:
when doing computations with P, you can always do as if you knew its decomposition in irreducibles. At the
beginning, start as if P were irreducible. If some strange thing appears (the ged of P and another polynomial
Q is a strict divisor of P), use this fact in order to improve the decomposition of P.

This trick was invented in Computer Algebra as the D5-philosophy [25, 27, 57]. Following this computational
trick you are able to compute inside the algebraic closure K of K even if it not possible to “construct” K.

This was called the “dynamical evaluation” (of the algebraic closure). And since our general method is
directly inspired by this trick, we call it “constructive dynamical rereading of abstract proofs”.

From a logical point of view, the “dynamical evaluation” gives a constructive substitute for two highly
nonconstructive tools of Abstract Algebra: the Third Excluded Middle and Zorn’s Lemma. These tools are
needed to “construct” the algebraic closure K: the dynamical evaluation allows to find the fully computational
content of this “construction”. The paper [22] is an excellent reference about the foundations of dynamical
methods in algebra.

In these lectures, the dynamical evaluation is used in order to find constructive substitutes to very elegant
abstract theorems such as Quillen’s patching, Quillen Induction and Lequain-Simis Induction.

Very important is the constructive rewriting of “abstract local-global principles”. In classical proofs using
this kind of principle, the argument is “let us see what happens after localization at an arbitray prime ideal of
R”. Prime ideals are too abstract objects from a computational point of view, particularly if you want to deal
with a general commutative ring. In the constructive rereading, the argument is “let us see what happens when
the ring is a residually discrete local ring”, i.e., if Vz, (x € R* orVy (1 + xy) € R*). If you get a constructive
proof in this particular case, you are done by “dynamically evaluating an arbitrary ring R as a residually discrete
local ring”.

I will try to approach constructively the problem of projective modules over polynomial rings originally raised
by J.-P. Serre [68] in 1955. Serre remarked that it was not known whether there exist finitely generated projective
modules over multivariate polynomial rings with coefficients in a field, which are not free. This remark turned
into the “Serre’s conjecture” or “Serre’s problem”, stating that indeed there were no such modules. Proven
independently by D. Quillen [63] and A. A. Suslin [70] in 1976, it became subsequently known as the Quillen-
Suslin theorem. I will give constructive proofs of Quillen and Suslin proofs of Serre’s problem, simple and
constructive proofs of some subsequent developments in the theory of projective modules over polynomial rings,
and also I will cast light on a new progress very recently obtained concerning the Hermite ring Conjecture.

Another important example of dynamical computation is the notion of “dynamical Grébner basis” which
will be the subject of the fifth section. I will also explain how to compute dynamically a generating set for the
syzygy module of multivariate polynomials over a Dedekind ring with zero divisors. These techniques will be
useful for the computation of free-bases of the examples of projective modules studied in the previous sections.



The present notes are based on five lectures on Constructive Algebra that I gave in the occasion of the
Summer School (Mathematics, Algorithms and Proofs) held at the ICTP (Trieste, Italy) from 11 to 24 August
2008.

Lecture 1: Projective modules, Concrete local-global principles, Quillen’s proof of Serre’s problem, notably
Quillen’s patching theorem, Horrocks’ theorem, Quillen’s induction theorem.

Lecture 2: Suslin’s proof of Serre’s problem, a general method for making the use of maximal ideals construc-
tive.

Lecture 3: Constructive comparison between the rings R(X) and R(X) and application to the Lequain-
Simis induction theorem, a constructive proof of the Lequain-Simis-Vasconcelos theorem asserting that for any
arithmetical ring R, all finitely generated projective R[X1,..., X,]-modules are extended from R.

Lecture 4: A new progress concerning the long-standing Hermite ring Conjecture (1972) asserting that if R
is an Hermite ring (that is, all finitely generated stably free R-modules are free) then so is R[X]. Of course,
a positive solution to this conjecture will imply a positive solution to the famous Bass-Quillen Conjecture
(1976) saying that for any local regular ring R, all finitely generated projective R[X]-modules are free. We
will prove (constructively) that for any ring R with Krull dimension < 1, R[X] is an Hermite ring. Moreover,
the corresponding completion of unimodular rows can be done using elementary matrices (instead of invertible
matrices). In other words, we will prove that for any ring R with Krull dimension < 1 and n > 3, any unimodular
vector € R[X]™ can be completed into an elementary matrice € R[X]|"*"™. We will also give a generalization of
this result in all dimensions and we will discuss some new open questions and conjectures that it raises.

Lecture 5: A dynamical method for computing a Grobner basis and a generating set for the syzygy module
of multivariate polynomials with coefficients in a Dedekind ring with zero divisors.

The undefined terminology is standard as in [24, 37, 39], and, for constructive algebra in [51, 55]. For a rigor-
ous constructive study of finitely generated projective modules, I warmly recommend the excellent forthcoming
book [51]. An english translation of this book is coming soon.

2  Quillen’s proof of Serre’s problem

2.1 Finitely generated projective modules

Definition 1. Let P be a module over a ring R. We say that P is a projective R-module if any surjective
R-module homomorphism o : M — P has a right inverse 3 : P — M or equivalently, if it is isomorphic to
a direct summand in o free R-module. It is finitely generated and projective if and only if it is isomorphic to a
direct summand in R™ for some n.

Definition 2. Let R be a ring. The isomorphism classes of finitely generated projective modules over R form
an abelian semigroup Proj R with & as the addition operation and with the 0-module as the identity element.
As ProjR need not be a group, it is therefore convenient to force it into being a group by considering its
Groethendieck group (or group completion) Ko(R).

Example 3.
(i) Every free module is projective.

(#4) Suppose that m and n are coprime natural numbers. Then as abelian groups (and also as (Z/mnZ)-
modules), we have Z/mnZ = Z/nZ ® Z/mZ. Thus, Z/mZ is a projective (Z/mnZ)-module which is not
free as it contains fewer than mn elements.

(7i7) An ideal I of an interal domain R is projective if and only if it is invertible. Integral domains in which
every ideal is invertible are known as Dedekind domains, and they are important in number theory. For
example, the ring of integers in any algebraic number field is a Dedekind domain. So, by considering a
Dedekind domain which is not a PID, one can find an example of a projective module (an invertible ideal)
which is not free (not principal).

Remark 4.

(i) Projective modules via idempotent matrices [67]: There is another approach to finitely generated
projective modules which is more concrete and therefore more convenient for our constructive approach.
If P is a finitely generated projective R-module, we may assume (replacing P by an isomorphic module)
that P® Q = R” for some n, and we consider the idempotent matrix M of the R-module homomorphism
p from R™ to itself which is the identity on P and 0 on @) written in the standard basis. So, P can be



seen (up to isomorphism) as the image of an idempotent matrix M. Conversely, different idempotent
matrices can give rise to the same isomorphism class of projective modules. As a matter of fact, if M and
N are idempotent matrices over a ring R (of possibly different size), the corresponding finitely generated
projective modules are isomorphic if and only if it is possible to enlarge the sizes of M and N (by adding
zeros in the lower right-hand corner) so that they have the same size s x s and conjugate under the group

GLs;(R). We will embed M, (R) in M,,41(R) by M ( (])W 8 ), GL,(R) in GL,4+1(R) by the group
homomorphism M — éW (1) , so that we can define by M(R) (resp., GL(R)) as the infinite union

of the M, (R) (resp., GL,(R)). Denoting by Idem(R) the set of idempotent matrices in M(R), ProjR
may be identified with the set of conjugaison orbits of GL(R) on Idem(R). The semigroup operation is

induced by (M,N) — ( (Z)W Z\(f)
by M = (m ;)i jer and N = (ng,e)recs, the Kronecker product M @ N := (r(;k),(,6)) i,),(,)e T x.7» Where

T(ik),(j,6) = M jNk ¢, corresponds to the tensor product Im M & Im N.

> and Ko(R) is the Groethendieck group of this semigroup. Denoting

(ii) Projective modules via Fitting ideals [51]: The theory of Fitting ideals of finitely presented modules
is an extremely efficient computing machinery from a theoretical constructive point of view. Recall that if
G is a presentation matrix of a module T given by ¢ generators related by m relations, the Fitting ideals
of T are the ideals
Fu(T) :=Dy_n(G),

where for any integer k, Dy (G) denotes the determinantial ideal of G of order k, that is the ideal generated
by all the minors of G of size k, with the convention that for k < 0, Dy (G) = (1), and for k£ > min(m, n),
Dr(G) = (0). Tt is worth pointing out that the Fitting ideals of a finitely presented module T' don’t depend
on the choosen presentation matrix G and that one has

(0) = F1(T) € Fo(T) € Fo(T) = (1).

Projectivity can be tested via the Fitting ideals as follows: A finitely presented R-module is projective if
and only if its Fitting ideals are projective (or equivalenty, principal generated by idempotent elements)
(see [51]).

(#4i) Projective modules of rank one: To any ring R we can associate its Picard group PicR, i.e., the
group of projective R-modules of rank one equipped with tensor product as group operation. The inverse
of P is its dual P*. If P ~ Im M then P* ~ Im '*M. In particular, if M is a rank one idempotent matrix,
then M @ *M is an idempotent matrix whose image is a rank one free module.

In case R is an integral domain or a Noetherian ring, Pic R is isomorphic to the class group of R, group
of invertible ideals in the field of fractions of R, modulo the principal ideals. So, this generalizes to an
arbitrary ring the class group introduced originally by Kummer.

Recall that a ring R is local if it satisfies:
VieR z€R* vV 1—-zeR”.

Theorem 5. If R is a local ring, then every finitely generated projective R-module is free. In particular,
Ko(R) 2 Z (since Proj R = N) with generator the isomorphism class of a free module of rank 1 (= R).

Proof. Let F' = (f; j)1<i,j<m be an idempotent matrix with coefficients in a local ring R. Let us prove that F
is conjugate to a standard projection matrix. Two cases may arise:
—If f1,1 is invertible, then one can find G € GL,,(R) such that

_ 1 OlAmfl
GFG™1 = , ,
< Op-11 I >

where F} is an idempotent matrix of size (m — 1) x (m — 1), and an induction on m applies.
—If 1 — fi1 is invertible, then one can find H € GL,,(R) such that

- 0 01,m—1
HFH ' = ’
< Om—11 2 )’

where F5 is an idempotent matrix of size (m — 1) x (m — 1), and again an induction on m applies.



The following theorem gives a local characterization of projective modules.

Theorem 6. An R-module P is projective if and only if there exist comazimal elements s1,...,s, € R (i.e.,
(s1,...,sK) = R) such that for each 1 <i <k, Py, := P®R[L] is a free R[1]-module.

Definition 7. A module M over R[X7,..., X,] = R[X] is said to be extended from R (or simply, extended)
if it is isomorphic to a module N ®g R[X] for some R-module N. Necessarily

N ~R ®gx] M through p:R[X] — R, f — f(0),

ie., N~ M/(X1M + -+ + X, M). In particular, if M is finitely presented, denoting by M° = M0, ..., 0]
the R-module obtained by replacing the X; by 0 in a relation matriz of M, then M is extended if and only if

M ~ M°@r R[X],

or equivalently, if the matrices M and M° are equivalent using invertible matrices with entries in R[X].
If M is given as the image of an idempotent matriz F = F(X4,...,X,), then M is extended if and only if
F is conjugate to F(0,...,0).

Definition 8. (Finitely generated projective modules of constant rank)

(i) Classical approach [38]: The rank of a nonzero free module R™ is defined by tkg(R™) = m. If P
is a finitely generated projective module, as it is locally free (i.e., P, := P ®@r R, is a free Ry-module
for any p € Spec(R), where Spec(R) denotes the set of prime ideals of R), we define the (rank) map
tk(P) : Spec(R) — N by rk(P)(p) = rkg, (Py). The map rk(P) is locally constant. Especially if Spec(R)
is connected, i.e., if R is not a direct product of nontrivial rings (or equivalently, if R has no nontrivial
idempotents), then tk(P) is constant.

(i4) Constructive approach [51]: Roughly speaking, if ¢ : P — P is an endomorphism of a finitely generated
projective R-module P, then supposing that P ® @ is isomorphic to a free module, then the determinant
of p1 := ¢ & Idg depends only on ; it is called the determinant of ¢. Now, let us consider the R[X]-
module P[X] := P ®@r R[X]. The polynomial Rp(X) := det(XIdp) is called the rank polynomial of the
module P. If P is free of rank k, then clearly Rp(X) = X*. Moreover, Rpgq(X) = Rp(X)Ro(X),
Rp(X)Rp(Y) = Rp(XY), and Rp(1) = 1, in such a way the coefficients of Rp(X) form a fundamental
system of orthogonal idempotents (3" e; =1 and e;e; =0 for i # j).

Now, this terminology being established, a finitely generated projective R-module P is said to have rank
equal to h if Rp(X) = X". If we don’t specify h, we say that P has a constant rank.

For any finitely generated projective R-module P, denoting by Rp(X) = ZZ:O rn X" (as said above, the
ry’s form a fundamental system of orthogonal idempotents), we have P = EBZ:O rp P as R-modules, and

~

each module 1, P is a constant rank projective R/(1 — rp)-module of rank h (recall that R/{1 —rp) =
R[;])-

Th

2.2 Finitely generated stably free modules

Definition 9. An R-module P is said to be finitely generated stably free (of rank n —m) if P & R™ = R"
for some m, n. This amounts to say that P is isomorphic to the kernel of an epimorhism f : R™ — R™.
If M is the m X n matriz associated with f, then M is right invertible, i.e., there exists an n X m matriz N
such that MN = 1,,. Conversely, the kernel of any right invertible matriz defines a finitely generated stably
free module. So, the study of finitely generated stably free R-modules becomes equivalent to the study of right
invertible rectangular matrices over R.

Example 10.
(i) Every free module is stably free.

(ii) Every stably free module is projective. The converse does not hold. To see this, it suffices to consider a
non principal ideal in a Dedekind domain (for example, the ideal (3,2 + +/=5) in the Dedekind domain
Z[V/=5]). Tt is a rank one projective module (as it is an invertible ideal) but not a stably free module
since as will be seen in Theorem 18, stably free modules of rank one are free.

The following gives a criterion for the freeness of finitely generated stably free modules in matrix terms.

Proposition 11. For any right invertible m X n matriz M, the (stably free) solution space of M is free if and
only if M can be completed to an invertible matriz by adding a suitable number of new rows.



Definition 12. We say that (by,...,b,) is a unimodular row (or that *(by,...,b,) is a unimodular vector) if
the row matriz (by,...,by) is right invertible, i.e., if (by,...,by) = R. The set of such unimodular rows will be
denoted by Um,, (R) (in order to lighten the notation, we use the same notation for unimodular vectors).

The following gives a criterion for the freeness of all finitely generated stably free modules over a ring R in
terms of unimodular rows.

Proposition 13. For any ring R, the following are equivalent:

(i) Any finitely generated stably free module is free.

(i) Any unimodular row over R can be completed to an invertible matriz.
Definition 14. Rings satisfying the above equivalent properties will be called Hermite rings.

The following proposition gives a more precise formulation of Proposition 13.

Proposition 15. For any ring R and integer d > 0, the following are equivalent:

(i) Any finitely generated stably free module of rank > d is free.

(i) Any unimodular row over R of length > d + 2 can be completed to an invertible matriz over R.
(#9i) Forn >d+ 2, GL,(R) acts transitively on Um, (R).

In fact, when studying finitely generated stably free modules, one has only to care about stably free modules
of rank > 2, since as will be seen in Theorem 18, stably free of rank 1 are free.

Notation 16. Let R be ring and A € R™™ an n X m matriz with entries in R. Denote by Aq,..., Ay, the
columns of A, so that we can write A = [Ay,..., Ap]. If I = (i1,...,i,) is a sequence of natural numbers with
1<idy <+ <ip <m, we denote by Ar the matriz [A;,, ..., A; ].

Binet-Cauchy Formula 17. Let R be ring and consider two matrices M € R**" and N € R"*%, r < s. Then

det(MN) = Zdet(]\/f]) det(Ny),
I

where I runs through all sequences of natural numbers (i1, ...,4,) with 1 <i; < -+ <1, < s.
Theorem 18. For any ring R, any stably free R-module of rank 1 is free (2 R).

Proof. Let P be a stably free R-module of rank 1 (i.e., P ® R""! =2 R" for some n > 2) represented as the
solution space of a right invertible (n — 1) x n matrix M. That is, P = Ker M and 3N € R™»*(®~1 such that
MN = 1,_1. Proving that P is free is nothing else than proving that M can be completed to an invertible

matrix (see Proposition 11). This clearly amounts to prove that the maximal minors by, ...,b, are comaximal,

e, 1€ (by,...,bs). As a matter of fact, if a;b; + --- 4+ a,b, = 1 then M can be completed to a matrix of
determinant 1 by adding a last row [aq, ..., a,] with appropriate signs. Thus, our task is reduced to prove that
1le <b1, .. .,bn>.

Classical approach: Let m be a maximal ideal of R. Then, modulo m, we have M N =1,,_;. Since M is right
invertible, it has rank n — 1 and can be completed by linear algebra to an invertible matrix My, € GL,(R/m).
Thus, det My, # 0 and a fortiori (by,...,b,) € m.

Constructive aproach: Reasoning modulo (by,...,b,), the fact that MN =1,_, together with the Binet-
Cauchy Formula 17 give that 1 = 0. Thus, 1 € (by,...,by). O

Remark 19. It is worth pointing out that there is no analogue to Theorem 18 for projective modules. As a
matter of fact, for any ring R all finitely generated projective R[X]-modules of rank one are extended from R
if and only if R is seminormal, that is, each time b% = ¢ in R, there exists a € R such that a® = b and a® = ¢
(this is the Traverso-Swan theorem which has been treated recently constructively by T. Coquand [18] followed
by H. Lombardi and C. Quitté [50] and also by S. Barhoumi and H. Lombardi [7]; see Problem 146). If R is
a ring which is not seminormal then one can explicitly construct a rank one projective R-module which is not
free (see Schanuel’s example which will be given in Question 4.b) of Problem 146).

2.3 Concrete local-global principle

We explain here how the constructive deciphering of classical proofs in commutative algebra using a local-global
principle works. This section is essentially written up from [49].



2.3.1 From local to quasi-global

The classical reasoning by localization works as follows. When the ring is local a property P is satisfied by
virtue of a quite concrete proof. When the ring is not local, the same property remains true (from a classical
nonconstructive point of view) as it suffices to check it locally.

When carefully examining the first proof, some computations come into view. These computations are
feasible thanks to the following principle:

VeeR ze€R* V zeRad(R).

This principle is in fact applied to elements coming from the proof itself. In case of a non necessarily local
ring, we repeat the same proof, replacing at each disjunction “z is a unit or x is in the radical” in the passage
of the proof we are considering, by the consideration of two rings T, and T;,,1, where T is the “current”
localization of the ring R we start with. When the initial proof is completely unrolled, we obtain a finite number
(since the proof is finite) of localizations Ryg,, for each of them the property is true. Moreover, the corresponding
Zariski open subsets Ug, cover Spec(R) implying that the property P is true for A, and this time in an entirely
explicit way.

Definition 20. (Constructive definition of the radical)
Constructively, the radical Rad(R) of a ring R is the set of all the x € R such that 1 + xR C R*, where R*
is the group of units of R. A ring R is local if it satisfies:

VieR zeR* V 1+2€R™. (1)
It is residually discrete local if it satisfies:
VeeR ze€R* V z€Rad(R) (2)

From a classical point of view, we have (1) < (2), but the constructive meaning of (2) is stronger than
that of (1). Constructively a discrete field is defined as a ring in which each element is zero or invertible, with
an explicit test for the “or”. An Heyting field (or a field) is defined as a local ring whose Jacobson radical is 0.
So R is residually discrete local exactly when it is local and the residue field R/Rad(R) is a discrete field.

Definition 21. (Monoids and saturations)

(i) We say that S is a multiplicative subset (or a monoid) of a ring R if

1es
Vs, teS, stes.

(i1) A monid S of a ring R is sait to be saturated if we have the implication

Vs,teR, (steS = sebf).

(iii) The localization of R at S will be denoted by S™'R or Rg. If S is generated by s € R, we denote Rg by
R or R[1/s]. Note here that R is isomorphic to the ring R[T]/(sT — 1). Saturating a monoid S (that
is, replacing S by its saturation S = {s € R 3t € R st € S}) does not change the localization Ryg.
Two monoids are said to be equivalent if they have the same saturation.

Definition 22. (Comazimal monoids) Let S,S1,...,S, be monids of a ring R.

(1) We say that the monoids Si,...,S, are comaximal if any ideal of R meeting all the S; must contain 1.
In other words, if we have:

Vs €81 - Vs, €8, Fag,...,an, €R | Zaisizl.
i=1

(2) We say that the monoids Si,...,S, cover the monoid S if S is contained in the S; and any ideal of R
meeting all the S; must meet S. In other words, if we have:

n
Vs; €8y« Vs, €8, Jan,...,an €R | D ais; €.
i=1



Remark that comaximal multiplicative sets remain comaximal when you replace the ring by a bigger one or
the multiplicative subsets by smaller ones.

In classical algebra (with the axiom of the prime ideal) this amounts to say, in the first case, that the Zariski
open subsets Ug, cover Spec(R) and, in the second case, that the Zariski open subsets Ug, cover the open
subset Ug. From a constructive point of view, Spec(R) is a topological space via its open subsets Ug but whose
points are often hardly accessible.

We have the following immediate result.
Lemma 23. (Associativity and transitivity of coverings)

(1) (Associativity) If monoids S, ..., Sy of a ring R cover a monid S and each Sy is covered by some monoids
Se1s--+,S0,m,, then the Sy ; cover S.

(2) (Transitivity) Let S be a monoid of a ring R and S1,...,S, monoids of the ring Rg. For { =1,...,n,
let Vy be he monoid of R formed by the denominators of the elements of Sy. Then the monoids Vi,...,V,
cover S

Definition and notation 24. Let I and U two subsets of a ring R. We denote by M(U) the monoid generated
by U, Ir(I) or Z(I) the ideal generated by I and S(I;U) the monoid M(U)+Z(I). If I ={a1,...,ar} andU =
{ug,...,ue}, we denote M(U), Z(I) and S(I;U) by M(u1,...,ue), Z(a,...,ar) and S(a1,...,ax;u, ..., ug),
respectively.

Remark 25. (1) [tis clear that if u is equal to a product uy - - - ug, then the monoids S(aq,...,ag;u1,...,up)
and S(ay,...,ax;u) are equivalent.

(2) When we localize at S = S(I;U), the elements of U are forced into being invertible and those of I end up
on the radical of Rg.

Our feeling is that the “good category” would be that whose objects are couples (R,I) where R is a
commutative ring and I is an ideal contained in the radical of R. Arrows from (R, ) onto (R’,I’) are rings
homomorphisms f : R — R’ such that f(I) C I’. Thus, we can retrieve usual rings by taking I = 0 and local
rings (equipped with the notion of local homomorphism) by taking I equal to the maximal ideal. In order to
“localize” an object (A, T) in this category, we use a monoid U and an ideal J in such a way we form the new
object (Rs(s,;v), JiRs(,;0)), where J; =1+ J.

The following lemma will play a crucial role when we want to reread constructively with an arbitrary ring
a proof given in the local case.

Lemma 26. Let U and I be two subsets of a ring R and consider a € R. Then the monoids S(I;U,a) and
S(1,a;U) cover the monoid S(I;U).

Proof. Preuve For x € S(I;U,a) and y € S(I,a;U), we have to find a linear combination of the form x1z+y1y €
S(L;U) (z1,71 € R). Write z = uya® + j1, y = (u2 + j2) — (az) with uy,us € M(U), j1,j2 € Z(I), z € R. The
classical identity ¢* —d* = (c—d) x -+ gives a ya € A such that yoy = (ug + j2)* — (a2)* = (ub + j3) — (a2)¥.
Just write zFx + ULY2Yy = uluéC + u17j3 —i—jlzl~C = Ug + J4. O

It is worth pointing out that in the lemma above, we have
a < (RS(I;U,a))X and a € Rad(RS(La;U)).

Having this lemma in hands, we can state the following general deciphering principle allowing to automatically
get a quasi-global version of a theorem from its local version.

General local-global Principle 27. When rereading an explicit proof given in case R is local, with an
arbitrary ring R, start with R = Rs(o;1)- Then, at each disjunction (for an element a produced when computing
in the local case)

a € R* V a€Rad(R),
replace the “current” ring Rsr,uy by both Rs(r.v,qa) and Rs(1,q;v) in which the computations can be pursued.

At the end of this rereading, one obtains a finite family of rings Rs(,,u,) with comazimal monoids S(1;;U;)
and finite sets I, U;.

The following examples are frequent and ensue immediately from Lemmas 23 and 26, except the first one
which is an easy exercise.
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Examples 28. Let R be a ring, U and I subsets of R, and S = S(I;U).

(1) Let $1,...,8, € R be comaximal elements (i.e., such that Z(sy,...,s,) = R). Then the monoids S; =
M(s;) are comaximal.

More generally, if ¢1,...,¢, € R are comaximal elements in Rg, then the monoids S(I;U,t;) cover the
monoid S.

(2) Let s1,...,8, € R. The monoids S; = S(0;s1), S2 = S(s1;82), Sz = S(s1,82;83); .0y Sy =
S(81y.-+y8n—1;8n) and Sp41 = S(s1,...,8p; 1) are comaximal.
More generally, the monoids V; = S(I;U, s1), Vo = S(I,51;U,82), V3 = S(1,51,82;U,83), ..., Vi, =

S(I,81,...y8n-1;U,8,) and V41 = S(I, 81,. .., 8n;U) cover the monoid S.

3) If S,5,...,5, C R are comaximal monoids and if b = af(u + i) € Rg then
S(;U,a),8(1,a;U),S1,...,S, € R are comaximal.

2.3.2 From quasi-global to global

Different variant versions of the abstract local-global principle in commutative algebra can be reread construc-
tively: the localization at each prime ideal is replaced by the localization at a finite family of comaximal
monoids.

In other words, in these “concrete” versions, we affirm that some properties pass from the quasi-global to
the global.

As an illustration, we cite the following results which often permit to finish our constructive rereading.

Concrete local-global Principle 29. Let Sy,...,S, be comazimal monoids in a ring R and let a,b € R.
Then we have the following equivalences:
(1) Concrete gluing of equalities:
a=b in R = Vie{l,...,n} a/1=b/1 in Rg,
(2) Concrete gluing of nonzero divisors:
a 1s not a zero divisor in R =
Vie{l,...,n} a/l is not a zero divisor in Rg,
(3) Concrete gluing of units:
aisaunit in R <+
Vie{l,...,n} a/l is a unit in Rg,

(4) Concrete gluing of solutions of linear systems: let B be a matriz € R™*P and C a column vector € R™*!,

The linear system BX = C has a solution in RP*! <+
Vi e {1,...,n} the linear system BX = C has a solution in Rgfl

(5) Concrete gluing of direct summands: let M be a finitely generated submodule of a finitely presented module
N.

M is a direct summand of N <=
vie{l,...,n} Mg, is a direct summand of Ng,

Concrete local-global Principle 30. (Concrete gluing of module finiteness properties) Let Si,...S, be
comazximal monoids of a ring R and let M be an R-module. Then we have the following equivalences:

(1) M is finitely generated if and only if each of the Mg, is a finitely generated Rg,-module.
(2) M is finitely presented if and only if each of the Mg, is a finitely presented Rg,-module.
(3) M s flat if and only if each of the Mg, is a flat Rg,-module.
(4)

4) M 1s a finitely generated projective module if and only if each of the Mg, is a finitely generated projective
R, -module.

(5) M is projective of rank k if and only if each of the Mg, is a projective Rg,-module of rank k.
(6) M is coherent if and only if each of the Mg, is a coherent Rg,-module.

(7) M is Noetherian if and only if each of the Mg, is a Noetherian Rg,-module.
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One can rarely find such stated principles in the classical literature. In Quillen’s style, the corresponding
general principle is in general stated using localizations at all prime ideals, but the proof often brings in a
crucial lemma which has exactly the same signification as the corresponding concrete local-global principle. For
example, we can state the concrete local-global principle 30 “a la Quillen” under the following form.

Lemma 31. (Propagation lemma for some module finiteness properties)
Let M be an R-module. The following subsets I, of R are ideals.

1) I ={seR : M is a finitely generated Rs-module}.

2) h={seR: is a finitely presented Rs-module}.

M.
3) Is={seR : My is a flat Rs-module}.
M.
M.

S
s 18 a finitely generated projective Rg-module}.

5) Is ={seR : My is a rank k projective Rs-module}.

6

(1)
(2)
3)
4) Ii={seR:
()
(6) Is = { s € R : M, is a coherent Rs-module}.
(7)

7 I: ={s€R : M is a Noetherian Rs-module}.

Remark 32. In general, let P be a property which is stable under localization. Then the following version of
the concrete local-global principle:

e for each ring R, if P is true after localizations at comaximal elements of R, then it is true in R,
and its propagation lemma version:
o theset Ip ={s € R : Pistrue in Ry }, is an ideal of R,

are equivalent. On the one hand, the propagation lemma version clearly implies the first one. On the other
hand, for the converse, if s, € Ip and t = s+ s’ then s/1 and s’/1 are comaximal elements of A; and P is true
in both (Ry)s ~ (Rs): ~ R and (Ry)s ~ (Rs/)r ~ Ryy. Thus, P is true in A; by the concrete local-global
principle.

It is worth pointing out that, in general, for any monoid S, we have the following implication

e Pistruein Rg = P is true in R, for some s € S,

establishing the equivalence between the concrete local-global principle for comazximal elements and the concrete
local-global principle for comazximal monoids. This is in general indispensable since the explained rereading
system (General principle 27) naturally produces a local-global version with comaximal elements rather than
with comaximal monoids.

2.4 The patchings of Quillen and Vaserstein

We give here a detailed constructive proof of the Quillen’s patching. This is essentially written up from [37].
The localization at maximal ideals is replaced by localization at comaximal multiplicative subsets.

In [52] the constructive Quillen’s patching (Concrete local-global Principle 4) is given with only a sketch of
proof.

Lemma 33. Let S be a multiplicative subset of a ring R and consider three matrices Ay, As, Az with entries in
R[X] such that the product A1As has the same size as As. If A1As = Az in Rg[X] and A1(0)A2(0) = A3(0)
in R, then there exists s € S such that A;(sX)Az(sX) = Az(sX) in R[X].

Proof. All the coefficients of the matrix A; A3 — Az are multiple of X and become zero after localization at S.
Thus, there exists s € S annihilating all of them. Write A1 Ay — A3 = B(X) = XB; + X?By+--- + X*By,. We
have sB; = sBy = --- = sBj, = 0 and thus sB; = s?By = --- = s*B;, = 0, that is, B(sX) = A;(sX)Ay(sX) —

Lemma 34. Let S be a multiplicative subset of a ring R and consider a matrix C(X) € GL,(Rg[X]). Then
there exists s € S and U(X,Y) € GL,.(R[X,Y]) such that U(X,0) = L., and, over Rg[X,Y], U(X,Y) =
C(X +sY)O(X) L.
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Proof. Set E(X,Y) = C(X+Y)C(X) ™! and denote F(X,Y) the inverse of E(X,Y). We have E(X,0) = I, and
thus E(X,Y) = L.+ FE(X)Y +- - -+ Ex(X)Y*. For some s; € S, the s] E; can be written without denominators
and thus we obtain a matrix E'(X,Y) € R[X,Y]"*" such that F'(X,0) = L., and, over Rg[X,Y], E/(X,Y) =
E(X,s1Y). We do the same with F' (we can choose the same s;). Hence we obtain E'(X,Y)F'(X,Y) =1, in
Rs[X,Y]™™" and E'(X,0)F’'(X,0) = I,.. Applying Lemma 33 in which we replace X by Y and R by R[X],
we obtain sy € S such that E'(X, s2Y)F/(X,sY) = L.. Taking U = F'(X,s2Y) and s = s155, we obtain the
desired result. O

Lemma 35. Let S be a multiplicative subset of a ring R and M € R[X|P*4. If M(X) and M(0) are equivalent
over Rg[X] then there exists s € S such that M(X + sY) and M(X) are equivalent over R[X,Y].

Proof. Writing M (X) = C(X)M(0)D(X) with C(X) € GLy(Rg[X]) and D(X) € GL,(Rs[X]), we get
MX+Y)=CX+Y)C(X)"'M(X)D(X)"'D(X +7Y).

Applying Lemma 34, we find s; € S, U(X,Y) €e GL,(R[X,Y]) and V(X,Y) € GL,(R[X,Y]) such
that U(X,0) = I,, V(X,0) = I,, and, over Rg[X,Y], U(X,Y) = C(X + s;Y)C(X)™! and V(X,Y) =
D(X)™!D(X + s1Y). It follows that M(X) = U(X,0)M(X)V(X,0), and over Rg[X,Y], M(X + s1Y) =
UX,)Y)M(X)V(X,Y).

Applying Lemma 33 (as in Lemma 34), we get sy € S such that M (X +s152Y) = U(X, s2Y )M (X)V (X, s2Y).
The desired result is obtained by taking s = s1s3. O

Theorem 36. (Vaserstein) Let M be a matriz in R[X] and consider Sy, ..., S, comazimal multiplicative subsets
of R. Then M(X) and M(0) are equivalent over R[X] if and only if, for each 1 <14 < n, they are equivalent
over Rg,[X].

Proof. Tt is easy to see that the set of s € R such that M (X + sY) is equivalent to M(X) is an ideal of R.
Applying lemma 35, this ideal meets S; for each 1 < i < n, and thus contains 1. This means that M (X +Y) is
equivalent to M (X). To finish, just take X = 0. O

Theorem 37. (Quillen’s patching) Let P be a finitely presented module over R[X] and consider Si,...,S,
comazimal multiplicative subsets of R. Then P is extended from R if and only if for each 1 < i < n, Pg, is
extended from Rg,.

Proof. This is a corollary of the previous theorem since the isomorphism between P(X) and P(0) is nothing but
the equivalence of two matrices A(X) and A(0) constructed from a relation matrix M € R?*™ of P ~ Coker M:

— M(X) Oq,q quq 0q7m
A(X) B < Oq,m Iq 0‘17‘1 O‘va .

2.5 Horrocks’ theorem
Local Horrocks’ theorem is the following result.

Theorem 38. (Local Horrocks extension theorem)
If R is a residually discrete local ring and P a finitely generated projective module over R[X| which is free over
R(X), then it is free over R[X] (i.e., extended from R).

Note that the hypothesis M ®gr[x] R{X) is a free R(X)-module is equivalent to the fact that M; is a
free R[X]j-module for some monic polynomial f € R[X] (see e.g., Corollary 2.7 p. 18 in [39]). The detailed
proof given by Kunz [37] is elementary and constructive, except Lemma 3.13 whose proof is abstract since it
uses maximal ideals. In fact this lemma asserts if P is a projective module over R[X] which becomes free of
rank k over R(X), then its k-th Fitting ideal equals (1). This result has the following elementary constructive
proof. If P® Q ~ R[X]™ then P ® Q; = P @ (Q ® R[X]¥) becomes isomorphic to R(X)™** over R(X)
with @1 isomorphic to R(X)™ over R{X). So we may assume P ~ ImF, where G =1, — F € R[X]"*" is
an idempotent matrix, conjugate to a standard projection matrix of rank n — k over R(X). We deduce that
det(I, + TG) = (1 + T)"* over R(X). Since R[X] is a subring of R{X) this remains true over R[X]. So the
sum of all n — k principal minors of G is equal to 1 (i.e. the coefficient of 7% in det(I, + T'G)). Hence we
conclude by noticing that G is a relation matrix for P. For more details see e.g., [51].

A global version is obtained from a constructive proof of the local one by the Quillen’s patching and applying
the General local-global Principle 27.
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Theorem 39. (Global Horrocks extension theorem)
Let S be the multiplicative set of monic polynomials in R[X], R an arbitrary commutative ring. If P is a finitely
generated projective module over R[X| such that Pg is extended from R, then P is extended from R.

Proof. Sketch of proof. Apply the General local-global principle 27 and conclude with the Concrete Quillen’s
patching Theorem 37. O

2.6 Quillen induction theorem

Let R be a commutative unitary ring. We denote by S the multiplicative subset of R[X] formed by monic
polynomials . Let

R(X) := S'R[X].

The interest in the properties of R(X) branched in many directions and is attested by the abundance of
articles on R(X) appearing in the literature (see [31] for a comprehensive list of papers dealing with the ring
R(X)). The ring R(X) played an important role in Quillen’s solution to Serre’s problem [63] and its succeeding
generalizations to non-Noetherian rings [13, 40, 54] as can be seen in these notes.

Classical Quillen induction is the following one.

Theorem 40. (Quillen Induction)
Suppose that a class of rings P satisfies the following properties:

(i) If R € P then R(X) € P.
(ii) If R € P then Ry € P for any mazimal ideal m of R.

(iii) If R € P and R is local, and if M is a finitely generated projective R[X]-module, then M is extended
from R (that is, free).

Then, for each R € P, if M is a finitely generated projective R[X1, ..., Xy]-module, then M is extended from
R.

Quillen induction needs maximal ideals, it works in classical mathematics but it cannot be fully constructive.
The fact that (ii) and (iii) imply the case n = 1 in the conclusion needs a priori a constructive rereading, where
one replaces Quillen’s patching with maximal ideals by the constructive form (Theorem 37) with comaximal
multiplicative subsets.

On the contrary, the “inductive step” in the proof is elementary (see e.g., [39]) and is based only on the
following hypotheses.

(i) f R € P then R(X) € P.
(iii’) If R € P and M is a finitely generated projective R[X]-module, then M is extended from R.

In the case of Serre’problem, R is a discrete field. So (i) and (iii’) are well-known. Remark that (iii’) is also
given by Horrocks’ global Theorem 39. So Quillen’s proof is deciphered in a fully constructive way. Moreover,
since a zero-dimensional reduced local ring is a discrete field we obtain the following well-known generalization
(see [13)).

Theorem 41. (Quillen-Suslin, non-Noetherian version)

1. IfR is a zero-dimensional reduced ring then any finitely generated projective module P over R[X7, ..., X,]
is extended from R (i.e., isomorphic to a direct sum of modules e;R[X]| where the e;’s are idempotent
elements of R).

2. As a particular case, any finitely generated projective module of constant rank over R[X7, ..., X,,] is free.
3. More generally the results work for any zero-dimensional ring.

Proof. The first point can be obtained from the local case by the constructive Quillen’s patching Theorem 37.
It can also be viewed as a concrete application of the General local-global Principle 27.

Let us denote by R,eq the reduced ring associated to a ring R. Recall that Ko(R) is the set isomorphism classes
of finitely generated projective R-modules.

The third point follows from the fact that the canonical map M — M,eq, Ko(R) — Ko(Ryeq) is a bijection.
Moreover Ryea[ X1, ..., Xn] = R[X1, ..., Xn]red- O
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3 Suslin’s proof of Serre’s problem

3.1 Making the use of maximal ideals constructive

This subsection is extracted from [72]. The purpose is to decipher constructively a lemma of Suslin
[70] which played a central role in his second solution of Serre’s problem. This lemma says that for
a commutative ring R if (v1(X),...,v,(X)) = R[X] where v; is monic and n > 3, then there ex-
ist y1,...,7 € E,—1(R[X]) (the subgroup of SL,_;1(R[X]) generated by elementary matrices) such that
(Res(vy,e1.71 *(va, ..., 0p)), - - -, Res(vy, e1.7¢ *(va, .. ., v,))) = R. By the constructive proof we give, Suslin’s
proof of Serre ’s problem becomes fully constructive. As a matter of fact, the lemma cited above is the only
nonconstructive step in Suslin’s elementary proof of Serre’s problem [70]. Moreover, the new method with which
we treat this academic example may be a model for miming constructively abstract proofs in which one works
modulo each maximal ideal to prove that a given ideal contains 1. The Concrete local-global principle developed
in Subsection 2.3 cannot be used here since the proof we want to decipher constructively, instead of passing to
the localizations at each maximal ideal, passes to the residue fields modulo each maximal ideal.

In the literature, in order to surmount the obstacle of this lemma which is true for any ring A, constructive
mathematicians interested in Suslin’s techniques for Suslin’s stability theorem and Quillen-Suslin theorem are
restricted to a few rings satisfying additional conditions and in which one knows effectively the form of all the
maximal ideals. For instance, in [29, 31, 41, 62], the authors utilize the facts that for a discrete field K, the ring
K[Xi,...,X}] is Noetherian and has an effective Nullstellensatz (see the proof of Theorem 4.3 of [62]). For all
these reasons, we think that a constructive proof of Suslin’s lemma without any restriction on the ring A will
enable the extension of the known algorithms for the Suslin’s stability and Quillen-Suslin theorems for a wider
class of rings. Another feature of our method is that it may be a model for miming constructively abstract
proofs passing to all the residue fields (that is, quotients by maximal ideals) in order to prove that an ideal
contains 1. Note that we have already treated constructively the other main aspect of utilization of maximal
ideals which is the localization at all maximal ideals (see Section 2.3). It is also worth pointing out that we will
also give another constructive proof of the lemma of Suslin in the particular case R contains an infinite field
using efficient elementary operations.

3.2 A remainder about the resultant

In this subsection, we content ourselves with a brief outline of resultant: an important idea in constructive
algebra whose development owes considerably to famous pioneers such as Bezout, Cayley, Euler, Herman,
Hurwitz, Kronecker, Macaulay, Noether, and Sylvester, among others.

This subsection will be focused on the few properties of the resultant that we need in our constructive view
toward projective modules over polynomial rings.

Definition 42. Let R be a ring,
f=aX'+a X"+ a e R[X], ap #0, a; € R,

and
g=bo X" + b X" ...+ b, €cR[X], by #0, b; € R.

The resultant of f and g, denoted by Resx(f,g) or simply Res(f,g) if there is no risk of ambiguity, is the
determinant of the (m +£) x (m + £) matriz below (called the Sylvester matriz of f and g with respect to X ):

ap bo
a; agp b1 bo
as ap - b2 bl
. ap . bo
Syl(f7 9, X) = aq b1
Qy bm
Qyp bm
ayp bm

m columns ¢ columns
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The resultant is an efficient tool for eliminating variables as can be seen in the following proposition. Applying
this proposition in the particular case R[X]| = K[X1,...,X,], K a field, Resx, (f,g) is in the first elimination
ideal <f, g> N K[Xl, ce 7Xn—1]-

Proposition 43. Let R be a ring. Then, for any f, g € R[X], there exist hy, ho € R[X] such that

hif + hag = Resx(f,9) € R
with deg(h1) <m —1 and deg(hs) < £ —1.

Proof. First notice that

(XZ-&-m—l,. X, 1) Syl(f, g, X) = (Xm—lf, .. .,f,XE—lg, . ,g).

Thus, by Cramer’s rule, considering 1 as the (£+m — 1) unknown of the linear system whose matrix is
Syl(f,g, X), Resx(f,g) is the determinant of the Sylvester matrix of f and g in which the last row is replaced
by (X™1f,. ., [, X! 1g, . g).

O

Corollary 44. Let K be a field and f, g € K[X]\ {0}. Then

(i) 1 €{f,g) < gecd(f,g) is constant < Res(f,g) # 0.

(ii) f and g have a common factor < ged(f,g) is nonconstant < Res(f,g) = 0.

Since in these notes we are concerned with the general setting of multivariate polynomials over a ring, we
are tempted to say that Corollary 44 remains valid for any ring R, where the condition “Res(f,g) # 07 is
replaced by “Res(f,g) € R*”. Of course the implication “Res(f,g) € R* = 1 € (f,g) 7 is always true thanks
to Proposition 43. Unfortunately, the converse does not hold as will be shown by the following example. This is
essentially due to the fact that if I is an ideal of a ring R, then modulo I, we have not that Res(f, g) = Res(f,g)
for any f, g € R[X].

Example 45. Let R=7Z, 1 =37, f =6X?>+ X, g=3X+ 1.

In Z[X], we have 1 € (f1, f2) as attested by the identity 3f + (1 — 6X)g = 1 (this can be found by computing
a dynamical Grobner basis for (f, g) as in Section 7. In more details S(f,g9) = f —2Xg=—-X =: h, S(g,h) =
g+ 3h =1). However

Res(f,g) =

O =
O = W

1
3|=3¢2" Res(f,9) =1 # Res(f.9) = 0.
1

As can bee seen in this example, whether Res(f, g) = Res(f, §) modulo I or not depends mainly on whether
the leading coefficients of f and g belong to I or not. We will discuss this fact in the following immediate
lemma. The leading coefficient of a polynomial h € R[X] will be denoted by LC(h).

Lemma 46. Let I be an ideal of a ring R, and consider two polynomials f = agX* + X'+ tap, g =
boX™ + b1 XL+ 4+ by, € RIX] with ag # 0 and by # 0 and such that modulo I, f # 0 and g # 0. Then

(1) If LC(f) # 0 and LC(g) # 0 then Res(f, g) = Res(f,q).
(2) If LC(f) =0 and LC(g) = 0 then Res(f,g) =0 (and may be # Res(f,7)).
(3) If LC(f) # 0 and LC(g) = 0 then Res(f, g) = ay'**? “* P Res(f, 7).
(4) If TO(f) = 0 and LC(g) # 0 then Res(f, g) = +55 75D Res(F, 9).
In fact, for the purpose of generalizing Corollary 44 to rings, we have to suppose that f or g is monic.

Proposition 47.
Let R be a ring and f,g € R[X]\ {0} with f monic. Then

€(f,g9)inR[X] <= Res(f,g) €eR"
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Proof. A classical nonconstructive proof: we have only to prove the implication “=", the implication “<”
being immediate by virtue of Proposition 43. For this, let m be a maximal ideal of R. Applying Lemma 46,
we have Res(f,g) = Res(f,g) modulo m. Moreover, since R/m is a field, then using Corollary 44, we infer
that Res(f,g) # 0, that is, Res(f,g) ¢ m. Since this is true for any maximal ideal of R, then necessarily
Res(f,g) € R*. O

Proof. A constructive proof: let hy, ho € R[X] such that hy f+hog = 1. Since f is monic, we have Res(f, hag) =
Res(f, h2) Res(f, g) and Res(fv hQQ) = Res(f, hlf + hQQ) = Res(f, 1) =1 O

3.3 A lemma of Suslin

If a1,...,a are elements in a ring B, we will denote by (ay, ..., ax) the ideal of B generated by these elements.

Recall that for any ring B and n > 1, an n x n elementary matrix E; ;(a) over B, where ¢ # j and a € B, is the
matrix with 1s on the diagonal, a on position (¢, j) and Os elsewhere, that is, E; ;(a) is the matrix corresponding
to the elementary operation L; — L;+aL;. E,(B) will denote the subgroup of SL,,(B) generated by elementary
matrices.

Theorem 48. (Suslin’s lemma)
Let A be a commutative ring. If (v1(X),...,v,(X)) = A[X] where vy is monic and n > 2, then there exist
Yy oyve € En_1(A[X]) such that, denoting by w; the first coordinate of ; *(va, ..., v,), we have

(Res(vi,wy),...,Res(vi,we)) = A.

Proof. For n = 2, we have Res(f,g) € A* by Proposition 47.

Suppose n > 3. We can without loss of generality suppose that all the v; for ¢ > 2 have degrees < d = degwv;.
For the sake of simplicity, we write v; instead of v;. We will use the notation e;.z, where x is a column vector,
to denote the first coordinate of x.

Suslin’s proof: It consists in solving the problem modulo an arbitrary maximal ideal 9t using a unique
matrix Y7 € E,,_1(A/9M)[X] which transforms *(va,...,v,) into *(g,0...,0) where g is the ged of va, ..., v,
in (A/9M)[X]. This matrix is given by a classical algorithm using elementary operations on *(vs,...,v,). One
starts by choosing a minimum degree component, say vq, then the v;, 3 < i < n, are replaced by their remainders
modulo ve. By iterations, we obtain a column whose all components are zero except the first one. The matrix
7™ lifts as a matrix yon € E,_1(A[X]). It follows that the first component woy of von *(va, ..., v,) is equal to
the ged of va, ..., v, in (A/9M)[X]. Thus, Res(vy, wor) ¢ M.

Constructive rereading of Suslin’s proof: Let uq(X),...,un(X) € A[X] such that viuy + -+ vyu, = 1.
Set w = vzug + -+ + vpun and V = *(vq,...,v,). We suppose that vy has degree d and for 2 < i < n, the
formal degree of v; is d; < d. This means that v; has no coefficient of degree > d; but one does not guarantee
that degv; = d; (it is not necessary to have a zero test inside A).
We proceed by induction on mins<;<,{d;}. To simplify, we always suppose that da = mins<;<n{d;}.
For dy = —1, v2 = 0 and by one elementary operation, we put w in the second coordinate. We have Res(v1,w) =
Res(v1,v1u1 + w) = Res(vy, 1) = 1 and we are done.
Now, suppose that we can find the desired elementary matrices for do = m — 1 and let show that we can do the
job for do = m.
Let a be the coefficient of degree m of vo and consider the ring B = A/(a). In B, all the induction hypotheses
are satisfied without changing the v; nor the u;. Thus, we can obtain I'y, ..., I’y € E,_1(B[X]) such that
<RGS(U1, 61.F1V), e ,RGS(’U1, el.FkV)> = B.
It follows that, denoting by Y1,..., T, the matrices in E, _; (A[X]) lifting respectively I'1,..., 'y, we have
(Res(vy,e1.T1V), ..., Res(vy, e1.TV),a) = A.
Let b € A such that
ab=1 mod (Res(vy,e;.T1V),...,Res(vi,e1.TLV)) =J
and consider the ring C = A/J. Note that in C, we have ab = 1.
By an elementary operation, we replace vz by its remainder modulo ve, say v}, and then we exchange vo and
—v5. The new column V’ obtained has as first coordinate a polynomial with formal degree m —1. The induction
hypothesis applies and we obtain Aq,..., A, € E,_1(C[X]) such that
(Res(v1,e1.A1V7), ..., Res(vy,e1.A, V")) = C.
Since V” is the image of V by a matrix in E,_;(C[X]), we obtain matrices Aq,...,A, € E,,_1(C[X]) such that
(Res(vi,e1.A1V), ..., Res(vy,e1.A,V)) = C.
The matrices A; lift in E,,_; (A[X]) as, say Uy,...,¥,.
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Finally, we obtain

(Res(v1,e1.01V), ..., Res(vy,e1. W, V) +J = A,
the desired conclusion.

O
Example 49. Take A = Z and
V = Y(v1,v9,v3) = Y2 + 22+ 2, 3, 22% + 11z — 3) € Umy(Z[z]),
(taking u; = =2z + 2, ug = —322 + 2 — 1, us = x, we have u1v1 + usvs + uzvy = 1). Tt is worth pointing out

that the u;’s can be found by constructing a dynamical Grobner basis for (vy, vy, v3) as in Section 7. Following
the algorithm given in the proof of Theorem 48 and keeping the same notations, one has to perform a euclidean

Esq(— - .
division of v3 by vy, so that ®(vy,vs,v3) 5152 Y(v1,v9,03 = T2 — 7), and then passes to the ring (Z/37Z)|x].

This yields to £ =2, v, = < (1) 1 ),'yg:Ig: ( (1) ?),andﬁnally

<R€S(’U1, €171 t(UQ,’Ug)), RGS(Ul, €1.72 t(UQ,’Ug)» = <170, 9> = 7.

This example will be pursued in Section 3.6 where as a fruit of the computations above we will obtain a free
basis for the syzygy module Syz(vy,vs,v3).

Remark 50. It is easy to see that in Theorem 48, with the hypothesis degv; < d for 1 < i < n, the number
¢ of matrices ; in the group E,_1(A[X]) is bounded by 2¢. Moreover, each 7; is the product of at most 2d
elementary matrices. It is worth pointing out that there is an alternative constructive proof of Suslin’s lemma
(see Theorem 52) using only (n —2)d + 1 matrices ;, each of them is the product of n — 2 elementary matrices.
This is substantially better than the general constructive proof we give above but requires the additional
condition that A has at least (n — 2)d + 1 elements yo, ...,y —2)a such that y; —y; € A for all i # j (for
example, if A contains an infinite field).

3.4 A more general strategy (by “backtracking”)

As already mentioned above, contrary to the local-global principles explained in Section 2.3, we do not reread
a proof in which one localizes at a generic prime ideal 3 or at a generic maximal ideal 9t but a proof in which
one passes modulo a generic maximal ideal 97 in order to prove that an ideal a of a ring A contains 1. The
classical proof is very often by contradiction: for a generic maximal ideal 90, if a C 91 then 1 € 9. But, in fact,
this reasoning hides a concrete fact: 1 = 0 in the residue field A /9 (see [65]). Consequently, this reasoning by
contradiction can be converted dynamically into a constructive proof as follows. One has to do the necessary
computations as if A/a was a field. Every time one needs to know if an element z; is null or a unit modulo
a, he has just to force it into being null by adding it to a. Suppose for example that we have established that
1 € a+ (x1,22,23) (this corresponds in the classical proof to the fact that: z1, 22,23 € 9 = 1 € M). This
means that x3 is a unit modulo a + (z1, 23) and thus one has to follow the classical proof in case 1,22 € M
and x3 is a unit modulo M. It is worth pointing out that there is no need of 9 since one has already computed
an inverse of x3 modulo a + (1, z2).

For the purpose of illustrating this strategy, let us consider an example of a binary tree corresponding to
the computations produced by a “local-global” rereading;:

V2NN
AN ANVANRVAN
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In the tree above, the disjunctions correspond to a test:
reA’ V l1—z €A,

and each node corresponds to a localization A; of the initial ring A. In order to glue the local solutions (at the
terminal nodes, that is, at the leaves), one has to go back from the leaves to the root in a “parallel” way. Now
imagine that these disjunctions correspond to a test:

re€AX V z=0inA,,

and each node ¢ corresponds to a quotient A; of the initial ring A. Following the classical proof which proves that
an ideal a of A contains 1, one has to start with the leaf which is completely on the right (leaf 15), that is, to follow
the path 1 — 3 — 7 — 15 by considering the successive corresponding quotients A = A /(0), A/{a1), A/{a1,as3),
and A/(a1,as,a7). Using just the information at the leaf 15 where the considered ring is A/(a1, as, a7) (this
information corresponds in the classical proof to the fact that: aj,as,a7 € M = 1 € M), one obtains an
element by5 € A such that 1 € (ay, as, az, bis), or equivalently, a7 is a unit modulo (ay, as, b15). Now, we go back
to the node 7 but with a new quotient A/{(a1,as,b15) (note that at the first passage through 7 the considered
quotient ring was A/(ay,a3)) and we can follow the branch 7 — 14 (this corresponds in the classical proof to
the fact that: a1,a3 € 9 and a7 is a unit modulo M = 1 € 9M). This will produce an element by4 such
that 1 € (a1, as, b14,b15), or equivalently, as is a unit modulo (a1, b14, b15). Thus, we can go back to the node 3
through the branch 14 — 7 — 3, and so on. In the end, the entire path followed is

1-3—-7-15—-7—-14—-7—-3—-6—13—-26—12—-6—-3—>1—
2—-5—-1—-5—-10—-5—-2—-4—-9—-4—-8—4—2—1.

Finally, at the root of the tree (node 1), we get that 1 € (bs,...,b15) in the ring A/(0) = A. Tt is worth pointing
out that, as can be seen above, another major difference between a “local-global tree” and the tree produced by
our method is that the quotient ring changes at each new passage through the considered node. For example,
in the first passage through 7, the ring was A /(a1, as3), in the second passage it becomes A /{a1,as, bis), and in
the last one the ring is A/{a1, a3, b14,b15)-

We can sum up this new method as follows:

Elimination of maximal ideals by backtracking 51. When rereading dynamically the original proof, follow
systematically the branch x; € 9t any time you find a disjunction “z; € 9 V z; ¢ MM in the proof until

getting 1 = 0 in the quotient. That is, in the corresponding leaf of the tree, you get 1 € (z1,...,z)) for some
Z1,...,2; € A. This means that at the node (x1,...,25_1) C M, you know a concrete a € A such that
1—axy € (x1,...,2K—1). So you can follow the proof.

If the proof given for a generic maximal ideal is sufficiently “uniform”, you know a bound for the depth of
the (infinite branching) tree. For example in Suslin’s lemma, the depth is deg(vi). So your “finite branching
dynamical evaluation” is finite: you get an algorithm.

3.5 Suslin’s lemma for rings containing an infinite field

By the following theorem, we give an elimination process close to that given in Proposition 4.72 of [11]. The
proof given in [11] was’'nt constructive as it made use of roots in algebraic closures.

Theorem 52. (Suslin’s lemma, particular case, new formulation)
Let A be a commutative ring containing an infinite field K and let us fix a sequence (y;)ien of pairwise distinct
elements in K. Let vy,...,v, € A[X] such that vy is monic and n > 2. Then

1€ (vg,...,u,) & 1€ (Resx(v1,ve +yivg + -+ 2v,), 0<i < (n—2)d).

Proof. The implication “<" is straightforward.
Let us denote by w; := vo + y;vs + -+ + y?_Qvn, r; := Resx (v1,w;), 0 <i<s=(n—2)d, {:=d+ 1, where
d = degwy, and suppose that 1 € (vy,...,v,).
Let Z():"': n—3 = 20,
Zp—g =+ = Zopn_5 = 21,

Zn—2)k =" = Z(n—2)(k+1)—1 = Zk;
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Zin—2)(d-1) ="+ = Z(n-2)d—1 = Zd—1,
Z(n—2)d = Zd;
be an enumeration of ¢ indeterminates over A with n — 2 repetitions except the last one which is repeated once.
Let us denote by
I=<’U1<Zi),’wi(Zi> |O§Z§S>7 AgZA[Zo,...,ZS}/I.

First we prove that 1 =0 in A,.
Letting 0 <4 < -+ < ip—1 < s, we have:

n—2

Iy ooy Vg w;,
n—2

1 Yio ce .%'2 V3 Wi,
n—2

1 vy, . ... Yi Up, w;,

As the matrix above is a Vandermonde matrix, its determinant is equal to
H (ylk - yig)a

1<l<k<n-1

which is invertible in A. Thus, va,...,v, € (W4,,...,w;, _,) and a fortiori

UQ(ZZ‘I), . 7’Un(Zi1) el+ <wi2(Zi1), e 7win71(Z74.1)> CI+ <Zi1 — Zi27. . ~>Zi1 — Zin71>,

and hence, using the fact that 1 € (vq,...,v,), we obtain that

lel+ <le — ZiQ,...,Zil *Zin_1>~

Thus, for 0 <i < j <d,

Le T+ (Zin-2yi = Zn-2)it15-» Z(n-2)i = L(n—2)(i+1)~1> L(n—2)i = Z(n-2)j)

that is z; — z; is invertible in A,.
On the other hand, by clearing the denominators in the Lagrange interpolation formula, we obtain

u(X) (T, (=) € o). vie) € Al =][X]

(here we need the hypothesis £ = deg vy + 1).
In Ay, J[;4;(2 — z;) is invertible, vi(21) = -+ = vi(z¢) = 0, thus v1(X) = 0 in A¢[X]. Since v; is monic, we
obtain 1 =0 in Ay, that is 1 € I.

For 0 < k < s, denote I, = (v1(Z;),wi(Z;) |0<i<k), Jo = It + (ri|k<i<s) and A, =
AlZy,...,Z]/I;. Note that I, = I, so 1 € I, = J,. Using Proposition 47 we get by induction on %k from
sto 0 that 1 € Jg: in order to go from k+ 1 to k consider the ring By, = A[Z1, ..., Zk]/(rk+2, ... ,7s) and apply
Proposition 47 with X = Zx11, a = v1(Zk41), b = wg41(Zg41). So 1 € Jog = (rs,...,70).

O

Remark 53. Of course, in Theorem 52, it would suffice to suppose that A contains (n — 2)d + 1 elements
Y0, - - - Y(n—2)d such that y; —y; € A* for all i # j.

3.6 Suslin’s algorithm for reduction of polynomial unimodular rows

For any ring B, when we say that a matrix N € M,,(B) (n > 3) is in SL2(B) we mean that it is of the form

N0 0
0 1
0 1

with N’ € SLa(B).



20

Lemma 54. (Translation by the resultant, [70] Lemma 2.1)
Let R be a commutative ring. Let fi, fo € R[X], b,d € R, and let r = Res(f1, f2) € R. Then there exists

B € SLo(R[X]) such that
fid) \ _ [ fi(b+rd)
s( 4 ) =(Foim )

Proof. Take g1,92 € R[X] such that f1 g1 + f2 g2 = r, denote by s1, s2,t1, t2 the polynomials in R[X,Y, Z] such
that

X +Y2)= f1(X)+Ys1(X,Y, Z),
fg(X—‘rYZ) = fQ(X) +Yso(X,Y, Z),
QX +YZ)=g(X)+Yt:(X,Y,2),
92X +YZ)=g(X)+Yta(X,Y, Z),

and set
Bl,l =1 + Sl(b’ T, d) gl(b) + tQ(b’ T, d) f2(b)7

By 2 = s1(b,7,d) g2(b) — t2(b, 7, d) f1(b),
BZ,I - 32(b7 r, d) gl(b) - tl(b7 r, d) f2(b)7
B2,2 =1+ SQ(ba T, d) gQ(b) + tl(bv T, d) fl(b)

Bi1 Big
Then, one can take B = ’ ’ .
( By1 Bao

O

Algorithm 55. (An algorithm for eliminating variables from unimodular polynomial vectors with coefficients
in a ring containing an infinite field)

Input: A column V =V(X) = *(v1(X),...,v,(X)) € Um,(A[X]) such that vy is monic.
Output: A matriz B € SL,(A[X]) such that BY = V(0).

Step 1: For 0 < i < s = (n — 2)d, where d = degy vy, set w; = vy + y;v3 + -+ + yffzvn, compute r; =
Resx (v1,w;) and find ag, ..., a5 € A such that agrg + + - - + asrs = 1 (here we use Theorem 52).
For 0 <i <s, compute f;,g; € A[X] such that fiv1 + g;w; = r; (use Proposition 43).
Step 2: Set
bs+1 =0,
bs i = agrs X,

bs—l = bs + Oés—lrs—le

bo := b1 + agroX = X (this follows from the fact that X =7 jo;r; X ).

Step 3: For1<i<s+1, find B; € SL,(A[X]) such that B;V(bi—1) = V(b;).

In more details, let v; be the matriz corresponding to the elementary operation Lo — Lo + 2?23 yf_2Lj, that
18,

Vi =By (Y ?) -+ Ea3(ys).

For3<j<nm, setF;;:= vj(bg:jl):z’j(bi) = ”j(bi;li:;j(bi) € A[X], so that one obtains

vj(bi—1) — v (b;) = i X Fy j = o X Fy j fi(bi1)vi(bi—1) + s X F j gi(bi—1)w;(bi—1)
=04, 01(bi—1) + Ti,j wi(bi—1),
with

Ui,j = OziXFi)j fi(bifl),Ti’j = OziXFi’j gi(bifl) S A[X]

LetT; € E,(A[X]) be the matriz corresponding to the elementary operations:
Lj — Lj - Uiijl - Ti7jL2, 3 S ] S n, that is

T, = H E;1(—0i;) Ejao(—Ti ;).

Jj=3



Set
B; s :=T;v € E,(A[X]),

so that we have

Ul(bi—l)
wi(bi—l)
Bi2V(bi—1) = vs(bi)
vn(bi)
Following Lemma 54, set
sia(X,Y, Z) =m0l ¢ A[X,Y, 7],
$i2(X,Y, Z) = wilXY 2z wilX) ¢ A[XY, 7],
tia(X,Y,2) = XD 1) ¢ 71X, 7],
tia(X,Y,Z) = —9*“”) 9 ¢ A[X,Y, 7],
Ciii:=1+ Sz,l(bz—lﬂ”u o; X) fi(bi—1) + tz,Q(biflvrm X)w;i(bi—1) €
Cino = 5si1(bim1,75, —a; X) gi(bi—1) — ti2(bi—1, 74, — ) 1(bic1) € AIX
Ci1 = si2(bi—1,7i, —a; X) fi(bi—1) — tij1(bi1, 7, — w;(bi—1) € A[X
Cioo=1+s;2(bi—1,7i,—; X) gi(bi—1) + t;,1(bi— 177"17 X)v1(bi—1) €
Ciign Cingp )
C; = - o € SLy(A[X]).
( Cizgn Cippo 2(ALX))
Note that
C ( Ul(bz—l) ): ( Ul(bz) >
! w7(bL—1) wz(bz)
Set o
1 s 0
Bz,l Vi ( 0 In— ) )
with
vt = Eas(—yi) - Ean(—yl ).
Set

B; .= Bi71 Bi72 € SLn(A[X]),
so that BiV(bifl) == V(bl)

Step 4: B:=Bsy1---Bs.

z+y?—1
Example 56. Now, let V= | —x+y*—22y | € Umz(Q[z,y]).
z—y3 42
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Algorithm 55 has been implemented using the Computer Algebra System Maple. The code of our algorithm

(UnimodElimination) gives a matrix B € SL3(Q[z,y]) eliminating one variable.

V(0,y).
> Ve=matrix([[x+y~2-1], [-x+y~2-2*x*yl, [x-y~3+211);

> B:=UnimodElimination(V,x);

B := matrix([[1+27/151*x-56/151*x*y-24/151*x*y~2-8/151*y " 3*x,
-35/151xx-4/151*x*y~2-14/151*x*y, -62/151%x-8/151*x*xy~2-28/151*x*y],
[2/151*%x*xy+56/151%y~3*x+16/151*xy ~4*x+136/151*x*xy~2-27/151%*x,

1+84/151%x*y+8/151*y~3%x+32/151*x*y~2+35/151%x,
152/151*x*xy+16/151*%y~3%x+64/151*x*y~2+62/161*x] ,

[-56/151*x*y-8/151*y~3*x-24/151*x*y~2+27/151*x, -35/151%x-4/151*xxy~2-14/151*x*y,

1-62/151%x-8/151*xxy~2-28/151*x*y]])
> VV:=expandvector (multiply(B,V));

VV := matrix([[-1+y~2], [y~2], [2-y~311)

In this example, BY =
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Let us fix an infinite sequence of pairwise distinct elements (y;) in K and use the notation X = (Xy,..., Xg).

Algorithm 57. (An algorithm for the Quillen-Suslin theorem: case of K[X7, ..., Xj] where K is an infinite field

Input: One column V = V(X) = *(v1(X),...,v,(X)) € Um,(K[X]) such maxi<;<n{degv;} = d (here by
degree we mean total degree), where d > 2.

Output: A matriz G in SL, (K[X]) such that GV = *(1,0,...,0).

For j from k to 1 perform steps 1 and 2:
Step 1: Make a linear change of variables so that vi becomes monic at X;.

Step 2 Perform Algorithm 1 with A = K[X4,...,X,;_1] and X = X;. Output the new V.

Example 58. (Example 56 continued)

v z+y?—1
Let V= vo | =| —2+y*—22y | € Umz(Q[z,y]).
V3 x—y>+2

Recall that the syzygy module of (vy,vs,v3) is

3x1 such that wy vy + wovy + wsvz = 0}.

S}’Z(Uh V2, U3) = { t(’wlv wa, w?)) S Q[mv y]
Recall also that since ‘(v1,v2,v3) € Ums(Qlz,y]), Syz(v1,v2,v3) is a projective Q[z, y]-module which is free of
rank 2 by the Quillen-Suslin Theorem 41. A generating set for Syz(vy,va,vs) can be obtained using Grébner
bases techniques (see for example [24, 32]). For this, let us open a Singular Session (for more details see [32]):

> ring B=0, (x,y),dp;

> ideal I=x+y2-1,-x+y2-2xy,x-y3+2;
> module N=syz(I);

> N;

N[1]=2y3*gen(1)+2xy*gen (1) +2y2*gen (3) +y2xgen (2) -y2*gen (1) +2x*gen(3)
+x*gen(2) -x*gen (1) -2xgen(3) -gen(2) -4*gen (1)

N[2]=4xy2*gen(1)-14y3*gen (1) +4xy*gen(3)+2xy*gen (2) -12xy*gen (1)
-14y2*gen(3)-7Ty2*gen (2) +7y2*gen (1) -10x*gen (3) -5x*gen (2) +bx*gen (1)
—2y*gen(2)+12*gen (3) +11*gen (2) +24xgen (1)

N[3]=8x2y*gen(1)-98y3*gen(1)+8x2*gen (3) +4x2xgen (2) -4x2*gen (1)
-98xy*gen (1) -98y2*xgen(3)-49y2+gen (2) +53y2*gen (1) -98x*gen (3) -563x*gen (2)
+25x*gen (1) +4y*gen(3) -12y*gen (2) +8y*gen (1) +94*gen (3) +61xgen (2) +188*gen (1)

One can read that Syz(vy,ve, v3) = (U1, us, uz) with

w = "2 +2ey — P-4,y + -1, 2% + 22— 2),

us = (day? — 14y3 — 122y + Ty? + bz + 24, 2zy — Ty? — bz — 2y + 11, 4oy — 14y? — 102 + 12),
uz = Y822y — 98y> — 4 — 98xy + 53y> + 252 + Sy + 188, 422 — 49y — 53z — 12y + 61,

822 — 98y? + 4y + 94).

But this is not a minimal set of generators for Syz(vy, va, vs) !

In order to obtain such a minimal generating set one has to compute a free basis for Syz(vy,va,vs). We have
implemented Algorithm 57 using the Computer Algebra System Maple. It computes a matrix G € SL3(Q[x, y])
such that GV = *(1,0,0).

G := matrix([[-1+60/151*x*y~3+540/151*x*y~2+62/151*x*y-108/151*x+2*xy~2-128/151*x*y"5
—-272/161%x*xy~4-32/151*x*y~6,
~40/151%xky~2+266/151%xxy+140/151%x-72/151%x4y~4-172/151%x4y~3+3-2%y~2-16/151%x*y"5,
248/151%x-48/151%x%y"2+484/151%x*y-144/151%x*y~4-312/151%x*y~3-32/151%x%y"5] ,
[-y~2+64/151*x*y~5+144/151xx*y~4+2/151xx*y~3-190/151*x*y~2+27/151%x-2/151*x*y
+16/151*x*y~6,
36/151%x%y~4+90/151%x*y~3+38/151%x*y~2-1-35/151%x-84/151kx*y+y~2+8/151%x*y "5,
60/151xx*xy " 2+72/151*x*y~4+164/151*x*y~3-152/151*x*y-62/151%x+16/151*x*y 5],
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[2-190/151%x*y~3-344/151*x*y~2-172/151*x*y+135/151*%x-y~3+64/151*x*xy~6+160/151*x*y~5

+26/151*x*y~4+16/151*x*y~7,
—76/151%x*y~2-210/151*x*y-175/151*x+36/151*x*y~5+98/151*x*y~4+54/151*x*y~3-2+y"~3
+8/151*x*y~6,
-310/151*%x-152/151*x*xy~2-388/151*x*y+92/151*x*y~3+72/151*x*y~5+180/151*x*y~4
+16/151*x*y~6+1]])

Thus, denoting by

36zy* + 90xy® + 38xy? — 151 — 35z — 84xy + 151y% + 8xy’

< —151y? + 64zy® + 144ay* + 2zy® — 190zy? + 27z — 2zy + 16xy° )
€1 = 5
60xy? + 72xy* 4+ 164xy® — 152zy — 622 + 162y°

and

—762y? — 2102y — 175z + 36zy® + 98zy* + 54ay® — 302 + 151y> + 8xy/°

( 302 — 190zy® — 344xy® — 172zy + 135z — 151y° + 642y® + 1602y® + 262y* + 16zy” >
€2 = ’
—310z — 152zy® — 388xy + 92xy> + 72xy° + 180xy”? + 16xy® + 151

(€1, €2) is a free basis for Syz(vy, v2,v3). A minimal parametrization of the set £ of all inverses of V is

E = {U = (u1,uz,u3) € Q[z,y]"*? such that UV = 1} = {eo + aes + Bea, a, B € Qlx,y]},

—151 + 60xy® 4+ 540xy? + 622y — 108z + 302y° — 128zy° — 272zy* — 322/°
where ¢y = ﬁ —40zy? + 266y + 140z — 72zy* — 172zy> + 453 — 302y° — 16xy°
248x — 48xy? + 484xy — 144xy* — 312zy® — 32xy°

Algorithm 59. (An algorithm for eliminating variables from unimodular polynomial vectors with coefficients
in a ring, general case
Input: A columnV =V(X) = *"(v1(X),...,v,(X)) € Um, (A[X]) such that vi is monic.

Output: A matriz B € SL,(A[X]) such that BY = V(0).
Step 1: Find yo,...,7s € En_1(A[X]) such that denoting w; = e1.7y; *(va,...,v,) and r; = Res(vi,w;), we can

find ag, . ..,as € A such that agro+- - -+asrs = 1 (here we use the algorithm given in the proof of Theorem 48).
For 0 <i<s, compute f;,g; € A[X] such that f;v1 + g;w; = r; (use Proposition 43).

Step 2: Perform steps 2-4 of Algorithm 1 doing the necessary small changes.

Example 60. (Example 49 continued)

Take A =Z and V = (22 + 2z + 2, 3, 222 + 11z — 3) € Ums(Z|z]).

A generating set for Syz(vi,vs,v3) can be obtained by computing a dynamical Grobuner basis for the ideal
(v1,v2,v3) (see Section 7). A dynamical computation gives

3 0 —2X3% —11X2% - 18X
Syz(vy,ve,v3) = ([ —X2—-2X -2 |,| —-2X?2-11X+3 |, 7X3 +14X2% +14X ,
0 3 X3 42X2 42X
—21 - 6X —4X3 - 36X2% - T1X +21
14+21X |, 14X3 +77X% - 21X ).
3X 2X°% +11X%2 - 3X +14

But of course as mentioned above this is not a minimal generating set for Syz(v1, ve, v3) as it is a rank 2 free Z[z]-
module (by the Lequain-Simis-Vasconcelos Theorem 91). Following Algorithm 59 and doing the computations
by hands (assisted by the computer algebra system Maple) we get a matrix G € SL3(Z[z]) such that

1
GV=|20
0

> V:=matrix (3,1, [x"2+2*x+2,3,2*xx"2+11*x-3]) ;

> G :=matrix([[2+29142%x"2+340*x+4788%x"3, -25686%*x"2-2394*x"3-272*x-1,
-6192xx"2-2394%*x"3-44x%x] ,

[-3-43713*x"2-510%x-7182*x"3, 38529%x"2+3591%x"3+408%x+2,
9288*x"2+3591%x"3+66*x], [12+204092%x"2+2975%x+33516%x"3,
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-179851%x"2-16758*x"3-2429%x-7, -43393%x72-16758*x"3-434*x+1]])

> det(G);

> F:=expandvector (multiply(G,V));

F := matrix([[1], [0], [0]11)

Thus,
—3 — 4371322 — 510x — 71823 12 + 20409222 + 29752 + 3351623
(| 3852922 + 35913 + 408z + 2 , | —17985122 — 1675823 — 24292 — 7 |)
928822 + 359123 + 66 —43393x2 — 1675823 — 4342 + 1

is a free basis for Syz(v1, ve, v3).

> inverse(G);

matrix([[x"2+2%x+2, 5586*x~3+14465%x"2+146*x+1, 1197*x"3+3096*x"~2+22*x],
[3’ 2’ O],
[2%x"2+11%x-3, 11172%x"3+68032*xx"2+999*x+2, 2394*x~3+14571%x"2+170*x+1]])

The matrix G~! is a completion of V into an invertible matrix as V is the first column of G~1.

3.7 Suslin’s solution to Serre’s problem

Theorem 61. (Unimodular completion theorem) Let K be a field, R = K[X1, ..., X,] and consider a unimod-
ular vector

f=AKXL X0, fa(X, . X)),

in R™ Y. Then, there exists a matriz H € SL,(R) such that Hf = %(1,0,...,0).
In other words, f is the first column of a matriz € SL,(R).

Proof. If n =1 or 2, the result is straightforward. If n > 2 and r = 1, the result comes from the fact that R is
a principal domain. It is explicitly given by a Smith reduction of the column matrix f. For r > 2, we make an
induction on r. If the field K has enough elements (for example, if it is infinite), we can make a linear change
of variables so that one of the f; becomes monic. Else, we make a change of variables “ a la Nagata”: Y, = X,,
and for 1 <j<r, Y, =X;+ X with a sufficiently large integer d. It suffices now to use Algorithm 59.

O

Theorem 62. (Suslin’s solution to Serre’s problem) Let K be a field, R = K[X1,...,X,] and M a finitely
generated stably free R-module. Then M is free.

Proof. We have by hypothesis an isomorphism
o:RF@e M — RIFF

for some integers k and ¢. If k = 0, there is nothing to prove. Suppose that & > 0. The vector f = ¢((ex,1,0n))
(where ey 1 is the first vector in the canonical basis of RF¥) is unimodular. To see this, just consider the
linear form A over R“"* mapping y (y € R**) to the first coordinate of p~'(y). We have A(y1,..., Yrie) =
Uyt + -+ + Upeypre and A(f) = 1.

Consider f as a column vector. Taking the composition of ¢ with the isomorphism given in Theorem 61, we
obtain an isomorphism ) mapping (ex 1,0n) to ex1¢1. By passing modulo A(ey 1,0p) and modulo Aeyyg1,
we get an isomorphism

0:R*"'eM — RIETL

4 Constructive definitions of Krull dimension

This section is taken from the papers [20, 22, 23, 44].
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4.1 Ideals and filters

Let S be a monoid (a multiplicative subset) of a ring R. If M is an R-module, then the Rg-module Mg is
obtained by extension of the scalars from R to Rg. In particular, if M is finitely generated, finitely presented
or projective, then so is Mg.

Recall that S is said to be saturated if

Vs, teR, ste§S = seb.
A saturated monoid is also called a filter. Note that denoting
S = {s € R,3t € Rsuchthat st € S},
S is a saturated monoid of R called the saturation of S, and we have
Rgs =Rs.

Note that there is a duality between ideals and filters. On the one hand, ideals are used to pass to the
quotient, that is, to force the elements of the considered ideal a of R into being zero in R/a. On the other
hand, filters are used to localize, that is, to force the elements of the considered monoid into being invertible.

An ideal is prime if and only if its complementary if a filter. A filter whose complementary is an ideal is
called a prime filter.

The duality between ideals and filters is also a duality between addition and multiplication as can be seen
by the axioms defining ideals (resp., prime ideals) and filters (resp., prime filters):

Ideal T Filter F
F 0eZ F 1leF
z€l,yel +F z4+yel reF,yeF F xzyeF
rel + zyel zyeF + xzeF
prime prime
zwel + ze€elVyel r+yeF + zeFVyeF
1eZ + False 0eF F False

4.2 Zariski lattice

Notation 63. If a be an ideal of R, we denote Dr(a) = \/a the radical of a, that is, the set of all x € R such
that z* € a for some k € N.
If a={(x1,...,2,), we often denote Dr(z1,...,x,) instead of Dr(a).

Definition 64. We denote Zar R the set of all the Dr(x1,...,x,), where n € N and x1,...,x, € R. This set
is ordered by inclusion.

Fact 65. ZarR is a distributive lattice equipped with
DR(al) V DR(CLQ) e DR(a1 + Cl2) DR(CL1) A DR(ag) = DR(CL1 Clz).

Zar R is called the Zariski lattice of the ring R.
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4.3 Krull boundary

Let us recall the classical definition of the Krull dimension of a ring R. A finite chain po C p1 C --- C p,, of
n+ 1 proper prime ideals of R is said to have length n. If R has no proper prime ideal (that is, R is trivial), we
say that R has Krull dimension —1. If there is a nonnegative integer d such that R contains a chain of proper
prime ideals of length d, but no such chain of length d 4 1, we say that R has Krull dimension d, and we write
KdimR = d or simply dim R = d. Otherwise, we say that R is infinite dimensional. For example, a field or a
finite product of fields has Krull dimension 0; Z or more generally a principal domain which is not a field has
Krull dimension 1.

Definition 66. Let R be a ring and x € R.

(1) The upper Krull boundary of x in R is the quotient ring R1*} := R/Kgr(z), where Kr(z) := (z)+(Dr(0) :
x) = (z) + {b € R, bz isnilpotent}.

We will say that Kg(x) is the Krull boundary ideal of x.

(2) The lower Krull boundary of x in R is the localized ring Ry, == Rs,,, where Sizy = 2N(1 4+ 2R) =
{z*(1 + zy), k € N, y € R}.

We will say that Sq.y is the Krull boundary monoid of x.

The terminology above is legitimated by the following geometric case: if R = K[V] is the ring of rational
functions over an affine variety V', an element f € R represents a function over V' whose zeroes form an affine
subvariety W. Hence, R/Dr(Kr(f)), which is the reduced ring associated to R{/}, is the ring K[W’], where
W' is the boundary of W in V.

The following theorem gives an inductive elementary characterization of the Krull dimension starting from
dimension —1 which means that the ring is trivial (1 = 0). This inductive characterization corresponds to
the geometrical intuition that a variety is of dimension < k if and only if any subvariety has a boundary of
dimension < k.

Theorem 67. For any ring R and ¢ € N, the following assertions are equivalent:

(i) KdimR < ¢.

)

(ii) For any = € R, KdimR"} </ —1.

(iii) For any x € R, KdimRy,) < £—1.
)

(iv) For any x,...,x¢ € R, there exist ag,...,a; € R and my,...,my € N such that

xy (" - (2 (T +agxe) + -+ -+ a121) + apzo) = 0.

Proof. Let us first prove the equivalence between assertions (i) and (ii). Recall that for any monoid S of R, the
prime ideals of Rg are of the form S~ !p := {ﬁ, t €p, s €S}, where p is a prime ideal of R not meeting S. The
desired equivalence results from the following two immediate affirmations:

(a) For any = € R and any maximal ideal m of R, Sp,;; Nm # (.

(b) If m is a maximal ideal of R, and if 2 € m \ p, where p is a prime ideal contained in m, then S, Np = 0.
Thus, if pg € p1 S -+ C pe is a chain of proper prime ideals of R with p, maximal, then for any = € R,
when localizing at Sy,,, it will be shortened to at least S{;l}po - S{;l}pl c - C S{wl}pg,l, and to exactly

SPo G S G S S i @ € P\ pe-t.

The equivalence between assertions (i) and (iii) can be proven in a dual way, just replace prime ideals by prime
filters. Recall that for any ideal J of R, the prime filters of R/J are of the form (S + J)/J, where S is a prime
filter of R not meeting J. Affirmations (a) and (b) are thus replaced by the following dual affirmations (a’) and
(b):

(2’) For any = € R and any maximal filter S of R, SN Kgr(z) # 0.

(b’) If S is a maximal filter of R, and if x € S\ §’, where S’ C S is a prime filter, then S’ NKgr(z) = 0.

Let us prove by induction on ¢ that the assertions (iii) and (iv) (for example) are equivalent. If £ = 0 this
is trivial. Suppose that the result is true for ¢. If S is a monoid of R, then KdimRg < 7 if and only if for any
xo, ...,z € R, there exist ag,...,a¢ € R, mg,...,my € N, and s € S such that z{" (27" --- (x;" (s + ar z¢) +
<-4 a1x1) + apxg) = 0. Just replace s by an arbitrary element of the form :cznfl“ (14 app1 Teg1)-

O
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4.4 Pseudo regular sequences and Krull dimension

Definition 68. Let (x1,...,x¢) be a sequence of length € in a ring R.

- We say that the sequence (x1,...,x¢) is pseudo singular (or collapses) if there exist aq,...,ay € R and
m,...,mp € N such that

" (2y? (2 (Lt agxe) + - + agwa) + arzp) = 0.

- We say that the sequence (x1,...,xp) is pseudo regular if it does not collapse.

The connection with regular sequences is given by the following straightforward proposition.
Proposition 69. A regular sequence is pseudo regular.

Using Theorem 68 and the notion of pseudo regular sequence we can now formulate a constructive definition
of Krull dimension.

Definition 70. (Constructive definition of Krull dimension)

- We say that a ring R has dimension —1 if it is trivial (1 =0). Otherwise, we say that R has dimension > 0.
- We say that a ring R has dimension < £ — 1 if each sequence of length £ collapses.

- We say that a ring R has dimension > { if there exists a pseudo regular sequence of length £.

- We say that a ring R has dimension £ if its dimension is > £ and < { at the same time.

Examples 71. 1) A ring R has dimension < 0 if and only if

VreR, IneN, JacR | 2" =ax"". (3)
2) A local ring R has dimension 0 if and only if

Vz € R, z is invertible or nilpotent. (4)
3) A ring R has dimension <1 if and only if

Va,be R, IneN, Jz,yeR | a"(d"(1+ zb) + ya) = 0. (5)

4.5 Krull dimension of a polynomial ring over a discrete field

We first need the following intermediary result.

Proposition 72. Let K be a discrete field, R a commutative K-algebra, and x1,...,x; € R algebraically
independent over K. Then the sequence (x1,...,x¢) is pseudo singular.

Proof. Let Q(x1,...,x¢) = 0 be an algebraic relation over K testifying the dependence between the x;. Let us
order the monomial of @ with nonzero coeflicients by the lexicographic order. We can without loss of generality
suppose that the first nonzero coefficient of @ is 1. Denoting this monomial by x7"* --- 2}, it is clear that Q
can be written in the form

Q=a™ P +a xR -x;ﬂ”’“}’le,l 42yt Ry 4 27T™ Ry, the desired collapse.

O
Theorem 73. If K is a discrete field, then the Krull dimension of K[X1,...,X,| is equal to L.
Proof. Just use Proposition 72 and the fact that the sequence (Xi,..., X/) is pseudo regular since it is regular
(see Proposition 69). 0

Note that we have painlessly obtained this fundamental result quashing the common opinion that construc-
tive proofs are necessarily more complicated than classical proofs.
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4.6  Application to the stable range theorem

This subsection is extracted from [21]. It proposes a simple and elegant constructive proof of the stable range
theorem.

Lemma 74. /{y,b) = \/(y + b, by).

Proof. Tt is clear that /{y + b, by) C \/<y, b). The converse follows from the identity y? = (y + b)y — yb. O
Lemma 75. If by is nilpotent then 1 € \/{y,b) < 1€ /(y +b).

Proof. By virtue of Lemma 74, 1 € \/(y,b) & 1€ \/(y+b,by) & 1€ /{y+b) (by being nilpotent). O

Theorem 76. If the Krull dimension of a ring R is < s then for any a,by,...,bs € R such that 1 €
(a,by, ..., bs), there exist x1,...,xs € R such that 1 € (by + axq,...,bs + axs).

Proof. We proceed by induction on s. If s = 0 the result is clear as the ring R is trivial. If s > 0, let I be the
ideal boundary of bs. We have bs € I and the dimension of R/I < s —1. By induction, we can find z1,...,2s_1
such that

1e <b1 +ary,..., bs_1 + (LCL’S,1>

in R/I. This means that there exists zs € R such that bsx is nilpotent and
le(by+axy,...,bs—1 +axs_1,bs, xs).

Now to obtain the desired result, one has only to reason modulo (b + az1,...,bs—1 + axs_1) and to use
Lemmas 74 and 75. O

As an immediate consequence, we get the following so-called stable range theorem.

Theorem 77. (Stable range theorem) Let R be a ring of dimension < d, n > d+1, and let v = (vg,...,v,) €
Umy+1(R). Then there exists E € E,11(R) such that Ev = (1,0,...,0).

Corollary 78. (Stable range theorem, bis) For any ring R with Krull dimension < d, all finitely generated
stably free R-modules of rank > d are free.

Proof. Use Proposition 15. O

5 Projective modules over R[X},..., X,], R an arithmetical ring

5.1 A constructive proof of Brewer-Costa-Maroscia Theorem

This subsection is extracted from [52]. The aim is to prove constructively the following theorem [13, 54] due
to Maroscia and Brewer & Costa which is a remarkable generalization of the Quillen-Suslin Theorem since it is
free of any Noetherian hypothesis.

Theorem 79. If R is a Prifer domain of Krull dimension < 1, then each finitely generated projective module
over the ring R[X1,..., X,] is extended. In particular, if R is a Bezout domain of Krull dimension < 1, then
each finitely generated projective module over R[ X1, ..., X,] is free.

We will also propose in this Chapter 5 an alternative simpler constructive proof of Theorem 79 (see Remark
93).

5.1.1 Krull Dimension <1

In order to use constructively the hypothesis that R has Krull dimension < 1, we recall the following constructive
meaning of Krull dimension < 1:

A ring R has Krull dimension < 1 if and only if
Va,be R, dneN, Jz,yecR | a"(b"(1 +xb) +ya) =0 (6)

or equivalently
Va,b€R, IneN | a™b" € a"0"M'R +a"M'R. (7)

In the sequel, we will consider the family of identities in (6) as the constructive meaning of the hypothesis
that R has Krull dimension < 1.

To simplify the computation of collapses related to Krull dimension < 1, we introduce the following ideal
IR(CL7 b)
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Notation 80. If a,b are two elements of a ring R, we denote by Ir(a,b) the set of all z € R such that there
exist ©,y € R and n € N satisfying a™(b"(z + xb) + ya) = 0. In other words,
Ir(a,b) = Upen(a™0" 'R + a" ™R : a"V"R).

Lemma 81.

o Ir(a,b) is an ideal of R,

e z € Ir(a,b) = wvz € Ir(ua,vd),

e if o : R — T is an homomorphism, then o(Ir(a,b)) C It(v(a), ¢(b)),

o the Krull dimension of R is <1 <= Va,beR, Ir(a,b) =(1).

5.1.2 A crucial result

Recall that a ring R is Bezout if each finitely generated ideal is principal, arithmetical if each finitely generated
ideal is locally principal.
A constructive characterization of arithmetical rings is the following:

sTr = ay
Ve,y € R ds,t,a,beR br = ty (8)
s+t = 1

See [26] or [45] for detailed explanations about this characterization. In fact Property (8) amounts to say that
each finitely generated ideal becomes principal after localization at a finite family of comaximal monoids.

An integral domain is called a Prifer domain if it is arithmetical.

More generally a reduced arithmetical ring is called a Prifer ring in [26, 45] following the terminology
proposed in [34]. It is characterized by the fact that finitely generated ideals are flat.

A coherent ring is a ring in which finitely generated ideals are finitely presented. A pp-ring is a ring in
which principal ideals are projective, which means that the annihilator of each element is idempotent.

A coherent Priifer ring is often called a semi-hereditary ring. Since a finitely presented module is flat if
and only if it is projective, coherent Priifer ring are characterized by the fact that finitely generated ideals are
projective. And an arithmetical ring is a coherent Priifer ring if and only if it is a pp-ring.

Finally let us recall some well known results concerning Bezout rings. A Bezout ring is reduced and coherent
if and only if it is a pp-ring. Over a Bezout pp-ring, each constant rank projective module is free. Over a Bezout
domain each finitely generated projective module is free.

For a constructive approach of all previously cited facts see [26, 45].

The following result of Brewer & Costa is an important intermediate result for Quillen Induction.
Theorem 82. If R is a Prifer domain with Krull dimension <1 then so is R(X).
Next, we will give a constructive proof of a slightly more general version of the result above.

Theorem 83. If R is a coherent Priifer ring with Krull dimension < 1 then so is R(X).

5.1.3 A local theorem

In the sequel, the letters a, b, ¢ will denote elements of R and f, g, h elements of R[X]. We will prove a local
version of Theorem 83 above.

A local Priifer ring is nothing but a valuation ring. From a constructive point of view, we require the ring
to be a residually discrete local coherent Priifer ring. More precisely, the ring must satisfy constructively the
following hypotheses:

Yz eR 2=0 = =0
Vz,y € R dzrx=zy or dzy=:zx ()
V€ R reR* or ze€RadR)

Vz € R Ann(z) =0 or Ann(z)=1

E.g., the constructive meaning of the third item is that for each element x € R, we are able either to find an y
such that xy = 1 or to find for each z an y such that (1 + zz)y = 1.

The first two properties imply that the ring has no zero-divisors (zy =0,z = 2y = 29> =0 = (2y)? =
0 = 2zy=0 = z=0), thus in classical mathematics the last two properties are automatically satisfied!.

1 The last property means that “z = 0 or = regular”. If the ring is not trivial, since it has no zero-divisors, this can be rewritten
as “c = 0 or x # 0”. Shortly, in the case of a non trivial ring, we require our valuation ring to be discrete and residually discrete
local, but we don’t demand to know whether the ring is trivial or not.
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Denoting Rad(R) by R we easily infer that
Vz,y € R JzeR =2y or FzeR y=zx or JueR* y=ux (10)
Vr,y € R y=0 = (x=0 or y=0)

The following easy lemmas are useful for the proof of our Theorem 88.

Lemma 84. If the ring R satisfies (10), then each F € R[X] can be written as F = a f with f = b f1 + fo
where b € Rad(R) and fa is monic.

Proof. By the first property in (10), there is one coefficient of F, say a, dividing all the others. Thus, we can
write F' = a f for some f € R[X] with at least one coefficient equal to 1. Now, write f = fo + f3 with f» monic
and all the coefficients of f3 are in Rad(R). Again, there is one coefficient in f3, say b, dividing all the others.
Thus, f3 = b f; for some f; € R[X]. O

Lemma 85. If R has Krull dimension < 1, ¢ € R is regular and b € Rad(R), then ¢ divides a power of b.

Proof. Just use the equality (6) and the fact that 1+ bR C R*.
O

Corollary 86. If R has Krull dimension <1 and f =0 f1 + fo € R[X] with b € Rad(R) and fo monic, then
for every regular ¢ € R, (f,c) contains a monic.

Proof. Using Lemma 85, we know that there exists n € N such that ¢ divides b”. Thus, the monic polynomial

f3 € {f;0") € (f,0).
O

Remark 87. In any ring R, if the ged of two elements x and y exists, and (x,y) is principal, then (z,y) =
(ged(z, ).

A local version of Theorem 83 is Theorem 88.

Theorem 88. If R is a residually discrete local coherent Priifer ring (that is, it satisfies (9)) and has Krull
dimension < 1, then R{(X) is a Bezout domain with Krull dimension < 1.

Proof. We first prove that R(X) is a Bezout domain. It is a domain (each element is zero or regular) since R
is a domain. Since R is a discrete ged-domain (that is, each pair of nonzero elements has a greatest common
divisor) so is R[X] (see for example Theorem IV.4.7 of [55]) and R(X) as well. Recall that a gcd-ring B is
Bezout if and only if

Ve, y € B, (ged(z,y)=1 = (z,y)=(1)).

To prove that R(X) is Bezout, consider F,G € R(X) such that gcd(F,G) = 1 and let us show that 1 € (F, G).
We may assume w.l.o.g. that F # 0 and G # 0. Since monic polynomials are invertible in R(X), we may
also assume that F,G € R[X]. We need to show that (F,G)grx] contains a monic polynomial. Letting
H = ged(F, G)rx), H divides ged(F, G)gr(x)y = 1 (in R(X)) and so the leading coefficient of H is invertible in
R. Using the equality (F,G)r|x) = H(F/H,G/H)r|x], we see that we may suppose H = 1. Following Lemma
84, wehave F=af=a(bfi+ f2), G=a"g=d (Vg1 + ¢2), with b, b’ € Rad(R) and f2, go monic. In R(X)
we have:
ged(F, Q) = ged(a f,a’ g) =1 = ged(a,d’) = 1.

Thus, ged(F,G) = 1 in R{X) implies that either a or o’ is invertible in R. Suppose for example that a = 1.
The fact that ged(F,G)rix) = 1 yields that the ged in K[X] (where K is the quotient field of R) is equal
to 1, that is, there is a regular element ¢ in R N (F,G)rx)- By Corollary 86, we get a monic polynomial in
(¢, F)rix] € (F,G)Rr[x], as desired.

Now, let us check that the Krull dimension of R(X) is < 1. The Krull dimension of K[X] is < 1, and
more precisely, for all F,G € R[X] (keeping the same notations as above), we have an explicit collapse in K[X]
([20, 44]) which can be rewritten in R[X] (by clearing the denominators) as follows:

dn € N, th,hQ S R[X], Jw € R\ {0} F”(G”(w+h1G) +h2F) =0.

This means that 3w € R\ {0}, such that w € Ir(x)(F,G). Moreover, we have 1 € Ir(a,a’) and a fortiori
1 € Irx)(a,a’), implying that fg € Ir(x)(af,a’'g) = Ir(x)(F,G). Finally, since the ged in R(X) of w and
fg is equal to 1 (this is due to the fact that fg is primitive), the ideal Irx)(F,G), which contains w and fg,
contains 1.

Finally the fact that R({X) is a pp-ring can be easly checked under the only hypothesis that R is a pp-ring. O
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5.1.4 A quasi-global version

Applying the General local-global Principle 27 to the proof of Theorem 88 above, we get an algorithmic proof
for the following quasi-global proposition.

Proposition 89. Let R be a coherent Priifer ring with Krull dimension < 1. Considering F,G € R[X]:

o There exists a family (S;) of comazimal monoids of R such that in each Rg, (X) the ideal (F,G) is finitely
generated and projective.

e There exists a family (S;) of comazimal monoids of R such that in each B; = Rg,(X) we have a collapse
Ig,(F,G) =1.

An immediate corollary of Proposition 89 is Theorem 83. This is due to the fact that finitely generated
ideals are projective and that two elements producing a collapse are local properties, i.e., it suffices to check
them after localizations at a family of comaximal monoids (20, 26, 45]).

Let F be the class of coherent Priifer rings of Krull dimension < 1. This class clearly satisfies the localization
property Q2a. It satisfies Q1 by Theorem 83.

Theorem 88 above asserts that if R € F is residually discrete local, then R{X) is a Bezout domain. In
particular, every projective module over R(X) is free. Combined with Horrocks Theorem 39, we obtain condition
Q3.

As our proof of Q3 is elementary and constructive, the General local-global principle 27 works and gives
versions Q3a and Q3b. Finally we constructively get:

Theorem 90. If R is a coherent Prifer ring with Krull dimension < 1, then every finitely generated projective
module over R[X1,...,X,] is extended. In particular, if R is a Bezout pp-ring with Krull dimension <1, then
every constant rank projective module over R[X1, ..., X,] is free.

5.2 The theorem of Lequain, Simis and Vasconcelos

This subsection is extracted from [28]. Let R be a commutative unitary ring. We denote by R(X) the
localization of R[X] at primitive polynomials, i.e., polynomials whose coefficients generate the whole ring R.
Of course, the ring R(X) is also a localization of R(X) and we have R[X] C R(X) C R(X). The containment
R(X) C R(X) becomes an equality if and only if R has Krull dimension 0 (in short, Kdim R = 0) [35].

The construction R(X) turned out to be an efficient tool for proving results on R via passage to R(X).

As seen in the previous subsection, the restriction in Brewer-Costa-Maroscia theorem to Priifer domains
with Krull dimension < 1 is due to the fact that R(X) is a Priifer domain if and only if R is a Priifer domain
with Krull dimension < 1. Subsequently, in order to generalize the Quillen-Suslin theorem to Priifer domains
and seeing that the class of Priifer domains is not stable under the formation R{X), Lequain and Simis [40]
found a clever way to bypass this difficulty by proving the following new induction theorem.

Lequain-Simis Induction Theorem Suppose that a class of rings F satisfies the following properties:
(i) If R € F, then every nonmazimal prime ideal of R has finite height.
(ii)) Re F = R[X],x) € F for any prime ideal p of R.
(iii) Re F = R, € F for any prime ideal p of R.
(iv) R e F and R local = any finitely generated projective module over R[X] is free.

Then, for each R € F, if M is a finitely generated projective R[ X1, ..., X,]-module, then M is extended from
R.

It is worth pointing out that when coupled with a result by Simis and Vasconcelos [69] asserting that over
a valuation ring V, all projective V[X]-modules are free, the Lequain-Simis Induction Theorem yields to the
following elegant theorem.

Theorem 91. (Lequain-Simis-Vasconcelos) For any Prifer domain R, all finitely generated projective
R[Xy,..., X,]-modules are extended from R.
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In this subsection, we will prove that for any ring R with Krull dimension < d, the ring R(X) “dynamically
behaves like the ring R(X) or a localization of a polynomial ring of type (S™'R)[X] with S a multiplicative
subset of R and the Krull dimension of S™'R is < d — 1”.

As application of our dynamical comparison between the rings R(X) and R(X), we give a constructive vari-
ation of Lequain-Simis Induction Theorem - using a simple proof. Note that Lequain and Simis put considerable
effort for proving this marvellous theorem and they used some quite complicated technical steps.

Constructive Induction Theorem Let F be a class of commutative rings with finite Krull dimensions sat-
isfying the properties below:

(it") If R € F then R(X) € F.
(iii) R € F = Rg € F for each multiplicative subset S in R.

(iv’) If R € F then any finitely generated projective module over R[X] is extended from R.

Then, for each R € F, if M is a finitely generated projective R[X1, ..., X,]-module, then M is extended from
R.

5.2.1 A dynamical comparison between the rings R(X) and R(X)

By the following theorem, we prove that for any ring R with Krull dimension < d, the ring R{X) “dynamically
behaves like the ring R(X) or a localization of a polynomial ring of type (S™'R)[X] with S a multiplicative
subset of R and the Krull dimension of S™'R is < d — 1.

Theorem 92. Letd € N and R a ring with Krull dimension < d. Then for any primitive polynomial f € R[X],
there exist comazimal subsets Vi,..., Vs of R(X) such that for each 1 < i < s, either f is invertible in R(X )y,
or R{(X)v, is a localization of (Sﬁ}uiR) [X], where Sgr.a, = a5 (1 + a;R), for some coefficient a; of f (note that

Kdim Sg!, R <d—1).

Proof.

First case: R is residually discrete local. Observe that any primitive polynomial f € R[X] can be written in
the form f = g+ u where g, u € R[X], all the coefficients of g are in the Jacobson radical Rad(R) of R and «
is quasi monic (that is, the leading coefficient of u is invertible). If the degree of w is k, then g = 3., a; X 7,
Now we open two branches: we localize R({X) at the comaximal multiplicative subsets generated by f and g.

R(X)

/\

R(X)s R(X),

In R(X)y, f is clearly invertible.

In R(X),, write g = >0, a;X7, where the a; € Rad(R). It follows that the multiplicative subsets
M(ag41), ..., M(as) are comaximal in R(X),. Note that for any k + 1 < i < m, M(a;) ' (R(X),) is a
localization of the polynomial ring R,, [X] and dimR,, < dimR.

R(X),

R<X>'1k+1 e R<X>am
General case: R arbitrary. Apply the General local-global Principle 27. Precisely this gives the following
computation. First we remark that since f is primitive, say f = Z;—n:o anj, the multiplicative subsets U,, =
M(am), Un—1 = Sr(@m; @m-1), -+, Ux = Sr(@m, ..., akt1;08), .., Up = Sr(am,...,a1;a9) are comaximal
in R. It is now sufficient to prove the conclusion for each ring Ry,. And this conclusion is obtained from the
proof given for the first case. O
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Remark 93. If R is a valuation domain then any f € R[X] is easily written as f = ag where a € R and
g € R[X] is primitive, invertible in R(X). From this fact, it follows easily that R(X) is again a valuation
domain, and if KdimR < d then KdimR(X) < d. So by Theorem 92, we painlessly get constructively that:

(i) If R is a valuation domain with Kdim R < 1 then R(X) is a Priifer domain with Kdim R < 1 (we retrieve
a very simple constructive proof of the Brewer-Costa-Maroscia Theorem 90). As a matter of fact, it is
clear that in this case, in one of the R(X)y,, the computations are done like in R(X), while the other
R(X)y, are localizations of the polynomial ring K[X] where K is the quotient field of R.

(ii) If R is a Priifer domain with KdimR < 1 then so is R(X).
This is obtained from (i) by application of the General Constructive Rereading Principle.

Remark 94. If KdimR = 0 then clearly R(X) = R(X) (the rings S, 'R in Theorem 92 being trivial). This
constructive proof is more simpler than that given in [35].
5.2.2 The Lequain-Simis Induction Theorem

In order to generalize the Quillen-Suslin theorem to Priifer domains and seeing that the class of Priifer domains
is not stable under the formation R(X), Lequain and Simis [40] found a clever way to bypass this difficulty by
proving the following new induction theorem.

Theorem 95. (Lequain-Simis Induction) Suppose that a class of rings F satisfies the following properties:

(i) If R € F, then every nonmaximal prime ideal of R has finite height.
(iii
(iv) R€ F and R local = any finitely generated projective module over R[X] is free.

)
(ii)) Re F = R[X],x) € F for any prime ideal p of R.
) Re F = R, € F for any prime ideal p of R.

)

Then, for each R € F, if M is a finitely generated projective R[ X1, ..., X,]-module, then M is extended from
R.

Note here that if R is local with maximal ideal m, then R(X) = R[X]n[x]-
We propose here a constructive variation of Lequain-Simis Induction Theorem using a simple proof. This is
one important application of our dynamical comparison between the rings R(X) and R({X).

Theorem 96. (Constructive Induction Theorem) Let F be a class of commutative rings with finite Krull
dimensions satisfying the properties below:

(ii") If R € F then R(X) € F.
(iii) R € F = Rg € F for each multiplicative subset S in R.

(iv’) If R € F then any finitely generated projective module over R[X] is extended from R.

Then, for each R € F, if M is a finitely generated projective R[X1, ..., X,]-module, then M is extended from
R.

Proof. We reason by double induction on the number n of variables and the Krull dimension of the basic ring R.
For the initialization of the induction there is no problem since if n = 1 there is nothing to prove and for
polynomial rings over zero-dimensional rings (see Theorem 41) the result is true constructively.

We assume that the construction is given with n variables for rings in F. Then we consider the case of n + 1
variables and we give the proof by induction on the dimension of the ring R € F. We assume that the dimension
is < d+ 1 with d > 0 and the construction has been done for rings of dimension < d.

Let P be a finitely generated projective R[ X1, ..., X,,, Y]-module. Let us denote X for X, ..., X,. The module
P can be seen as the cokernel of a presentation matrix M = M(X,Y’) with entries in R[X,Y]. Let A(X,Y") be
the associated enlarged matrix (as in the proof of Theorem 37).

Using the induction hypothesis over n and (ii’) we know that A(X,Y") and A(0,Y") are equivalent over the ring
R(Y)[X]. This means that there exist matrices @1, Ry with entries in R[X, Y] such that

where det(Q1) and det(Ry) are primitive polynomials in R[Y]. (12)
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We first want to show that A(X,Y) and A(0,Y) are equivalent over R(Y)[X]. Using the Vaserstein’s patching,
for doing this job it is sufficient to show that A and A(0,Y) are equivalent over R(Y)[X]4, for comaximal
multiplicative subsets M;.

We consider the primitive polynomial f = det(Q1) det(R;) € R[Y] and we apply Theorem 92. We get comaximal
subsets V1, ..., Vs of R(Y") such that for each 1 <14 < s, either f is invertible in R(Y')y, or R(Y)y; is a localization
of Ry, [Y] for some a; € R such that R,, has Krull dimension < d.

In the first case det(Q1) and det(R;) are invertible in R(Y)y,. This implies that A(X,Y) and A(0,Y) are
equivalent over R(Y)[X]v;.

In the second case, by induction hypothesis on the dimension, A(X,Y) and A(0, 0) are equivalent over R,, [Y][X].
An immediate consequence is that A(X,Y) and A(0,Y") are equivalent over R,,[Y][X]. Finally they are also
equivalent over R(Y)[X]y, which is a localization of the previous ring.

Now we know that there exist invertible matrices @, R over the ring R(Y)[X] C (R[X])(Y) such that

QA(X,Y)=A(0,Y)R.

We know also that A(0,0) and A(0,Y) are equivalent over R[Y] C (R[X])(Y) (case n = 1) and A(0,0) and
A(X,0) are equivalent over R[X] C (R[X]){(Y). So A(X,0) and A(X,Y) are equivalent over (R[X])(Y), and
by virtue of Horrocks Theorem 39, P is extended from R[X], i.e., A(X,0) and A(X,Y) are equivalent over
R[X,Y]. By induction hypothesis, P is extended from R. O

Remark 97. In fact, the proof does’nt use “any” multiplicative subset of rings R in F, but only multiplicative
subsets obtained by iterating localizations at some S(ay, ..., ag;u).

Recall that a ring is called a pp-ring if the annihilator ideal of any element is generated by an idempotent.

Corollary 98. (Lequain-Simis Theorem) For any finite-dimensional arithmetical pp-ring R, all finitely gener-
ated projective R[X7, ..., X,]-modules, n > 2, are extended from R if and only if all finitely generated projective
R[X1]-modules are extended from R.

Proof. We prove that the class F of finite-dimensional arithmetical pp-rings such that all finitely generated
projective R[X;]-modules are extended from R satisfies the hypothesis in our induction theorem. Only the first
point (ii’) is problematic. We assume to have a constructive proof in the local case, i.e., the case of valuation
domains. So, starting with an arithmetical pp-ring, the General local-global Principle 27 gives comaximal
multiplicative sets where the needed computations are done successfully. This allows to give the desired global
conclusion in an explicit way. O

Remark 99. Thierry Coquand announced recently a constructive proof of the Bass-Simis-Vasconcelos theorem
(projective modules over V[X], V a valuation domain, are free) [19].

As always constructive proofs work in classical mathematics and Theorem 96 applies. Moreover, in classical
mathematics, we get the following variation:

Theorem 100. (New classical induction theorem) Let F be a class of commutative rings with finite Krull
dimensions satisfying the properties below:

(ii) If R € F and R is local then R(X) € F.
(iii") R € F = Rg € F for each multiplicative set S in R.

(iv) If R € F and R is local then any finitely generated projective module over R[X] is extended from R.

Then, for each R € F, if M is a finitely generated projective R[X1, ..., X,]-module, then M is extended from
R.

Proof. From (ii) and (iv) we deduce (ii’) and (iv’) in Theorem 96 by using the abstract Quillen’s patching that
uses maximal ideals. O
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6 The Hermite ring conjecture

6.1 The Hermite ring conjecture in dimension one

This subsection is extracted from [74]. Quillen’s and Suslin’s proofs of Serre’s problem on projective modules
had a big effect on the subsequent development of the study of projective modules. Nevertheless, many old
conjectures and open questions about projective modules over polynomial rings still wait for solutions. Our
concern here is the following equivalent two conjectures.

Conjecture 101. (Hermite ring conjecture (1972) [38, 39]) If R is an Hermite ring, then R[X] is also
Hermite.

Conjecture 102. If R is a ring and v = (vg(X),...,v,(X)) is @ unimodular row over R[X] such that v(0) =
(1,0,...,0), then v can be completed to a matriz in GL,4+1 (R[X]).

Recall that a ring A is said to be Hermite if any finitely generated stably free A-module is free (see Definition
14). Examples of Hermite rings are local rings (see Theorem 5), rings of Krull dimension < 1 (see Corollary 78),
polynomial rings over Bezout domains (see Subsection 5.2), and polynomial rings over zero-dimensional rings
(see Theorem 41).

In this section we will prove constructively that for any ring R of Krull dimension < 1 and n > 3, the group
E,(R[X]) acts transitively on Um, (R[X]). In particular, we obtain that for any ring R with Krull dimension
< 1, all finitely generated stably free modules over R[X] are free. This settles the long-standing Hermite ring
conjecture for rings of Krull dimension < 1. The proof we give relies heavily on the very nice paper [66] of
Roitman.

Let us begin by giving a constructive and elementary proof of a lemma which was used by Roitman [66] in
the proof of his Theorem 5. The proof of this lemma given by Lam in [38, 39] (Chapter III, Lemma 1.1) is not
constructive and relies on the “going-up” property of integral extensions.

Lemma 103. Let R be a ring, and I an ideal in R[X] that contains a monic polynomial. Let J be an ideal in
R such that I + J[X]| =R[X]. Then INR)+J =R.

Proof. Let us denote by f a monic polynomial in I. Since I + J[X] = R[X], there exist g € I and h € J[X]
such that g + h = 1. Tt follows that (f,g) = (R/J)[X] where the classes are taken modulo J[X]. By virtue

of Proposition 47, we obtain that Res(f,g) € (R/J)*. As f is a monic polynomial, Res(f,g) = Res(f, g), and
thus (Res(f,g)) +J = R. The desired conclusion follows from the fact that Res(f,g) € I N R. O

The following three lemmas were already proven constructively by their authors.

Lemma 104. (Roitman’s Lemma [66]) Let R be a ring, and f(X) € R[X] of degree n > 0, such that f(0) € R*.
Then for any g(X) € R[X] and k > degg(X) — deg f(X) + 1 there exists hi(X) € R[X] of degree < n such
that g(X) = X*hy(X) mod (f(X)).

Proof. Let f(X) = ag + -+ a, X", g(X) = co + -+ + cuX™. Let g(X) — coag ' f(X) = Xhy(X). Then
g(X) = Xh1(X) mod (f(X)) and deghy(X) < max(m,n). Similarly we obtain h2(X) such that hy(X) =
Xho(X) mod (f(X)), g(X) = X?ha(X) mod (f(X)), degha(X) < max(m — 1,n), and so on. O

Lemma 105. (Vaserstein’s Lemma [39]) Let R be a ring, and *(xg,...,z,) € Um,11(R), 7 > 2, and let
t be an element of R which is invertible mod (xq,...,z.—2). Then there exists E € E,.11(R) such that
E(zo,...,7.) = Y(20,...,70_1,t%1,).

Proof. This is also Proposition II1.6.1.(b) of Lam [39] (page 125). The proofs given by Lam and Roitman are
constructive and free of any Noetherian hypothesis. O

Lemma 106. (Bass’ Lemma [17]) Let k € N, R a ring, f1,..., fr € R[X] with degrees < k—1, and fr+1 € R[X]
monic with degree k. If the coefficients of f1,..., fr generate the ideal R of R, then (f1,..., fr, fr+1) contains
a monic with degree k — 1.

Proof. Let us denote by a = (fi,..., fr, fr+1) and b the ideal formed by the coefficients of X¥~1 of the elements
of a having degree < k—1. It suffices to prove that b = R.. In fact we will prove that b contains all the coefficients
of fi,..., fr. For 1 <i<r, denoting by f; = by +b1 X +---+bp_1 X* ' and fry1 =ag+--+ap_1 X1+ XF
we have by_1 € b and f/ = Xfi —bp_1f = by + b} X +--- + b, X*! € a with b;- = bj_1 mod (bgy_1). Thus,
bl =br—2 —ag_1bg—1 € b, by_2 € b, and so on until getting that all the b;’s are in b. O

Now we're reaching a crucial stage in our objective to prove the Hermite ring conjecture for rings of Krull
dimension < 1.
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Lemma 107. Let R be a reduced local ring of dimension < 1, n > 2, and let v(X) = *(vo(X),...,vn(X)) €
Umy,11(R[X]). Then there exists E € E,1(R[X]) such that Ev(X) = *(vo(X),v1(X),c2,...,¢,), where
c € R.

Proof. As stated by Rao in his proof of Proposition 1.4.4 of [64], this is implicit in [66] (Theorem 5). It is worth
pointing out, that the hypothesis that for each non-zero-divisor 7 of R there exists E, € E,,1(R[X]) such that
E.v(X)=v(0) mod (7R[X])"! is guaranteed by the fact that dim (R/7R) < 0. Moreover, there is no need
of the Noetherian hypothesis and we can obtain a fully constructive proof of the desired result. To see this, let
us reread carefully Roitman’s proof of his Theorem 5 in [66] and let us list the intermediary results he used and
which we need for our lemma:

- If vy is a monic polynomial then there exists E € E, 1 (R[X]) such that Fv(X) = *(1,0,...,0). This is
Theorem 48.

- Roitman’s Lemma 104.
- Vaserstein’s Lemma 105.

- In case deg(vg) = 1 we immediately get that for ¢ > 2, deg(v;) < 1, and thus v; is constant. In more
details, by Lemma 104, we can suppose that, for 1 <i < n, v; = X?*w; with deg(w;) < deg(vy) = 1, that
is, w; € R. Now by Vaserstein’s Lemma 105 (taking ¢ = X'), we can suppose that v; € R for 1 <1i < n.

- Lemma 2 of [66]. This is the stable range theorem and there is no need of the Noetherian hypothesis. See
Theorem 77.

- Lemma III.1.1 of [38, 39]. This is Lemma 103 above.
- Lemma 106.

O

Theorem 108. Let R be a ring of dimension < 1, n > 2, and let v(X) = *(vo(X),...,v,(X)) € Umy41 (R[X]).
Then there exists E € E,+1(R[X]) such that Ev(X) = *(1,0,...,0).

Proof. By virtue of the Stable range theorem (see Theorem 77), it suffices to prove that there exists F €
E,+1(R[X]) such that Ev(X) = v(0). By the local-global principle for elementary matrices [39] (see [49] for a
constructive proof), we can suppose that R is local. Moreover, it is clear that we can suppose that R is reduced.
By virtue of Lemma 107, there exists F € E,,11(R[X]) such that Ev(X) = *(vo(X),v1(X),ca,...,cn), where
¢; € R. So we can without loss of generality suppose that vg = a is constant.

Now, let us consider the ring T := R/Z(a). Since dim T < 0 (see Theorem 68), we have that T(X) = T(X)
(see Remark 94) and thus T(X) is a local ring. It follows that one among vy, ..., v,, say v;, divides a monic
polynomial in T[X]. This means that there exist a monic polynomial u € R[X], w, hy, ho € R[X] with ahs =0,
such that

wv; = u + ahy + ha.

This means that 1 € (v1,a, he) in the ring R(X) and thus 1 € (v1,a + h2) by Lemma 75. That is, 3 wq, we €
R[X] | viwy + (a + h2)wy =: @ is a monic polynomial.
Let d € N and denote by wo, ..., u, polynomials in R[X] such that ugvg + - - - + u,v,, = 1. Denoting by

" = Era(hour) - - By g (haun),
V2 i= B3 2(X%w1) B3 1 (X wy),

Y =727,

we have
t
yv = “(a+ ha,v1,...,0,),

and

YU = t(a+h2,’01,’02 +Xdﬂ71)3,...,vn).

So, for sufficiently large d, the third entry of v v becomes a monic polynomial. Thus, as already seen in Theorem
52, we have an algorithm transforming v v into ®(1,0,...,0) using elementary operations.
O
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Corollary 109. For any ring R of Krull dimension < 1, all finitely generated stably free modules over R[X]
are free.

Proof. We know that if R has Krull dimension < 1 then all finitely generated stably free modules over R are
free (see Corollary 78 and Theorem 77). So, we have only to prove that all finitely generated stably free modules
over R[X] are extended from R. For this, let v = *(vg(X),...,v,(X)) € R[X]"! (n > 2) be a unimodular
vector. Our task amounts to prove that there exists I' € GL,,11(R[X]) such that TV = *(1,0,...,0). This
follows from Theorem 115.

O

Corollary 110. The Hermite ring conjecture is true for rings of Krull dimension < 1.

Corollary 109 encourages us to set the Conjecture 111. It is worth pointing out, that one cannot use the
Quillen Induction Theorem 40 nor the constructive version of the Lequain-Simis Induction Theorem (Theorem
96) in order to settle affirmatively this conjecture because the class of rings with Krull dimension < 1 is not
stable by passage to none of the formations R(X) and R(X). As a matter of fact, we have dim R(X) =
dim R(X) = dim R[X] — 1 [16], and thus to see this it suffices to consider a ring R such dim R =1 <
dim, R = dim R(X) = dim R(X) = 2 (for example R = Q + yQ(x)[y] = {f(v) € Q(z)[y] | f(0) € Q} where
x, y are two independent indeterminates over the field of rationals Q [15]).

Conjecture 111. For any ring R of Krull dimension <1, and k € N, all finitely generated stably free modules
over R[X7y,..., X}] are free.

Also, Corollary 109 raises the Kj-analogue question. I will state it as a conjecture.

Conjecture 112. Let R be a ring of Krull dimension <1 and n > 3. Then every matriz M € SL,(R[X]) is
congruent to M(0) modulo E,(R[X]).

In fact, by virtue of Theorem 115 and the local-global principle for elementary matrices (see [49] for a
constructive proof), Conjecture 112 is equivalent to the following conjecture.

Conjecture 113. Suppose R is a local ring of Krull dimension <1, and

M = € SLs(R[X]).

o3
O »w
= o O

Then M € E5(R[X]).

We will end this subsection by the following question about the analogue of Corollary 109 for Laurent
polynomial rings.

Question 114. Is it true that for any ring R of Krull dimension < 1, all finitely generated stably free modules
over R[X, X~1] are free ?

6.2 Stably free modules over R[X] of rank > dim R are free

The purpose of this subsection is to extend the results obtained in the one-dimensional case to the general case
and of course always without supposing that the base ring is Noetherian. This subsection is extracted from [75].

Theorem 115. Let R be a ring of dimension < d, n > d+ 1, and let v(X) = *(vo(X),...,v,(X)) €

Um,,+1(R[X]). Then there exists E € E,,+1(R[X]) such that Ev(X) = *(1,0,...,0).

Proof. By the Stable range Theorem 77, for any w € Um,11(R), there exists M € E,,+1(R) such that M w =
£(1,0,...,0). So, it suffices to prove that there exists E € E,, 1 (R[X]) such that Ev(X) = v(0). For this aim,
by the local-global principle for elementary matrices [39] (see [51] for a constructive proof), we can suppose that
R is local. Moreover, it is clear that we can suppose that R is reduced.

We prove the claim by double induction on the number N of nonzero coefficients of vg(X),...,v,(X) and d,
starting with N =1 (in that case the result is immediate) and d = 0 (in that case the result is well-known).

We will first prove a first claim: v(X) can be transformed by elementary operations into a vector with one
constant entry.

Let N > 1 and d > 0. We may assume that v9(0) € R*. Let us denote by a the leading coefficient of
vo and mg = deguvg. If a € R* then the result follows from Suslin’s lemma (Theorem 48). So we may
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assume a € Rad(R). By the induction hypothesis applied to the ring R/{a), we can assume that v(X) =
£(1,0,...,0) mod (aR[X])"T1.

By Lemma 104, we assume now v; = X **w;, where degw; < mg for 1 < i < n. By Lemma 105, we assume
degv; < my.

If mo < 1, our first claim is established. Assume now that mg > 2. Let (c1,...,Cmy(n—1)) be the coefficients
of 1,X,...,X™~1 in the polynomials va(X),...,v,(X). By Lemma 103, the ideal generated in R, by R, N
(VR4 [X] + 1R, [X]) and the ¢;’s is R,. As mo(n — 1) > 2d > dim R, by the Stable range Theorem 77 there
exists

(ch,..., C;no(n—l)) = (C1,-+ 1 Cmgn—1y) mod (vR[X]+v1R[X])NR

such that ¢iRg + -+ + C;no(n—l)R“ = R,. Assume that we have already c¢iRq + -+ + ¢mg(n—1)Ra = Ra. By
Lemma 106, the ideal (vg,ve,...,v,) of R[X] contains a polynomial w(X) of degree mg — 1 which is unitary

in R,. Let us denote the leading coefficient of w by ua® where u € R* and that of v; by b. Using Lemma 105,
we achieve by elementary operations

Yo, 015 0) — (v, a®Fur, .. vn) — (v, a®Fur + (1= dFuT b w, va, ... vy).
Now, a?*v; + (1 — a*u='b)w is unitary in R, so assume v; unitary in Ry, deg(vy) := m; < mg. By Lemma
105, as a is invertible modulo (vg,v1), by elementary operations, *(vg,v1,vs,...,v,) can be transformed into
t(vg,v1, a‘vs, ..., a’v,) for a suitable £ € N so that we can divide (like in Euclidean division) all a‘vs, . .., a‘v,
by v, and thus we can assume that degv; < m; for 2 <i < n.
Repeating the argument above we lower the degree of v; until reaching the desired form of our first claim.

Assume now that vy = a € R. Let us consider the ring T := R/Z(a). Since dim T < d — 1 (see Theorem
68) and (v1,...,0,) € Um,(T[X]), there exists E; € E,,(R[X]) such that

Eq t(’Ul7 - ,’Un) = t(l + ahi + ylﬁl,ahg + yQiLQ, oo, ahy + ynhn),

where h;, h; € R[X], y; € R with ay; = 0.

Denoting by E, = ( (1) EO ) € E,+1(R[X]), we have
1

Eyv = ‘(a,1 4 ahy +yih,aha + yoha, ..., ah, + ynhy).

Thus,

Evo(—a)Es1(—h1) -+ Eng11(=hn) Bxv = (0,14 y1h1,yho, ..., ynhn) = 7,
and we can easily find F3 € E,,1(R[X]) such that B30 = *(1,0,...,0).
O

Corollary 116. For any ring R with Krull dimension < d, all finitely generated stably free modules over R[X]
of rank > d are free.

Proof. By the Stable range theorem (Corollary 78), all finitely generated stably free modules over R of rank > d
are free. So, we have only to prove that all finitely generated stably free modules over R[X] are extended from
R. For this, let v = *(vo(X),...,vn(X)) € R[X]""! (n > d+ 1) be a unimodular vector. Our task amounts to
prove that there exists I' € GL,,41(R[X]) such that 'V = *(1,0,...,0). This follows from Theorem 115.

O

Corollary 116 encourages us to set the following conjecture.

Conjecture 117. For any ring R with Krull dimension < d, all finitely generated stably free modules over
R[X4,..., Xg] of rank > d are free.

As in the one-dimensional case, Corollary 116 raises the analogue question for Laurent polynomial rings.

Question 118. Is it true that for any ring R of Krull dimension < d, all finitely generated stably free modules
over R[X, X~ of rank > d are free ?
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7 Dynamical Grobner bases over arithmetical rings

The concept of Grébner basis was originally introduced by Buchberger in his Ph.D. thesis (1965) in order to
solve the ideal membership problem for polynomial rings over a field [17]. The ideal membership problem has
received considerable attention from the constructive algebra community resulting in algorithms that generalize
the work of Buchberger [1, 2, 3, 30, 36]. A dynamical approach to Grobner bases over principal rings was first
introduced in [73]. Our goal in this section is to extend the notion of dynamical Grdébner basis to Dedekind
rings and to show how to compute dynamically the syzygy module.

First note that for a Dedekind domain R with field of fractions F, a necessary condition so that f €
<f1,. --7fs> in R[X1,7Xn] is: f S <f1,...,f5> in F[Xl,,Xn]
Suppose that this condition is fulfilled, that is there exists d € R\ {0} such that

dfe(fi.....f) in RIX1,.... X, (0).

If the basic ring R is a Dedekind domain in which complete prime factorization is feasible, we can write

4
(@ =JIw"
=1

where the p; are nonzero distinct prime ideals of R.
Other necessary conditions so that f € (fi,...,fs) in R[Xq,..., X,] is: f € (fi,....fs) in Rp,r[X1,..., Xy
for each 1 < ¢ < €. Here the polynomial ring is over the discrete valuation domain R,,. Write:

d7f € <f1, .. .7f5> in R[Xl, e ,Xn] for some d; € R\pl (Z)

Since no prime of R contains the ideal (d,d,...,d), we obtain that 1 € (d,dy,...,ds), that is we can find an
equality ad + a1dy + -+ - + apdy = 1, a, ; € R. Using this Bezout identity, we can find an equality asserting
that f € (f1,...,fs) in R[X4,...,X,]. Thus, the necessary conditions are sufficient and it suffices to treat the
problem in case the basic ring is a discrete valuation domain.

This method raises the following question:

How to avoid the obstacle of complete prime factorization if it is expensive or infeasible in the considered
Dedekind ring?

The fact that the method explained above is based on gluing “local realizability” appeals to the use of
dynamical methods and more precisely, as in [73], the use of the notion of “dynamical Grébner basis”. Our goal
is to mimic dynamically as much as we can the method explained above using a constructive theory of Dedekind
rings. As will be seen later in this course, we will use “partial factorizations” like in [26] by proceeding as if the
considered ring was a valuation ring.

This section is extracted from [4, 33, 73].

7.1 Grobner bases over a valuation ring

Definition 119. Let R be a ring, f = > aaX® a nonzero polynomial in R[X1,...,X,], E a non empty
subset of R[X1,...,X,], and > a monomial order.

1) The X% (resp. the an X*) are called the monomials (resp. the terms) of f.

2) The multidegree of f is mdeg(f) := max{a € N" : a,, # 0}.

3) The leading coefficient of f is LC(f) := amdaeg(s) € R-

4) The leading monomial of f is LM(f) := X™des(f),

5) The leading term of f is LT(f) := LC(f) LM(f).

6) LT(E) := {LT(g), g € E}.

7) (LT(E)) := (LT(g),g € E) (ideal of R[X1,...,X,]).

8) For g,h € R[X1,...,X,]\ {0}, we say that LT (g) divides LT(h) if LM(g) divides LM(h) and LC(g) divides
LC(h).

Definition 120. Let R be a ring, f,g € R[X1,..., X\ {0}, I = (f1,..., fs) a nonzero finitely generated ideal
of R[X1,...,X,], and > a monomial order.

1) If mdeg(f) = a and mdeg(g) = 3 then let v = (71,...,7n), where v; = max(«y, ;) for each i.
If LC(g) divides LC(f) or LC(f) divides LC(g), the S-polynomial of f and g is the combination:
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X7

S(f9) = sty [ — T sy if LC(g) divides LC(f).

S(f,g)zﬁggjgc) Lh)/iZf)f LM(g)g if LC(f) divides LC(g) and LC(g) does not divide LC(f).

2) As in the classical division algorithm in F[Xq,...,X,] (F field) (see [24], page 61), for each polynomials
hyhi,...,hm € R[Xq,...,X,], there exist q1,...,qm,7 € R[X1,..., X,] such that

h=qhi+- 4+ gnhm +r,

where either r = 0 or r is a sum of terms none of which is divisible by any of LT(h1),...,LT(hy). The

polynomial r is called a remainder of h on division by H = {hy,...,hy} and denoted r = EH

3) G={f1,..., [fs} is said to be a Grébner basis for I if (LT(I)) = (LT(f1),...,LT(fs))-

Lemma 121. Let R be a valuation ring and I = (an X% « € A) an ideal of R[X1,...,X,] generated by a
collection of terms. Then a term bX? lies in I if and only if XP is divisible by X* and b is divisible by a. for
some a € A.

Proof. Tt is obvious that the condition is sufficient. For proving the necessity, write bX# = > GG, XX
for some ag,...,a5 € A, ¢;,a,, € R\ {0}, and 4; € N™. Ignoring the superfluous terms, for each 1 < i < s,
v +a; = 3, and b = Y;_, ¢iaq,. It is clear that for each 1 < i < s, X7 is divisible by X®:. Since all the
coeflicients are comparable under division, we can suppose that a,, divides all the a,, and thus divides b.

O

The following lemma will be of big utility since it is the missing key for the characterization of Grébner
bases by means of S-polynomials (see [24], page 82).

Lemma 122. Let R be a valuation ring, > a monomial order, and fi,...,fs € R[X1,...,X,] such that
mdeg(f;) =« for each 1 < i <s. If mdeg(>_;_, a;fi) <~ for some ai,...,as € R, then Y ]_, a;fi is a linear
combination with coefficients in R of the S-polynomials S(f;, f;) for 1 < i,j < s. Furthermore, each S(fi, ;)
has multidegree < ~y

Proof. Since R is a valuation ring, we can suppose that LC(f,)/LC(fs-1)/ -+ /LC(f1). Thus for i < j,
S(fin 1) = fi — Tary b

Sy aifi = ar(fi = Foi f2) + (a2 + Foran)(fs — Tor fs)

oo (051 + FoHa,- 2+ +L%;%§fll)a1)(fs—1— T )

+(ao + L ac 1+ + TS an) fo.

But a, + LC(’ES )1) as_1+ -+ Egg?gal =0 since mdeg(>;_, aifi) <.

O

Using Lemma 121 and Lemma 122, we generalize some classical results about the existence and characteri-
zation of Grobner basis for ideals in polynomial rings over Noetherian valuations rings.

Theorem 123. Let R be a valuation ring , I = {g1,...,gs) an ideal of R[X1,..., X,], and fix a monomial
order >. Then, G = {g1,...,9s} is a Grobner basis for I if and only if for all pairs i # j, the remainder on
division of S(gi,g;) by G is zero.

Buchberger’s Algorithm for Noetherian valuation rings. Let R be a Noetherian valuation ring, I =
(g1,---,9s) a nonzero ideal of R[X1,...,X,], and fix a monomial order >. Then, a Grébner basis for I can be
computed in a finite number of steps by the following algorithm:

Input: g1,...,9s
Output: a Grébuer basis G for (¢1,...,9s) with {g1,...,9s} CG

G:= {gla"'7gs}
REPEAT

G =G
For each pair f # g in G’ DO
G/
S:=5(f,9)
If S #0 THEN G := G’ U {S}
UNTIL G = G’
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Proof. Tt is exactly the same algorithm as in the case the basic ring is a field. The only modifications are in the
definition of S-polynomials and in the divisions of terms. Just, note that this algorithm must terminate after a
finite number of iterations since the basic ring is Noetherian.

O

Of course, many results originally established for Grobner bases over fields (see [24]) can fairly be extended
to Noetherian valuation rings using our approach. For instance, the notions of minimal and reduced Groébner
bases (uniqueness up to an invertible element in the basic ring).

Example of applications: the structure of codes over a finite-chain ring

Cyclic codes correspond to ideals of R[X]/(X™ — 1), R a finite chain ring, that is, a ring with finitely many
ideals and whose ideals are linearly ordered by inclusion (these are Noetherian valuation rings). Examples of
finite-chain rings are:

(i) Z/p"z,

(ii) Galois rings GR(p*,n) = (Z/p*Z)[t]/{f) where f is a monic irreducible polynomial in (Z/p*Z)[t] of degree
n whose image modulo p is irreducible,

(iii) D/(a”*) with D a principal domain, a an irreducible element.

Let ¢ : R[X] — R[X]/(X™ — 1) be the quotient map. One advantage of having a Grébner basis as a set of
generators is that ¢(c) is a codeword if and only if ¢ reduces to zero with respect to G. Thus reduction with

respect to G (which replaces division by the generator polynomial over a field) can be used for error detection
[14, 58, 59, 60, 61].

Example 124. ([1}], Example 2.4.6) Let V[X,Y] = (Z/27Z)[X,Y] and consider G = {g;}}_,, where g; =
9,90 =X+1,93 =3Y2, g, = Y3+13Y2 —12. Let us fix the lexicographic order as monomial order with X > Y.

S(gl,gg) Xgl — 992 -9 L 0,
S( ) =
S(g1,g94) = —9Y2 25 0,
S(gg,gg) = 3Y292 — ng = 3Y2 O
( )=Y3g, — Xgy = —13XY2 + 12X + V3 25 12X + V3 +13Y2 & v3 4+ 13v2 —12 %5 0,
S(gs,g4) = Ygs —3gs = —12Y3 +9 £, 9 21, .

Thus, G is a Grébuer basis for (g1, g2, 93,94) in V[X,Y].

Example 125. Let V[X,Y]| = (Z/4Z)[X,Y] and consider the ideal I = (f, f2, f3), where f; = X* — X, fo =
Y3 — 1, f3 = 2XY. Let us fix the lexicographic order as monomial order with X > Y.
S(f fo X=X -XYe R, I x—xv3 2,

( )=

S(f1,f3) = 2Yf1 X3fy = —2xY L2 0,
S(fa, f3) =2X fo = Y2 f3 = =2X =: fu,
( )
( )

S(for f2) = 2X o+ Y3 fu = —2X L 0,
S f1,f4 —2fi + X3y = —2X 14 o,
f3 EEY
Thus, G = {f1, fa, f4} is a Grébuer basis for I in V[X,Y].

A natural question arising is :

For a valuation ring R, is it always possible to compute a Grobner basis for each finitely generated nonzero
ideal of R[X1,...,X,] by Buchberger’s Algorithm (without supposing that R is Noetherian) in a finite number
of steps ?

In fact, in the integral case, if the totally ordered group corresponding to the valuation is not archimedian,
Buchberger’s Algorithm does not always work in a finite number of steps as can be seen by the following example.

Example 126. Let V be a valuation domain with a corresponding valuation v and group G. Suppose that G
is not archimedian, that is there exist a,b € V such that:

v(a) >0, and Vn € N*, v(b) > nv(a).
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Denote by I the ideal of V[X]| generated by g1 = aX + 1 and g = b.

Since S(g1,92) = (g)gl — Xgs = g and 2 is not divisible by b, then one must add g3 = g when executing
Buchberger’s Algorithm.

In the same way, S(g1,93) = (5)g1 — Xg3 = % and % is not divisible by b nor by 2. Thus, one must add
gy = a%, and so on, we observe that Buchberger’s Algorithm does not terminate.

Taking the particular case G = Z x Z equipped with the lexicographic order, a = (0,1), and b = (1,0). We can
prove (LT(I)) is not finitely generated despite that I is finitely generated and that clearly (LC(I)) = (a) (there
is no such example in the literature).

Proof. To check this, by way of contradiction, suppose that (LT(I)) = (hy,...,hs), h; € T\ {0}, s € N*. We
can suppose that hq, ..., hs are terms, that is h; = LT(h;) for each 1 < i < s. From Lemma 121, it follows that
for each n € N, there exists i,, € {1,..., s} such that h;_ divides a% We infer that there exists 1 < ip < s such
that h;, is constant (h;, € V' \ {0}) and such that

b
vn € N, h;, divides prt

That is, v(hs) < (1,—n) Vn € N. It follows that there exists k € N such that v(h;,) = (0, %) and hence there

exists u invertible in V such that h;, = ua*.

Now at el = at el =g 1lel = ... = ael = 1€, acontradiction
aX+1el a*YaX+1)el ’ :

O

As a consequence of this example, keeping the notations above, we know that a necessary condition so
that Buchberger’s Algorithm terminates in the integral case is that the group G is archimedian (this is in fact
equivalent to dim'V < 1, see for example Proposition 8 page 116 in [12]). Moreover, we already know that a
sufficient condition is that V Noetherian. This encourages us to set the following definition and conjecture:

Definition 127. A ring R is said to be a Grébner ring if for each finitely generated ideal I of R[X7, ..., X,],
the ideal {LT(f), f € I} of R[X},...,X,] is finitely generated.

Conjecture 128. (One-dimensional valuation = Grobner) For a valuation ring V, the following assertions
are equivalent:

(1) It is always possible to compute a Grobner basis for each finitely generated nonzero ideal of VX1, ..., X,]
by the generalized version of Buchberger’s Algorithm for valuation rings in a finite number of steps.

(i) dimV < 1.

(iii) V is a Grébner ring.

7.2 How to construct a dynamical Grobner basis over a Dedekind ring ?

Let R be a Dedekind ring (that is, a Noetherian arithmetical ring which may have zero-divisors), I = (f1,..., fs)
a nonzero finitely generated ideal of R[X7, ..., X,], and fix a monomial order >. The purpose is to construct
a dynamical Grébner basis G for .

Dynamical version of Buchberger’s Algorithm

This algorithm is analogous to the dynamical version of Buchberger’s algorithm over principal rings given in
[73]. It works like Buchberger’s Algorithm for Noetherian valuation rings. The only difference is when it has
to handle two incomparable (under division) elements a,b in R. In this situation, one should first compute
u,v,w € R such that

ub = va
wb = (1 —u)a.
Now, one opens two branches: the computations are pursued in R, and Ry ,r = {%,x € R and 3z €

R such that y = 1 + zu}. Note that contrary to [73], we use the localization Rq4,r instead of Rq_, in order
to avoid redundancies.

-First possibility: the two incomparable elements ¢ and b are encountered when performing the division algo-
rithm (analogous to the division algorithm in the case of a Noetherian valuation ring). Suppose that one has
to divide a term aX® = LT(f) by another term bX? = LT(g) with X? divides X°.



43

In the ring Ry yr: f = ﬁ%g +7r ( mdeg(r) < mdeg(f)) and the division is pursued with f replaced by

In the ring R,: LT(f) is not divisible by LT(g) and thus f = f{g}.
-Second possibility: the two incomparable elements a and b are encountered when computing S(f,g) with
LT(f) = aX® and LT(g) = bXP. Denote v = (71, .. -,9n), With 7; = max(a;, 3;) for each 1.

In the ring Ry4ur: S(f,9) = % — ﬁﬁ—;g

In the ring R,: S(f,g) = %%f — ig—;g.
At each new branch, if S = S(f, g)G # 0 where G’ is the current Grobner basis, then S must be added to G.

Comments

1) Of course, when localized at the multiplicative subsets described above, the obtained rings remain Dedekind
rings. Let’s sketch the proof of this fact. The only non trivial fact to prove is that if R is a Dedekind ring and
S =1+ {ay,...,am)) = {c*(1+d),n €N, d€ {(ay,...,an)} is a multiplicative subset of R with ¢, a; € R,
then S~'R remains strongly discrete. Since S~'R is coherent, it suffices to prove that we can test if 1 € .J for any
finitely generated ideal J in S™'R. Denoting J = (by,...,by), b; € R, proving that 1 € J is nothing but proving
that there exist z1,..., 2k, y1,-..,Ym € R and n € N such that ¢"(1 4+ a1y1 + - - + am¥Ym) = brz1 + - - - + by
For fixed n, consider the ideal J, = {z € R, F x1,..., %k, Y1,-..,Ym € R and n € N such that ¢"(z + a1y1 +
cooF QpYm) = bizy + -+ + brag . Since R is coherent, the J,, are finitely generated. The increasing sequence
(Jn) becomes constant when two consecutive terms Jy and Jy1 coincide and then it suffices to test if 1 € Jy.

2) This algorithm must terminate after a finite number of steps. Indeed, if it does not stop then this would be
the coefficients’ fault and not the monomials’ fault since N™ is well ordered (see Dickson’s Lemma [24], page
69). That is, the Dynamical version of Buchberger’s Algorithm would produce infinitely many polynomials g;
with the same multidegree such that (LC(g1)) C (LC(g2)) C (LC(gz)) C --- in contradiction with the fact that
a Dedekind ring is Noetherian.

7.3 A conjecture about arithmetical rings
We will extend our conjecture (one-dimensional valuation = Grdbner) to arithmetical rings.

Conjecture 129. (One-dimensional arithmetical = Groébner) For an arithmetical ring R, the following asser-
tions are equivalent:

(i) It is always possible to compute a Grébner basis for each finitely generated nonzero ideal of R[ X7, ..., X,]
by the dynamical version of Buchberger’s Algorithm in a finite number of steps.

(i) dimR < 1.

(iii) R is a Grébner ring.

7.4 The ideal membership problem over Dedekind rings

Proposition 130. Let R be a Dedekind ring, I = (fi,...,fs) a nonzero finitely generated ideal of
R[X1,...,X,], f € R[Xy,...,X,], and fiz a monomial order. Suppose that G = {g1,...,g+} s a special

Grébner basis for I in R[X1,...,X,]. Then, f € I if and only if fG =0.

Proof. Of course, if ?G = 0 then f € (g1,...,9:) = I. For the converse, suppose that f € I and that the
remainder r of f on division by G in R[X7,...,X,] is nonzero. This means that LT(r) is not divisible by any
of LT(g1),...,LT(g¢).

Observe that G is also a Grébner basis for (f1,..., fs) in Ry[X1,...,X,] for each prime ideal p of R.

Let p be any prime ideal of R. Since G is also a Grébner basis for (f1,..., fs) in Ry[Xq, ..., X,], then LM(r)
is divisible by at least one of LM(g1),...,LM(g:), but for each g; such that LM(g;) divides LM(r), LC(g;) does
not divide LM(r). Let g;,, ..., gi, be such polynomials and suppose that

LC(gs,)/LC(gi,)/ - -+ /LC(gs,, ) (by definition of a special Grobner basis we can make this hypothesis). Since the
basic ring is a Dedekind ring, we can write (LC(g;,)) = p7* ---py* and (LC(r)) = ph -~-pf£, where the p; are
distinct prime ideals of R, and oy, 3; € N. Necessarily, there exists 1 < ¢y < ¢ such that «;, > ;,. But this
would imply that the problem persists in the ring Ry, [X1,...,X,], in contradiction with the fact that G is a
Grébner basis for (f1,..., fs) in Ry, [X1,..., Xy]. O
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Theorem 131. (Dynamical gluing)
Let R be a Dedekind ring, I = {(f1,...,fs) a nonzero finitely generated ideal of R[Xy,...,X,], [ €
R[X1,...,X,], and fix a monomial order. Suppose that G = {(S1,G1),...,(Sk, Gk)} is a dynamical Grébner

basis for I in R[X1,...,X,]. Then, f € I if and only zf?G =0in (S;'R)[X1,...,X,] for each 1 <i < k.

Proof. “ =7 This follows from Proposition 130.

“ <7 Since ?Gi =0, then f € (f1,...,fs) in (S;'R)[Xy,...,X,], for each 1 < i < k. This means that for
each 1 < <k, there exist s; € S; and h;1,...,h; s € R[X1,...,X,] such that

sif =hiifi+ -+ hisfs.

Using the fact that Sy,...,S; are comaximal, there exist aq,...,a; € R such that Zle a;s; = 1. It follows
that

K K
F=0 ahifi+-+ O ahi)fs €1
i=1 i=1

7.5 Syzygy modules over valuation rings

The following theorem gives a generating set for syzygies of monomials with coefficients in a valuation ring. It
is a generalization of Proposition 8 ([24], page 104) to valuation rings.

Theorem 132. (Syzygy generating set of monomials over valuation rings)
Let V be a valuation ring, c1,...,¢s € V \ {0}, and My,..., My monomials in V[X1,...,X,]. Denoting
LCM(M;, M;) by M; ;, the syzygy module Syz(c1 M, ..., csMs) is generated by:

{Si; € VIX1,...,X,]° |1 <i<j<s}

where " o
A€ T e i | ¢i
SZ] = ﬁMlﬂ_j L M; ; ) I
e — gptes  else.
Here (e1,...,es) is the canonical basis of V[ X1, ..., X,]** .

Proof. Tt is clear that for all ¢ < j, S;; is a syzygy of M = (1 My, ..., csMs).

Now, in order to verify that {S;;,1 < i < j < s} is really a syzygy basis, we need to show that every syzygy
H of M can be written as H = _, . u;;5;; where u;; € V[Xy,..., X,]. For this, let H = t(hi,...,hs) be a
syzygy of M, that is, such that M H = 0. Letting v(H) = maxi<;<, mdeg(h;M;), we have

mdeg(h; M;)=~(H) mdeg(h; M;)<v(H)

Thus,

> ;LT (h;)M; + > ci(hy — LT (h;))M; + > cihi M; = 0.
mdeg(h; M;)=~(H) mdeg(h; M;)=~(H) mdeg(h; M;)<~v(H)

We can write H = G 4+ G, where G = (g1,...,9s) with g; = LT(h;) if mdeg(h;M;) = (H), 0 else; G =
(Ela PN 7§s> with E,L = hz — LT(h,L) if mdeg(hZMl) = ’}/(I’I)7 0 else.
Since 7(@) < v(H), it suffices, by induction on y(H), to prove the result for G. In particular we can assume
that h; = a; M| with a; € V (a; can be zero). Let i1 < i3... < i; be the indices corresponding to the nonzero
a;’s, and denote v(H) by 7. The facts that ayM{ea My + -+ + asMlcsMs = 0 and a; M[¢;M; = a;¢; X” imply
that

A5, Ciy + -+ a;, Ci, = 0. (*)

It follows that
(hl, ‘g hs) = (alM{, ‘e ,asM') = ai1Mi/1€i1 + ...+ aitMi’teit

S
vy X7
—€¢; + -+ aj, €.
M;,
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As V is a valuation ring, there exists an integer ¢ € {1,...,t} such that ¢;, divide all the ¢;,’s. So the previous
expression can be written as:

¥ y y o . o
a; X —e; + + a; X—e‘ = E X [Me _ﬁhe,]
VAR R 2 L VI R VAR
1<j<q—1 FEL J q q
Z a X7 [Cij Mij7iq e Ml] ’Lq Z a + a X (**)
- 75 - iq i 7 €i,-
- J 'L-7‘,'L-q Clq qu q ] q fl M q
q+1<j<t : Jj#q
. M, iq ci; Mij g
Note that Z#q alj - —|— a;, = 0 from (x), for 1 < j < q—1, /e, — L —f—"ei, = Si;i,, and for each
i g Mi,
qg+1<75<t,
c;
Cij Mij,iq Mij,iq TSZQZ, if Cl /Cz
- €ig — €i; = ‘q .
ci, M, M;, Si,i; if ¢;;does not divide ¢;,, .

Thus, Syz(ci My, ...,csMg) C (Si;,1 <i < j <s), the desired conclusion.
]

Example 133. Let V = Z/8Z, f1 = 4X?, fo = 2XY?3, f3 = 6Y, f4 = 5 in V[X,Y]. With the previous notations,
since cq/c3/ca/c1, the syzygy module Syz(fi,..., f1) is generated by {S;; = ]\]/\I/[J e; — g 15\14” ej 1 <i<j<d4y,

that is,

Syz(fi,..., f1) = (*(Y3,6X,0,0), *(Y,0,6X2,0), °(1,0,0,4X?), *(0,1,5XY2,0),

(0,1,0,6XY?), ¥(0,0,1,2Y)).

Notation 134. Let V be a waluation ring, > a monomial order, fi,...,fs € V[Xy,...,X,]\ {0}, and
{91,--.,9¢} a Grobner basis for (f1,...,fs). Let ¢; = LC(g;), and M; = LM(g;). In order to determinate
the syzygy module Syz(fi,..., fs), we will first compute Syz(gi,...,g¢). Recall that for each 1 < i < j <'t, the
S-polynomial of g; and g; is given by:

S( ) I\A/ilibkgl c; M g] iij ‘Ci
96 91) = CJ N9~ M” Lg;  else.

And for some h;;, € V[ X1, ..., X,], we have

S(9i,95) = nghijk with mdeg(S(gi, gj)) = mari<p<imdeg(grhijr) ().
pt

(The polynomials h;ji, are given by the division algorithm.)

Let: v My,
ijo. . Ci 1 . .
) e M, e ifcila
67,] - iMzJ L l
ol v el s Voo Lej  else.
And

t

Sij = €ij — E Bkhijk~

k=1

Theorem 135. (Syzygy module of a Grobner basis over a valuation ring) With the previous notations,
SyZ(gl,...7gt) = <5ij | 1 §Z<] §t>

Proof. “<=" Let G = (¢1,...,4¢). For each 1 <1i < j <t, we have Gs;; = S(gi,9;j) — 22:1 grhijr = 0. Thus,
sij € Syz(g1,...,9¢)-

“—=" Let U = *(u1,...,u) € Syz(g1,...,9:), and set v(U) = max;<;<¢{mdeg(u;g;)}. We will proceed by
induction on (U).

Letting S = {i € {1,...,t} \ mdeg(u;g;) = v(U)}, we have

Zuzgz+zuzg1—0:> ZLTUZ gz"’z _LTUZ gz"’zuzgz—o

€S i¢S €S €S ¢S
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and so ), g LT (u;)LT(g;) = 0, that is, (LT (u;))ics € Syz(LT(g:))ics- Following Theorem 132, we can write

(LT(U‘I))ZGS = Z hijeij. (**)

1<i<j<t, i,j€S

. 0 ifig¢gs
b, / _t )
Let U=W 4+ *(u),...,u}) with W = *(wq,...,w;) and w; = { LT(uw) ific s,
in such a way we have
U= E hijGij + t(ull, ce ,ui)

1<i<j<t, i,j€S

We can write U = V + V where

t

1<i<j<t, i,j€S 1<i<j<t,i,jeS k=1

It is clear that V € (s;; , 1 <i < j <t). Denoting by V = *(v1,...,v;), we have

mdeg(v;g;) = mdeg(u;g; + S hihing)

1<i<j<t,i,jE€S

< mazi<icj<t, i jes{mdeg(u;g;), mdeg(hi;hijig)}

By definition of ®(u},...,u}), we have mdeg(ujg;) < v(U). Moreover, from (x*), we have

(LT (u:))ies (9i)ies = > hij S(gi,95)-  (xx*)

1<i<j<t, i,j€S

In the equality (x x %), all the terms LT (u;)g; on the left-hand side are homogeneous with multidegree ~(U)
since mdeg(LT (u;)LT(g;)) = v(U) Vi € S. This property must also be satisfied on the right-hand side. Thus,
mdeg(hijvaMi) <~(U), mdeg(hijg—; AA/Z; M;) <~(U), and mdeg(h;; M;;) < v(U).

On the other hand, ¥V 1 < k < t, mdeg(h;jrgr) < mdeg(S(g:,9;)) since by (*) we have mdeg(S(g:,9;)) =
mazi<p<tmdeg(hijrgr).

Hence mdeg(hi;hijig) < mdeg(hi;S(gi,g5)) < mdeg(hi;M;;) < v(U), mdeg(vig;) < v(U) V1<1<t and
finally, v(V) < v(U) as desired.

O

Example 136. Let V = Z/8Z and g; = 2X3 +6X2,go = 6Y2,g3 = 5XY — 5Y € V[X,Y]. Let us fix the
lexicographic order as monomial order with X > Y. Then G = {¢1, 92,93} is a Grobner basis for (g1, g2, g3) in
(Z/8Z)[X,Y] as

S(g1,92) = Y21 — 3X3gy = X?gy 2% 0,

S(g1,93) = Y1 — 2X?g3 = 0,

S(g2,93) = Xg2 — 6Y g3 = go 5 0.
Keeping the previous notations, we have

hio1 = 0,h122 = XQ, h123 =0 = s19= t()/2, —3X3 — XQ,O).
In the same way, we obtain that s;3 = *(Y,0, —2X?) and so3 = (0, X — 1, —6Y). And finally
Syz(917927g3) = <t(Y2a _3X3 - X27O)a t(}/a 0; _2X2)7 t(ovx - la _6Y)>

Denoting by F = [f1--- fs] and G = [g; - - - g¢], there exist two matrices S and T respectively of size t x s
and s x ¢ such that F = GS and G = FT. We can first compute a generator set {s1,...,s,} of Syz(G). For
each i € {1,...,7}, we have 0 = Gs; = (FT)s; = F(Ts;). So (T's; | i € {1,...,7}) C Syz(F). Also denoting by
I, the identity matrix of size s x s, we have

FI,—-TS)=F-FTS=F-GS=F—-F=0.

This equality shows that the columns 7, ...,rs of Iy —T'S are also in Syz(F'). The converse holds as stated by
the following theorem whose proof is identical to that in case the base ring is a field [24].
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Theorem 137. (Syzygy computation over valuation rings: general case) With the previous notations, we have

Syz(fi,.ooy fs) = (Ts1y .., TSpyT1y oy Ts).
Proof. Let s = (a1,...,as) € Syz(f1,...,fs). As 0= Fs=GSs, we have Ss € Syz(¢g1,...,9t)-
By definition of s1,...,s,, we have Ss = Zhisi for h; € V[Xy,...,X,], which implies that T'Ss = th(TSz)

=1 i=1

Thus, s = s = TSs+TSs = (I, — TS)s + ZM(T&) = Zaim + Zhi(Tsi), and Syz(fi1,...,fs) C
i=1 i=1 i=1
(Ts1,...,T8p,711,...,7s). We conclude that Syz(f1,...,fs) =(Ts1,...,TSp,71,...,7s).

O

Example 138. Let f1 = 2XY, fo = 3Y? +3,f3 = X2 - 3X € V[X,Y] = (Z/4Z)[X,Y], and F = [f1 f2 f3].
Computing a Grobner basis for (f1, fa, f3) using the lexicographic order with X > Y as monomial order, we
obtain:

S(fi, f2) =Y2f1 —2X fo = 2X =: f4,

S(f1, f3) = X f1 — 2Y 3 = 2XY L% 0,

S(fa, f3) = X2f, — 3Y3 f3 = 3X2 + XV3 L x 4+ xv3 2,
50, S(fa, fa) =2Xfo —Y3fy =2X Ji,

S(fs. f1) =2fs — X fs =2X 0.
Thus, {f2, f3, fa} is a Grébner basis for (f1, fo, f3) in V[X,Y]. Denoting by G = [f2 f3 fa], we have G = FT

0 0 Y2 0 10
withT=| 1 0 —-2X | and F'=GS with § = 0 0 1
0 1 0 Y 0 0

Computing s;; = €;; — 22:1 erhijr for all ¢ < j, we obtain:

S12 = (X2 - 3X7_3Y3 - 370)7513 = (2X707 _Y3 - 1)’323 = (0527_X - 1)

And so
0 -Y5 -y? -XY?-Y?
T812: X2—3X 7CZ—‘$13: 4X+2XY3 7T‘Sggz 2X2+2X
-3Y3% -3 0 2
1-Y3 0 0
Moreover, we have Is — TS = 2XY 0 0 |]. So, denoting the first column of Is — T'S by r1, we have:
0 0 0
Syz(F) = (T's12,T's13, T's23,71)

= (*(-XY? - Y2, 2X2?+2X,2),
H(—YS — Y2, 4X +2XY3,0), 10, X2 — 3X, —3Y3 — 3), (1 — Y3,2XY,0)).

7.6 Computing dynamically a generating set for syzygies of polynomials over
Dedekind rings

Let R be a Dedekind ring and consider f1,..., fs € R[X1,...,X,] \ {0}. Our goal is to compute a generating
set for Syz(f1,..., fs). We have first to compute a dynamical Grobner basis G = {(S1,G1), ..., (Sk, Gi)} for the
ideal (f1,..., fs) of R[X1,...,X,]. Denoting by H; = {hj1,...,h;p,} a generating set for Syz(f1,..., fs) over
(S;lR)[Xl, oo, Xp], 1< <k, for each 1 < i < pj, there exists d;; € S; such that d;;h;; € R[X1,...,X,].
Under these hypotheses, we have:

Theorem 139. (Syzygies over Dedekind rings) As an R[Xy, ..., X,]-module,

SyZ(fl, ey fé) = <d171h171, ey d17p1 h’l,plv e 7dk71hk,1, ey ko)k hk,pk>-

Proof. Tt is clear that (di1h1,1,...,dipPiprs- dkihi 1, dipp P pe) € Syz(fi,..., fs). For the converse,
let h € Syz(f1,..., fs) over R[Xq,...,X,]. It is also a syzygy for (f1,..., fs) over (S;lR)[Xl, ..., X,] for each
1 < j < k. Hence, for some d; € S;, djh € (dj1hjq,...,djp hjp,) over R[X1,..., X,]. On the other hand,

as Si,..., Sk are comaximal multiplicative subsets of R, there exist a,...,a; € R such that Z?Zl ojd; = 1.



48

From the fact that h = 2521 a;djh, we infer that h € (di1h11,. ., dip, Pipys - Ae1hi1s .o, Ak py i p, ) OVEr
R[Xy,..., X, O

A dynamical method for computing the syzygy module for polynomials over a Dedekind ring

Let R be a Dedekind ring and consider fi,...,fs € R[X1,...,X,] \ {0}. Our goal is to give a dynamical
way of computing a generating set for Syz(fi,..., fs). This method works like the case where the base ring is
a Noetherian valuation ring (Paragraph 7.5). Here we add the Noetherian hypothesis so that the dynamical
version of Buchberger’s algorithm terminates. The only difference is when one has to handle two incomparable
(under division) elements a,b in R. In that situation, one should first compute u, v, w € R such that

ub = va
wb = (1 —u)a.
Now, one opens two branches: the computations are pursued in R,, and Ri44Rr.

7.7 Examples of dynamical computations

Example 140. [ = (f; = X2 +2X + 2, fo, =3, f3 = 2X?% + 11X — 3) in Z[X].
As LC(f2) et LC(f3) are not comparable under division in Z, we open two branches:

Z
7N
Zs Lo
In Zs: {f2} is a special Grobner basis for (f1, f2, f3). Letting F = [f1, f2, f3] and G1 = [f2], we have G = FT
0
withT=|( 1 | and F=GSwithS=( 31 1 3f3).
0
Note that, in this case, over Zs[X], Syz(F) = (r;, 1 < i < 3), where the r; are the columns of the matrix
1 0 0
I;-T7S = —%fl 0 —%fg . Thus, over Z3[X],
0 0 1
1 0
Sye(F)=(| —3f |.| =3/ |-
0 1
In ZQZ
f2

S(fi,f2) =3f1 — X%fa=6X+6 —

S(fa, f3) = X?fa — §f3 = —3(11X - 3)
S(fi.f3)=fi — fa——%X-i-z : fae

0,

£y,

Since LC(f2) and LC(f4) are not comparable under division in Zsy, we open in Zy two news branches:

Zo
7 N\
Loz  Zax
In Zs3: {f2} is a special Grobner basis for (f1, f2, f3) and we have, over Zs 3[X],
1 0
Sys(F)=(| —=5h |.| =35 |-
0 1
In Zsy.7: A special Grobner basis for (f1, fa, f3) is {fo = =2 = (=1 — 2X) f1 + X f + X f3}, and we have over
Lol X], 1,1 1,1 1,1
1—(g+7X)f1 (§ 7X)[2 —(§1+ 7X)fs
SyZ(F) = < ?Xfl ) ""1_§Xf ’ §)ff3 >
11X f1 HX [ 14+ L X f3
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Finally, over Z[X], we have

3 0 14— (7+2X)f1 —(7T+2X)f2 —(7T+2X)fs
SyZ(F):< _fl ’ _f3 ) 7Xf1 ; 14+7Xf2 ; 7Xf3 >
3 Xf X fa 144 X f3
3 0 —2X3% —11X2% - 18X —21 —6X
=(| -x?2-2x-2 |,| -2X?2-11X+3 |,| 7X3+14X?2+14X |, 14+21X |,
0 3 X3 +2X2 42X 3X

—4X3—-36X2—-T1X +21
14X3 +77X2% - 21X ).
2X3 +11X%2-3X + 14

It is worth pointing out that at each leaf of the constructed dynamical tree, the corresponding special
Grobner basis contains a unit. This simply means that 1 € (f1, fs, f3), or, in other words, the vector *(f1, f2, f3)
is unimodular. In particular, Syz(fi, fa, f3) is rank 2 projective Z[X]-module which is free by the Costa-Brewer-
Maroscia Theorem 90. So the basis of Syz(fi, f2, f3) we have obtained above is not minimal. Recall that in
Example 58, we obtained

—3 — 4371322 — 5102 — 718223 12 + 20409222 + 2975z + 335162°
B=(| 385292%+ 359123 +408x+2 |, | —1798512% — 1675823 — 24292 — 7 |)
928822 4 35912° + 66 —4339322 — 167582° — 434z + 1

as a free basis for Syz(f1, f2, f3).

Example 141. Let I = (f; = 8X2Y + 1, fo = 10X3 — 2) in Z[X,Y]. Let us fix the lexicographic order with
X >Y as monomial order.
Since 8A10 =2, 8 =2 x 4, and 10 = 2 x 5, we will open two branches: Z, and Zs.

InZy: S(f1, f2) = 2Xfi =Y fo = 2X +2Y =: f3. The leadings coefficients of f; and f; are not comparable
under division. Since 8 A % =2Ab5 =1, we open in Z4 two news branches Z4 o and Z, 5.
In Z4v2 :

S(fi, fs) = 51— XY fs =35 —QXY2 =: fu,

S(fi, fa) =Y fr +4Xf4=2f3

S(fa, fa) = f2+5X2f4f( X — Y)f L0,

S(fs, fa) = Y2fs+ 8f4 = 2Y3 22556 =: fs,

S(fi.f5) = Y2 —4X2fs = (- 5X + 1Y) f3 T 0,

S(fas f5) = Y3 fy — 5X3f5 = ( 25X2 5XY_Y2)f3£>o
S(fs, f5) =Y>f3 —Est f

S(fafs) =Y fat Xfs = & fs 250,

Thus Gy = {f1, f, f5, f1, f5} is a special Grobner basis for (f1, f2) in Z42[X,Y].
Seting G = [fl fg f3 f4 f5] and F = [fl fg], we have G = F'T with

5 5 5 5
T:((l) (3 35X B -3X%y 3XYy?4 X By

=Y XY2 Y3 5XY2 ) and F'=GS with S =

S o oo+
oo o~ O

we find

S12 = t(gX, _Ya_170a0)7813 - (32a0 XY -1 O) 523 = t(2a15_8X2a070)7514 = t(Y7O7_%’4X’O)’
s24 = "(0,Y2,—2X +Y,5X%,0),534 = °(0,0,Y?, 3, —1), 515 = *(Y?, ,—iX+ 1Y,0,-4X?),

s25 = (0, Y3,§ZX2 "XY+Y2,O,—5X ), 835 = %(0,0,Y3 + 521"2,0 X —Y),s45 = 40,0, élaYX)
And so

0 2-10x3 ly(2 —10Xx2
Tsig =Ts13 =Ts34 = ( 0 >7T823=< 14 8X2 >7T814: ( 2%3/((1+8X2)) >,
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Te . [ 8XY(2-10X2)\ [ V22XV - 5X%Y? 4 XYY
T\ XY +sx?) 157 Ly? - BXY 44XV - 5XPY? )

Teon — 3%X2Y +3XY? - BXYE 4 IR XOY
§25 = OXQY 4 oxy2 4 5x3y3 20x4y2 )

B Y (2 -10X2) B Y (2 —-10X2)
Tsas = ( B ya+sx?) ) Tsan = ( Dy +sx?) )

We have Iy — T'S = 0 = Syz(F) = (T's;;, 1 <i < j <5). Thus, over Z42[X,Y],
sya(F) = ([ 2~ 103 Y2 — %XY —5X3Y? + 2 XY >
YA T 148x? )0\ Lv2 - B XY 44X2Y3 - SX3Y?)

Similarly, we obtain G = {14+ 8X?% 10X® —2,2X +2V,1 - & Xy? 2y3 4 2

556 as a special Grobner basis for
(f1, f2) in Z45[X,Y]. Thus, over Zs5[X,Y],

2-10X3 Y2 SXY —-5X3Y?24+ BXYY
SyZ(F) = < 1+ 8X2Y ) XY—|— Y2 +4X2Y3 5X3Y2 >

Also we obtain G'3 = {1+8X2,10X3 —2, X + %Y, 1-— 65—4XY2, 752152 Y3 —1} as a special Grébner basis for (f1, fa2)
in Zs[X,Y] and, over Z5[X, Y],

2 —-10X3 EXY — 6§Y2 8X4Y + ¥ x3y2
SyZ(F) = < 14+ 8X2Y 4XY Y2 256X2Y3 + 32X3Y2 >

Finally, we obtain over Z[X, Y] that

Sya(F) = ( 2 —-10X3 16Y? — 10XY — 80X3Y? + 50X 1Y \
YA =W 148x2%y —5XY +8Y? + 64X2Y3 — 40X3Y?2
Example 142. Let I = (f; =3XY +1, fo = (4+20)Y +9) in Z[0][X,Y] where § = 1/—5.
Let us fix the lexicographic order with X > Y as monomial order.
a) Computing a dynamical Grobner basis and the syzygy module:

We will first compute a dynamical Grébner basis for I in Z[A][X,Y]. We will give all the details of the
computations only for one leaf. Since z; := 3 and x5 := 4+ 26 are not comparable, we have to find u,v,w € Z[f)

such that:
Ur9g = VI
wre = (1 — u)x;.
A solution of this system is given by: u =5+ 20, v = 60, w = —3. Then we can open two branches:
Z[0]
VRN
Z[0ay20  Z[0]5120
In Z[9}5+292
S(f1,f2) = 555 /1 — X fa = —9X + 5%, =: f,

S(fi,f3)=-3fL—-Y[f3= —5_?%95/ 3 ¢ fa,
S(f1, fa) = 5+29f1 Xf1=3X - 255 = fs,
fo L0, 50,

S(flaf5)_f1 Yfs = 5i929Y+1 : fe,

fo L5500, S(for f5) = X fo — 255 Y £ =50,

As 2 and 3 are not comparable under division in Z[f]542¢, we open two news branches:

Z[e] 54260
7\
Z[0)(5120).3  Z[0](5420).2

In Z[@] (5+29)_3Z
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S(fl)fﬁ) 3(5+29)f1 Xf6 = _lf5 i’ 0

_ 20 0 f
S(f5’f6)_myf Xfo = 5+29) y-x = (5i%0)2y— (52+20) = 0.

Thus, G1 = {3XY +1,3X — o+20’ +29
M(5+20,3)" 1 Z[0] = Z[0](5420).3-
Denoting by F = [f1 f2] and G = [¢1 g2 ¢3] with g1 = 3XY + 1, go = 3X — —53_929, gs = 5_?_9201/ + 1, we have
G = FT with

X — XY XY y — XY 10
1 3 + 3 20 _66 2 1 )

T — 5+20 5+20 5+260 5+26 — —

( 0 —X2Y X2y2 ,and F' = GS with § 8 8

BXY +1,(4+20)Y +9) in

L - TS — 0 27XY—9—(4-}—2«9)Y-|—3(4—|—2(9)XY2
2 L0 1-9x2%y? '
27XY —9— (44+20)Y +3(4+20)XY?
r1:<1—9X2Y2 ( ) ( ) )GSYZ(F)
S12 = t<137Y1 71)7513 = t(g(%egg)a%an)a'SZS = t(Oa 3(5+29)Y+ X+ 3(5+29))

0 3X2Y 4 4£20 x2y2
TS12=( ), T813:< 1 3 , and T'sa3 = T'sy3. Thus, over Z[0)] (54203 X, Y],
0 FX?%Y - X3y? (5-+26)

3X2Y + 20 X2y? > < 27TXY — 9 — (4 +20)Y 4 3(4 +20)XY? )>

SyZ(F) = << ;1X2Y _ X3Y2 1— gx2y2
3
In Z[e}(5+29)‘23

Gy = {3XY +1,3X —
Z[0) (5 420 2[ X, Y],

5+29, 5+29Y + 1} is a special Grobner basis for (3XY + 1, (4 4+ 20)Y +9). Thus, over

).

—(5+29)2(?’)X3Y2+X2Y) 1-9X2Y?
20

9X?Y (5+20+20Y) 27XY — 9 — (44 20)Y + 3(4 + 20) X Y2
Syz<F>—<< )( (o st +2ox )

In Z[0] (4+26)"

Gs = {3XY +1, (44 20)Y +9, 412279X + 1} is a special Grobner basis for (3XY + 1, (4 4+ 20)Y +9). Over
Z[0] (a4426)[ X, Y], we have

sa(r) = {( gV )

4+29 + 120
Finally, in Z[]: Over Z[0][X,Y], we have

~(4+20)Y -9 27XY — 9 — (4+20)Y +3(4 + 20)XY?
SyZ(F):<< 3XY +1 ) ( 1-9X%y? >>

()

As a conclusion, the dynamical evaluation of the problem of constructing a Groébner basis for I produces the

following evaluation tree:

vAld

VAR

Z[0]4+20 Z[0]5+20
N\

Z[0)(54+20).3  Z[0](5426).2

The obtained dynamical Grébner basis of [ is

= {(M(5+20),G1), (M(4+20),Ga)}.

b) The ideal membership problem: Suppose that we have to deal with the ideal membership problem:
F=(40-1)X?Y +60XY2+90X%2+3X —4Y -9 €? 1
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Let us first execute the dynamical division algorithm of f by G; = {f1 = 3XY + 1, f5 = —3X + 5+29, fe =

5+29Y + 1} in the ring Z[0](5426).5[X, Y].
With the same notations as in [24], one obtains:

’ q1 \ ds \ de \ p
o1 0 0 [ 660XY2+90X%+1048X —4y —9
TIX+20Y | 0 0 | 90Xx7+ 100X — (4420)Y —9
WX +20Y [ 30X [ 0 —(4+20)Y —9
T-1X +20Y [ -360X | -9 0

Thus, the answer to this ideal membership problem in the ring Z[0)](542¢).3[X, Y] is positive and one obtains:

=051 X +20Y) f1 — 30X fs — 9.

But since
fs = (555 XY —3X + 5+29)f1 X2Y f,, and
fo= (5 XY? — 3XY + 22,V + 1) f1 — X2Y2f5, one infers that

f=55X2Y +90X% + 2L XY?2 +271XY + S X — 4y -9y

+[30X3Y +9X2Y?|fs.
Seeing that 3 does not appear in the denominators of the relation above, we can say that we have a positive
answer to our ideal membership problem in the ring Z[f)]542¢[X, Y] without dealing with the leaf Z[0](526).2-
Clearing the denominators, we get:
(5420)f = [-90X?Y +45(0 — 2) X + 540X Y? +27(5 + 20) XY + (60 + 15) X
—4(5+20)Y — 9(5 + 20)]f1 + [15(0 — 2)X3Y +9(5 +20) X2Y?]fo.  (A)

It remains to execute the dynamical division algorithm of f by Go = {f1 =3XY +1, fr = —3 +29X +1, fs =
Y + 44-%} in the ring Z[6]442¢[X, Y]. The division is as follows:

’ q1 \ q7 \ qs \ p ‘
0 [0 (40 — 1) X? 60XY? — 555 X% +3X —4Y — 9
20Y | 0 (40 —1)X? T X +3X —(4+20)Y —9
20Y | 3X (40 — 1)X? —(4+20)Y —9
20Y | 3X | (460 — 1)X2 — (4 +20) 0

Thus, the answer to this ideal membership problem in the ring Z[f]412¢[X, Y] is positive and one obtains:
f=20Yfi +3X fr+ ((40 — 1) X2 — (4 + 20)) fs.
But since
fr=h- 4+29Xf2, and
fs=X + 4Jr26)f1 4+26XYf2, one infers that
(4+20)f =[(140 — 44)X2Y +9(40 — 1) X% —4(4 +20)Y +3(4 4+ 20)X — 9(4 +20)| f1
H[-9X2 —3(40 — 1)X3Y + 34+ 20)XY]fo.  (B)
Using the Bezout identity (5 +260) — (4 +20) =1, (A) — (B) =

f=1[(46 — 140) XY +9(0 — 9)X? + 540XY? + 27(5 + 20) XY + 3X —4Y —9|f,
+[3(90 — 11)X3Y 4+ 9(5 + 20) X2Y2 + 9X2 — 3(4 + 20) X X] fo,

a complete positive answer.
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8 Some problems

Problem 143. (An algorithm for the divisors of monic polynomials and doubly monic Laurent polynomials
[9, 71])

1) Prove constructively that for any ring R, if 7" "1y = r™ for some 7,y € R and n € N, then r2y —r is nilpotent
and ry" is idempotent. If, in addition, R is reduced then ry is idempotent and rR = (ry)R.

2) Let R be a reduced ring, and f = ag + a1 X + -+ +a, X", g = by + b1 X + --- + by X¢ € R[X] such that
fo=cot+a X+ +cpX™ with ¢, = 1.

a) Prove that a?td—m*1lp, = gntd—m,

b) By induction on n+d—m, prove that there exists a direct sum decomposition R = Ro®--- &R, (m < n)
of R such that if f = fo+ -+ f,, is the decomposition of f with respect to the induced decomposition
R[X]=Ro[X] @ -+ ® R, [X], then the degree coefficient of f; is a unit of R; for each 1.

3) Prove that if R is a non necessarily reduced ring, then f =ag + a1 X + -+ + a, X™ € R[X] divides a monic
polynomial if and only if there exist a nilpotent polynomial IV and a direct sum decomposition R = Ro®- - - &R,
(m < n) of R such that if f — N = fy+ -+ fn, is the decomposition of f — N with respect to the induced
decomposition R[X] = Ro[X] @ - -+ ® Ry, [X], then the degree coefficient of f; is a unit of R; for each i.

4) Deduce that if R is a non necessarily reduced ring, then f = ag+ a1 X + -+ a, X" € R[X] divides a monic
polynomial if and only if (ag,...,a,) = R and, for each j € {0,...,n}, we can find 3; € R and k; € N such
that (aj(a;8; — 1)) =0 mod (a;i1,...,an).

5) Let U and V be two indeterminates over a field K, and consider the reduced ring R =
K[U,V]/{U? - U, UV) = K[u,v] = K[v] ® K[v]u, where u? = u and uv = 0. Take f = u — (1 +u)X? +uX3
and g = v +uX? + (u—1)X3. Verify that fg = (u — v)X? — 2uX* + X®. Using the algorithm coming out of
your constructive proof of Question 2), find the corresponding decomposition of f.

6) Recall that a Laurent polynomial f € R[X, X 1] is said to be doubly monic if the coefficients of the highest
and lowest terms are equal to 1.

a) Prove that for any ring R, f € R[X, X ~!] divides a doubly monic Laurent polynomial if and only if there
exist n,m € N'\ {0} such that both X" f(X) and X™ f(X~1) divide a monic polynomial.

b) Deduce that if R is a reduced ring, then f € R[X, X '] divides a doubly monic Laurent polynomial if
and only if there exists a direct sum decomposition R = Ry & - &R, of R such that if f = fo+---+ fin
is the decomposition of f with respect to the induced decomposition R[X, X '] = Ro[X, X 1| ® - - &
R,,[X, X~1], then the coefficients of the highest and lowest terms of f; are units in R, for each i.

c¢) Deduce that if R is a reduced ring, then f = a; X* +ap 1 X*H 4+ +a; X! € R[X, X1, k,1 € Z, divides

a doubly monic Laurent polynomial if and only if (ag,...,a;) = R and, for each j € {k,... I}, we can
find 5;,6; € R and m;,n; € N such that (a;(a;5; —1))™ = 0mod (a;11,...,an) and (a;(a;6; — 1)) =
0 mod (ag,...,aj-1).

7) For any ring R, R(X, X ~!) will denote the localization of R[X, X ~!] at doubly monic polynomials.
a) Prove that R(X, X~ 1) = R(X)N R (X~1).
b) Prove that R(X ! + X) ¢ R(X, X~ !) (one may consider the polynomial X ! + X?).

c¢) Prove that for any doubly monic Laurent polynomial ¢ € R[X, X '], there exists h € R[X, X 1] such
that gh is a monic polynomial at X ' + X.

d) Prove that for any ring R, R[X, X 1] is a finitely generated free R[X ~! 4+ X]-module (with (1, X) as
basis).
e) Deduce that for any ring R, R(X, X 1) is a finitely generated free R(X ! + X)-module (with (1, X) as

basis).

Problem 144. (Stably free modules over Laurent polynomial rings [5, 6])
1) (An analogue of Proposition 47 for Laurent polynomials) Prove constructively that for any ring R, and
u,v € R[X] with « doubly monic, we have the equivalence:

(u,v) = (1) in R[X, X '] <= Resx(u,v) € R*.
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2) (An analogue of Theorem 48 for Laurent polynomials) If f € R[X, X '], a minimal shifted version of f is
f = X"f € R[X] where n € Z is the minimal possible. For example a minimal shifted version of X =34 X + X2
is 1 + X* + X°, a minimal shifted version of X2 + X% is 1 + X2

Prove constructively that for any ring R, if (v1(X),...,v,(X)) = R[X, X 1] where v; is doubly monic and
n > 3, then there exist v1,...,7s € E,—1(R[X]) such that:

(Res(V1,e1.71 *(V2, ..., 0n)), - - -, Res(V1, e1.7s *(V2, . - -, Un))) = R.
In particular 1 € (v1,...,0,) in R[X]. Here e;.z, where x is a column vector, stands for the first coordinate of
x, and v; is a shifted version of v;.
3) (An analogue of Theorem 52 for Laurent polynomials) Let R be a ring, vy, ..., v, u,...,v, € R[X, X71]
such that Y ju;v; = 1, v; doubly monic, and n > 3. Denote by ¢ = degv;, s = (n — 2)¢ + 1, and suppose

that R contains a set E = {y1,...,ys} such that y; — y; is invertible for each i # j. For each 1 < r < n and

1 <4 < s, let U, be a minimal shifted version of v, and denote by r; = Resx (V1,02 +y;U3+ -+ yffzﬂn). Prove
constructively that (rq,...,7rs) = R, that is, there exist ay,...,as € R such that ayry + -+ asrs = 1. In
particular 1 € (v1,...,0,) in R[X]. Moreover, let us suppose that R is a polynomial ring in a finite number of

variables over a basic ring T and that max;<;<p,{degu;} < D, 1+ maxi<,<,{degv;} < d (where d > 2). Prove
that for each 1 < i <'s, deg(ay;) < %(d + D +2)? and deg(a;r;) < %(d + D + 3)? (here, by degree we mean
total degree).

4) (Producing doubly monic Laurent polynomials over a field)

a) Let K be a field and consider f = S°0_, a;X™ Y™ a; € K, where t is the number of monomials appearing
in f. Set
E={27 < i<t n £y}
n; —mny;

Prove that for each o € Z\ E, denoting ¢, the change of variables (X,Y) — (XY *,Y), the correspondence
XY™ — degy (0o (X™Y ™)) is a one-to-one. In particular, ¢, (f) is doubly monic at Y (here, in order
to lighten he notations, doubly monic means that the coeflicients of the highest and lowest terms are
invertible). Moreover, if the total degree of f is < d, and if oy € Z is such that |ag| = min{|¢|, £ € Z\ E},
then |ap| < d.

b) Take f =Y + Y2+ Y3+ X + XY + X2Y + X2Y?2. Compute E, ag, Pa,(X,Y), and @a, (f)-
¢) What can you say about the general case (more than two variables) ?

d) From Questions 3), 4) and Agorithm 55, deduce an algorithm for unimodular completion over a Laurent
polynomial ring K[Xlﬂ, X2jEl . ,Xfctl], where K is an infinite field.

5) (An analogue of Lemma 103 for Laurent polynomials) Let R be a ring and I an ideal of R[X, X ~!] containing
a doubly monic polynomial. Prove constructively that if .J is an ideal of R such that I+J[X, X ~!] = R[X, X 1],
then (I NR)+ J =R.

6) (An analogue of Lemma 107 for Laurent polynomials) Let *(vo(X),v1(X),...,v,(X)) € Um,41 (R[X, X 1)),
where R is an integral local ring of Krull dimension < 1 and n > 2. Prove constructively that

t(,ﬁo(X),’ﬁl(X)7 e 7,17n(X)) NEn_H(R[X]) t(wo(X)7w1(X), ey Coy .,Cn),

where the ¢;’s are constant for ¢ > 2, w; € R[X] with deg w;(X) < 1.

7) Prove constructively that for any ring R, if KdimR < 0, then R(X) = R(X) = R(X, X~ !). Moreover,
Kdim R(X) = Kdim R(X) = Kdim R(X, X 1) < 0.

8) (An analogue of Corollary 109 for Laurent polynomials) Deduce from the previous questions that for any inte-
gral local ring R of Krull dimension < 1 and n > 2, GL,,4+1(R[X, X ~1]) acts transitively on Um,,41(R[X, X ~1])
and thus that all finitely generated stably free modules over R[X, X 1] are free.

Problem 145. (A converse to Rabinowitsch’s trick)
1) (Rabinowitsch’s trick) Prove that for any ring R and b,ay,...,a, € A, we have the equivalence:
be{ai,...,a,)inR & 1€ {ay,...,a,,b6X —1) in R[X].

We will say that a ring B is equipped with a unimodularity test if given fi,..., f, € B, there is an algorithm
to determine whether 1 € (fy,..., f,) and if it is, to compute g¢1,...,g, € B such that 1 = f1g1 + - + fugn.
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We will also say that a ring A is equipped with a radical ideal membership test if given b, a1, ...,as € A, there
is an algorithm to determine whether b € y/(ay,...,as) and if it is, to compute m € N, by, ..., bs € A such that
b™ = biay + - - - + bsas. The goal of this problem is to show, using Suslin’s lemma (Theorem 48), that for any
ring R, having a unimodularity test in R[X] < having a radical ideal membership test in R.

2) (Case n = 1) Prove that for any ring R,
v1 =apX’ + - +as; € RIX]* & a; € R and ag,...,as—1 € /(0).

3) (Case n = 2, Generalization of Proposition 47) Let R be a ring and consider v; = agX® + -+ + a5, vy =
boX™+- - -+by, with a;,b; € R, and 0 < k < min(m, s). Define rj, := Res(arp X+ +ag, p X" F 4+ 4by,)
(the polynomials being taken respectively of formal degrees s — k and m — k), that is, r is the determinant of
the following (m + s — 2k) x (m + s — 2k) matrix:

ag br
apr1  ap b1 by
Apto Qg1 - brt2  bry1
: ag . b
Sy = Af+1 br+1
as bm
as : b
as bm
m—k columns s—k columns
Prove constructively that 1 € (v1,v2) < 1€ (as,by) and V0 < k < min(m, s), ak, b € /{T0,..., k).

4) (Case n > 3) Let R be a ring and vy, ..., v, € R[X]\ {0} with n > 3. Denote by a be the leading coefficient
of vy.

a) Prove that 1 € (vy,vy...,v,) if and only if there exist 71,...,7 € E,_1(R[X]) such that, denoting
r; := Res(vy, e1.9; *(va, ..., v,)), we have a € v/{r1,...,7¢).
b) Deduce an algorithm producing from an ideal membership test in R, a unimodularity test in R[X].

Problem 146. (Seminormality following Coquand [18])

1) Let R be a ring and M € R™*™. Prove that the matrix M is idempotent with rank r free image if and only
if there exist X € R™*" and Y € R"*"™ such that Y X =1, and M = X Y. Moreover,

a) ImM=ImX ~ImY.

b) For all matrices X', Y’ with the same sizes as X and Y and such that M = X'Y", there exists a unique
matrix U € GL,.(R) such that X’ =U X and Y =U Y’ (infact, U=Y X', U1 =Y’ X, Y' X' =1,, and
the columns of X’ form a free basis of Im M).

c¢) Reformulate this result in case r = 1.

2) Let R be a ring and M € R™ " with M? = M. Prove that Im M has rank one if and only if M has trace
one and all 2 x 2 minors of M are zero.

3) Prove that for any ring R, the natural homomorphism PicR — PicR[X] is an isomorphism (in short,
PicR = Pic R[X]) if and only if for every rank one idempotent matrix M = (m; ;)1<i j<n over R[X] such that

M(0) = < é 8n_1 ) =:1,, 1 there exist fi,..., fn,01,...,9n € R[X] such that m, ; = f;g, for all ¢, j.

4) A ring R will be called seminormal if for every b, ¢ € R satisfying b?> = ¢ there exists a € R such that
a®=band a® = c.
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a) Prove that seminormal = reduced.

b) (Schanuel’s example) Let R be a reduced ring such that Pic R = Pic R[X]. Let b, ¢ € R satisfying b? = ¢?.
Consider T = R[a] = R + aR a reduced ring containing R with a® = b and a®> = ¢ (one can take for
example T = (R[T]/(T?% — ¢,T? — b))rea). Consider the matrix M (X) = (fig;)1<i j<2 with fi =1+ aX,

. 1—a?X?)(1+ cX? 1+aX)eX?
fo=cX?=gyand g; = (1—aX)(1+cX?), that is, M(X):<E1—0,X)(1)(—|—CX2)C;(2 ( c2X‘)l .

Verify that M (X) is rank one idempotent. Deduce that a € R.

c¢) Prove that a gcd domain is seminormal.

Hints: Use 1.c). Consider a rank one idempotent matrix (m; j)1<; j<n. Suppose that mq ; is regular and
J)1<4,5< ,
consider the ged f of the elements on the first row.)

5) Prove that if R is seminormal and T is a reduced extension of R then the conductor of T in R (i.e.,
{reR|rT CR} ) is aradical ideal of T.

6) Let R C T with T = Rley,. .., ¢;] reduced and finite over R. Let I be the conductor of T in R and suppose
that it is a radical ideal. Prove that I is equal to {r € R | rc1,...,7¢, € R}

7) Let R be a seminormal domain. Our purpose is to prove that PicR = PicR[X] (the Traverso-Querré
theorem). Let M(X) = (m; ;(X))1<i,j<n be a rank one idempotent matrix over R[X] such that M (0) =1, 1.
Denote by F the field of fractios of R. By 4.a) we know that there exist f1,..., fu,91,--.,gn € F[X] such that
m; j = fig; for all 4, j (note that f1(0) = ¢1(0) =1). Let us denote by T the subring of F generated by R and
the coefficients of the f;’s and the g;’s and by I the conductor of T in R. Our goal is to prove that T = R, or
equivalently, 1 € I.

Let us first recall Kronecker’s theorem: Let A be a ring, f,g € A[X] and h = fg. Let a be a coefficient of
f and b a coefficient of g. Then ab is integral over the subring of A generated by the coefficients of h.

a) Prove that T is a finitely generated R-module.

b) By way of contradiction, we will suppose that 1 ¢ I. Consider a minimal prime ideal p of R over I (that
is, p/I is a minimal prime ideal of R/I). Denote by S = R\ p and S’ the image of S in R/I. We have
that R/I is a reduced ring, (R/I)s =: L is a field contained in the reduced ring (T/I)g.

Using Question 6, find a contradiction (there exists s € S such that s € p).

c¢) Being inspired by the method explained in Subsection 3.4, find a method for eliminating the use of minimal
prime ideals in the proof above (it will be a dual method for eliminating maximal ideals: maximal ideal
m < minimal prime ideal p, R/m < (R/p)y). Infer a general method “by backtracking” for making the
use of minimal prime ideals constructive (it will be a dual method to Elimination of maximal ideals by
backtracking 51).
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