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Theory of Quantum Transport in Graphene and Nanotubes H

Tsuneya ANDO

1. Introduction

e Weyl’s equation for neutrino
e Berry’'s phase & topological anomaly

2. Zero mode anomalies

e Density of states and conductivity
e Dynamical conductivity
e Self-consistent Born approximation

3. Special time reversal symmetry
e Symmetry crossover
4. Phonons and electron-phonon interaction

e Acoustic phonon
e Optical phonon
e Zone-boundary phonon

5. Summary
Trieste, Aug 29 (Fri) 2008

ICTP Conference Graphene Week 2008, Trieste, Italy
August 2529, 2008 [14:30-15:20 (40+-10)]
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Effective-Mass Description: Neutrino or Massless Dirac Electron

Graphene (Triangular antidot lattice)
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Weyl’s equation for neutrino VA
o v(o-k)F(r)=cF(r) 2T ]
& y(oke+0oyky)F(r)=eF(r) °K T M K
( 0 fy(kx—iky))(FA(r)> . (FA(’I“)) Wave Vector
(ko +iky) 0 F5(r) Fo(r)) [h=—iv
Massless (Dirac) vr ~¢/300 (yo~3eV)|| Velocity: vp=~/h
Constant velocity (~light, cannot stop) K: o — o

Topological anomaly v =v/3va/2 (v: Hopping integral) [ 2
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Topological Anomaly and Berry’s Phase

Weyl’s equation : Neutrino < Helicity (aHlk)
V(o k) Bg(r) = es(k) Fx(r) Fulr) = 75 explik-) R™H[0(K)]|s)
R(O+2m)=—R(0) R(—7m)=—R(+m)

es(k)=sv|k| s==l1 R(0+2n)
Pseudo spin = Berry’s phase | =e¢ “R(0)
T
d
C:—i/ dt<sk(t)(—|sk(t)>:—7r
. di
Landau levels at e=0 [J.W. McClure, PR 104,
]

2, o\ _y, 066 (1956)
-2 () (75

Landau
Levels

Absence of backscattering

Metallic CN with scatterers
= Perfect conductor

T. Ando & T. Nakanishi, JPSJ 67, 1704 (1998)
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Zero-Mode Anomaly: Boltzmann Conductivity

: . dk e eBv? |McXER
Equation of motion: h—=—-vxXB = w.= X +/Tlg
dt C CER

2 1
Semiclassical: 5n:i\/\n|—|—%hw3 — %kxdkyzil—;r(In\+§>

h
Full quantum: ¢, =+./|n| hwp th:\fQ% [ — C_B
e

Density of states: D(e) = 2‘8‘2 = Zero-gap semiconductor
Ty
Boltzmann conductivity Density of
- 2 1 States
0'(5{:‘) :.6 D D.(gF) = ﬁw
Einstein relation
2 2
* 2 Y niu
D :UFT:?T W = pp
A w
—=2mnu’D(ep) TxD(ep) ! T Conductivity
-

u Impurity strength ———
. Impurity densit
" — y { Energy
= Independent of ¢ (Metal!)

0
= 0(0) for D(0)=0 7
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Boltzmann Conductivity
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Conductivity Tensor
in Magnetic Fields
Y. Zheng & T. Ando,
PRB 65, 245420 (2002)
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Dynamical Conductivity (units of e2/n2h)
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Dynamical
Conductivity o(w)
T. Ando, Y. Zheng,
H. Suzuura, JPSJ

71, 1318 (2002)

| | | | | | | | | | | | | | | | | | | | | | | | | | | | |
o n;u?  Boltzmann Conductivity -
CdAmy? e W1+ 00
Limiting values (W ~1>>1) |
L ) ‘
—7 i wW=0

Discrete

Scaling

Discrete jump of
a(w) at e =0

Jump

Interband
— —
0 Lt — I
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Frequency (units of eg/M)

Experiments [Z.Q). Li et al., Nat. Phys. 4, 532 (2008)]
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Zero-Mode Anomalies (Self-Consistent Born Approximation)

Static conductivity

1 Diagonal conductivity o,

-| Quantum Hall effect o,
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Energy (units of &)

£o: Arbitrary energy
e.: Cutoff energy (7-band width)

Singularity at the Dirac point (¢x=0)
< Fermi energy scaling
Magnetoconductivity
th
me(B) =Ozxx (E—)
Dynamical conductivity

o(w) = a(h—w)

EF

Gy gs€?
2m2h

4( Jr1)62
"T9)h

, etc.

N.H. Shon and T. Ando,
JPSJ 67,2421 (1998)

Y. Zheng and T. Ando,
PRB 65, 245420 (2002)

Dynamical conductivity o(w)

T. Ando, Y. Zheng, & H. Suzuura,
JPSJ 71, 1318 (2002)

Diamagnetic susceptibility y(cr)
M. Koshino and T. Ando,

PRB 75, 235333 (2007)
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Self-Consistent Born Approximation: High-Magnetic Field
IN.H. Shon and T. Ando, J. Phys. Soc. Jpn. 67, 2421 (1998)]
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Hall Conductivity (units of 2e2/h)
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Self-Consistent Born Approximation: Hall Conductivity
Y. Zheng and T. Ando, Phys. Rev. B 65, 245420 (2002)]
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Scatterers
N.=2500

Localization = QHE
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Dynamical Conductivity (units of e2/n2h)
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Self-Consistent Born Approximation: Dynamical Conductivity
T. Ando, Y. Zheng, and H. Suzuura, JPSJ 71, 1318 (2002)

20 LI LI L L LI LI 6 LI L LI LI L LI
| | | | | | | | | |
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e Approximate hiw/cr scaling except at (ex,w)=(0,0)
e Experiments: Z.Q). Li et al., Nat. Phys. 4, 532 (2008)
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Diamagnetic Susceptibility: Disorder Effects

Singular diamagnetism 1S 1
J.W. McClure, W
Phys. Rev. 104, 666 (1956) L

S.A. Safran & F.J. DiSalvo,
PRB 20, 4889 (1979)

Y IC

Constant broadening I'

H. Fukuyama, JPSJ 76,
043711 (2007)

5(817) —

. m(ep+17?)
Self-consistent
Born approximation

M. Koshino and T. Ando,
PRB 75, 235333 (2007)
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Susceptibility [(g,0<y2/6meg)(e/ch)?]
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Cutoff energy: T'\=c. e /2W

Sharp peak and long tail
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Density of States [g,0seo/my?]



Conductivity

Constant
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Conductivity vs Concentration
K.S. Novoselov et al., Nature 438, 197 (2005)

Scattering mechanisms 221

Bolt ductivit = ——
oltzmann cor.1.uc ivity o(ep) 5 T

Constant mobility < W oc n !

Charged impurity with screening?

e T. Ando, JPSJ 75,

074716 (2006)

04l O.O | o K. Nomura & A.H.
| ' MacDonald, PRL 96,
256602 (2006)

Minimum conductivity?

o e AK. Geim & K.S.

d.)o Novoselov, Nat. Phys.
% 6, 183, (2007)

e Y.-W. Tan et al.,

1 PRL 99, 264803 (2007)

! e K.I. Bolotin et al.,

10 K

100 0 1 > SSC 146, 2351 (2008)
Prne (h/4€?)
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Special Time Reversal Symmetry and Universality Class

Real time reversal (K—K'): T FL =0.F;, F. =o.F; T*=1
Special time reversal (within K and K’): S

F% = KF* K:—iay:((l) _01> K?=-1

Time reversal of P = S2=—_1

S __ — S S Sy __
P°=K'PK- 1 = (F2, P Fﬁ)—(FﬁapFOé) procal
e Vector

Time reversal Symmetry Matrix
Real  7?=+1 Orthogonal Real
Special S?=—1 Symplectic Quaternion
None Unitary Complex

Reflection coefficient: r5, = (F3,TF,) = (Fg,TFa) & rap

1 1 1
T matrix: T =V +V V+V V Vit
matrix Ve 0 TV E— o0 E—Herio|

Real : 755 = (F! ,TFp) = (Fg,T(Fg)T) +(Fg,TFa) = +T'5a
Special: 745 = (F?,TF3) = (F3,T(F?)°) = —(F3,TF,) = —rg,
Absence of backward scattering: 75, =0 (< Berry’s phase)
Presence of perfect channel (Odd channel numbers)
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Metallic Nanotubes: Perfect Channel without Backscattering
T. Ando and H. Suzuura, J. Phys. Soc. Jpn. 71, 2753 (2002)

Time reversal processes: o — 3 <
Reflection matrix = det(r)=0

= Perfect channel

2my/L
=+1, -1

(Degenerate)

b—al = rg,=—Tag
5-0 ‘ 1 1 1 1 | 1 1 1 II‘] | 1 1 1 1 | 1 1 1 1
4 Mean Free Pat el /2_ny
1.1
3
fct_; 4.0 1ol Channel]
= 211 number
Cc{lJ 2.5 5 (%
© 2.9
9 3.0 _
= 2
5 W= niu
© Agry?
e
(@)
o
©
c
@]
O Jolbecce o= —
Ne = I
Absence of Ww-1=1000.0
backscattering u/2yL = 0.10
00 | | | | | | | | | | | | | | | | | | |
Odd 0 50 100 150 200
channel number  Length (units of L)
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Symmetry Breaking Effects: Symplectic = Unitary

Trigonal warping (S) [H. Ajiki & T. Ando, q10 e,
JPSJ 65, 505 (1996)]

a 0 (kytiky)? |
H = —L1— ( . T Y 0.05 |
4v3 \ ( :

ke —iky)?2 0

Lattice distortion [H. Suzuura & T. Ando, §> 0.00 |
, PRB 65, 235412 (2002)] <&
H = g1 (uac:c ‘|‘Uny 0.05

+92[(Uae —Uyy )Tz —2Uyy 0|
Deformation potential : g; ~16eV |
Bond-length (b) change: ¢ =~ (570/4 5 L.

0.10

015 010 -005 000 005 0.0
ﬁ:—dlnf}/()’ ’}/:\/gq/OCL? b = \/§a akX/ZTC
dinb 2 2 ,
(9ux_|_uz Ou,, 1(8u9@+0uy) p=1—§l
TT o Uu e U’CE _ —
" or R 7Y Oy Y2\ 0y  Ox V3 8
va 1/0%u, 0%u, 0%, T Vip@
ot 10— 20 () o0
urvature: 'H ]94\/§ 92 917 o &Uﬁyay fy’:@(va e
- 9 pp pp
Optical phonon: H' = —% ox|us—up)| 'T. Ando, JPSJ 69, 1757 (2000)]

|K. Ishikawa & T. Ando, JPSJ 75, 084713 (2006)]
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Symmetry Breaking Effects and Crossover

’ ~ 10!
Intervalley (K<—iK ) J E WL = 1000.0
Symplectic = Orthogonal = - w2yl = 0.01
e Short-range scatterers (d/a<1) G
e Zone-boundary phonon 2 e
] H. Suzuura & T. Ando 5 P
Metallic nanotubes jpsj 77, No. 4 (2008) S 10° - ¥ =
S - - K
Absence of backscattering: Robust % Vi
Perfect channel : Fragile o 4
T. Ando, JPSJ 73, 1273 (2004) r: /,,’5'
TA & K. Akimoto, JPSJ 73, 2895 (2004) % y:
K. Akimoto & TA, JPSJ 73, 2194 (2004) N 51| i
T. Ando, JPSJ 75, 054701 (2006) © - e2myL-
. s = (@) B :
Quantum correction to conductivity 3 Crossover (Experiments) 0.50
Magnetoresistance < | £ V. Tikhonenko et al, 2.50
Orthogonal Ao <0 Negative g PRL 100, 056802 (2005) 350
. or s - 2 b ]
Symplectic Ao >0 Positive 0 3 107 101

Unitary Aoc=0 No

Magnetic Flux (units of ¢q)

Crossover: H. Suzuura and T. Ando, PRL 81, 266603 (2002)

Experiments: S.V. Morozov et al., PRL 97, 016801 (2006) (Ao =0)
98, 136801 (2007) (Ao >0)
UCF Theory: E. McCann et al., PRL 97, 146805 (2006)

Localization X.-S. Wu et al., PRL
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Phonons in Carbon Nanotubes

0 -
0.0

0.2 0.4 0.6 0.8 1.0

kT/ n

A Frequency

V19 Wave Ve:ctor

—_— >
K, K

Continuum models in graphene
e Acoustic phonons
e Optical phonons (zone-center)

Saito et al., PRB 57, 4145 (1998) ® 4one-boundary phonong,;
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Long-Wavelength Phonons in Carbon Nanotubes

Force-constants model calculation Continuum model
R. Saito et al., PRB 57, 4145 (1998) — 7
200 . . -
- Twist /85
Breathing ‘S Bre
%) 1.0
// E
S
100 IStretg i ? _
S | 2]
| , ‘t"'s Breathing] ~ ©
/ ( Stretch Y/ .
G s R 7, ‘/‘ H 2) - S -
N A — oo " Bending (pocg®) |
0.0 0.2 0.4 0.0 1.0 2.0 3.0 4.0
kT/m Wave Vector (units of 27t/L)
Transverse modes H. Suzuura and T. Ando,
Twist Phys. Rev. B 65, 235412 (2002)
Longitudinal modes w .
) B < Frequency of breathing mode
Stretch 4+ Breathing (O( 1/L)
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Continuum Phonon Model and Electron-Phonon Interaction
H. Suzuura and T. Ando, Phys. Rev. B 65, 235412 (2002)

Energy functional of lattice distortion w=(uz,u,,u;)

1
Usplu| = /d:cdy 5 (B(Uxx+uyy)2 T N[(uxx_uyy)2+4u52r:y]>

o — Ouy +Uz " — % Np — Ouy +5Uy B : Bulk modulus
o9 RTOY oy T gy 0Oz 1 : Shear modulus
Curvature

Electron-phonon interaction
KA KB

Vi W
Vel-ph =
Vl = g1 (uazm —I_uyy)

8:1:2
2
Vo = g2 632'77 (ua:a: uyy"‘QZuazy
n: Chiral angle
g1: Deformation potential
g2: Bond-length change [cf. (CH),]

(91> 192]) No contribution of g; in metallic CN

82 82 1 2

Uc|u

Page 19
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Phonon-Limited Resistivity
H. Suzuura and T. Ando, Physica E 6, 864 (2000)

Breathing mOde 100 F T T T T T T T

— = n :
kgl =hwpg (NwK) 2 | —— n/6 (Armchair) ]
RIA]/ ¢ L — w12 (Chiral) i
Mean free path (A) = = —— 0 (Zigzag) E
300 o [ 11 Shear modulus 1
A ~1000x R [A] x =g B -B: Bulk modulus .
A[ 5 1 we=n/h E
A~ pm (R~10 A, =2 5 Armchair CN -
T ~300 K) S C ) 1
Resistivi 5 Twist mode
esistivity 2 51 L ) B
‘n ULE Zigzag CN S
Armchair CN 0] = Stretch =
g2kBT D: C retc ]
pa(T)= 22 5 - Breathing .
2e“hvp R | | | A
7i zag CN 0.01 171 111 L1111 L1111 L1111l
8 0.01 0.1 1 10 100

b oa(T) (T<Tg) Temperature (units of Tg)

T)=4 B
pz(T) J(rjﬁb) (T>T}) Armchair = C.L. Kane et al.,
PA B)|" Europhys. Lett. 41, 683 (1998)

Photo-relaxation: T. Hertel and G. Moos, PRL 84, 5002 (2000)
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Long-Wavelength Optical Phonon
|K. Ishikawa and T. Ando, J. Phys. Soc. Jpn. 75, 084713 (2006)]

1
Optical phonon (lattice displacement u): H,, = Z hwo (b};ubqﬂ—k?)

1 h q,l o
u(r) = Jefua(r)—un(r)] = Y\ b + b g e (@)
q,p
dl 3 3
Electron-phonon interaction fr=— H’YO? v = \/_%a, — V3a
dInb 2 2
, Bond length
Hilflt = —\/5% oxu(r) Hilflt — _|_\/§56F_27 o xu(r)

Dimensionless coupling constant

g5 36V3 RS 1 (6r)2

A
4 7w 2Ma? hwg \ 2

~ 3x1073 (5—5)2 (43 6r=2)

hwo = 0.196 eV
M =1.993x10"* g




Frequency Shift and Broadening (units of Amg)
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Frequency Shift and
Broadening
|'T. Ando, J. Phys. Soc.
Jpn. 75, 124701 (2006 )]

1 Phonon Green’s function

2(4}0

D _
(q,w) w?—wg —2woll(gq,w)

Energy shift: Aw:RefI(q, wo)
Broadening : I'=—Imll(q, wy)

| Self-energy

ﬁ(q7 CU) :H(q7 CU) _HEF:0 (q7 O)
(Avoid double counting)

J S’,k+q!8m+a)l
—— Frequency Shift
I --—- Broadening ]
-05 SR T T N SO N | AN T SR T SN I T
0.0 0.5 1.0 1.5 2.0

Fermi Energy (units of Nwg)

Logarithmic singularity at cp /hwy=1/2

= M. Lazzeri & F. Mauri, PRL
97, 266407 (2006)



Frequency Shift and Broadening (units of Awg)
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Magnetic Oscillation of Optical Phonon (% /fiwy =0.25)
|'T. Ando, J. Phys. Soc. Jpn. 76, 024712 (2007))

=
o

Magnetic Energy: hwg (units of fwg)

0.0

Frequency shift and broadening Spectral function
10 I_m”ll | I| I| | I I I I " ‘i I I I I 10 I I
er0/Mwp=0.250 ! - _ 1% e,:olﬁmo 0.250
8/fimp= 0.10 0.05 0.02 1 ~ ﬂ\ 8/Mwo= 0.05 =
- 5 N\ =
— Frequency Shift 1 2 ,, A\ - Frequency Shift 5
~ 7 . L —
--—- Broadening \ | <= »
1t G
5 “ ,,"?‘ — %
1 1 <
|“.\ =)
' () ‘l“\\ _ S
b A RN 1 5
L h 0 711 (Y 1 c
' O] ///// \ \\\\~ 3
o b AR Ss=gz=22"" | === O
il | =
[ 4 3
i )
Q.
| o
1=+2 0=+1 |
-2+=+1 -1-0 |
-5 i 0o Ll——
0.0 0.5 1.0 15 5 0 5

Magnetic Energy: Nwg (units of himg)

Frequency (units of Awp)
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Zone-Boundary Phonon
|H. Suzuura and T. Ando, JPSJ 77, 044703 (2008)]

Highest frequency phonon: wy (Kekulé distortion)

dl
Electron-phonon interaction (i =— d?nvbo $ Frequency
K K’
0 A(r)o
7_[el—ph — 2@ T ’
2 \ A(r)'oy, 0

7 o
Alr) = Z\/QNMwK (bicrq+blc_g) €
q

cf: N.A. Viet et al., JPSJ 63, 3036 (1994)
Dimensionless coupling constant
B 364/3 h? 1 (6[()2

A
K m 2Ma? hwr \ 2

vd Wave Ve:ctor

S
K, K

2
~3.5%1073 (%K) (hwi =0.161 V)

2
of: Ap ~2.9x1073 (%F) (hwr =0.196 V)
wi: Dominant in high-field transport
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High-Field Transport: Zone-Center vs Zone-Boundary Phonons

Phonon Zone-center Zone-boundary

Scattering Isotropic intra-valley Backward inter-valley

Relaxation time

Mean free path

20t ’ ) Zone-Center
———- 200K
------ 100 K 4

10k — 4K 1

Z. Yao et al., PRL
- 84, 2941 (2000)

.
Or

v(v) = M. Lazzerietal., PRL 95, 236802 (2005



TRIESTE08.OHP (August 30, 2008)

Summary: Quantum Transport in Graphene and Nanotubes H

Collaborators

1. Introduction
e Weyl's equation for neutrino
e Berry’'s phase & topological anomaly \ ( '.',jj? -
2. Zero mode anomalies N. H Shon Y. Zheng

e Density of states and conductivity (Vietnam) (Ch'"a)
e Dynamical conductivity
e Self-consistent Born approximation

3. Special time reversal symmetry
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=
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=
=
=
=
=
=
=
=
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=
=

e Symmetry crossover

i} : : . Koshino T. Nakanishi
4. Phonons and electron-phonon interaction ( T ch) (AIST)

m———

e Acoustic phonon
e Optical phonon
e Zone-boundary phonon

nE

H. Suzuura
www.stat.phys.titech.ac.jp/ando/

www.stat.phys.titech.ac.jp/~ando/reprint /graphene/reprints.htm

méi= (Hokkaido Univ)





