The Abdus Salam e

Educational, Scientificand -

Cultural Organization *
International Centre for Theoretical Physics ( @\% '
Y

. 1AEA

nal Atomic Energy Agency

TAO

2034-32

Advanced School and Conference on Knot Theory and its
Applications to Physics and Biology

11-29 May 2009

Skein Module Motivation for Gram Determinants of Curves on Surfaces

Jozef H. Przytycki

The George Washington University
Washington DC
USA

Strada Costiera | |, 34014 Trieste, Italy - Tel. +39 040 2240 11 1; Fax +39 040 224 163 - sci_info@ictp.it, www.ictp.it



arX1v:0802.1083v2 [math.GT] 28 Feb 2008

THE GRAM DETERMINANT OF THE TYPE B
TEMPERLEY-LIEB ALGEBRA

QI CHEN AND JOZEF H. PRZYTYCKI

1. INTRODUCTION

In this paper, we solve a problem posed by the late Rodica Simion regarding
type B Gram determinants, cf. [7]. We present this in a fashion influenced by the
work of W.B.R.Lickorish on Witten-Reshetikhin-Turaev invariants of 3-manifolds.
We will give a history of this problem in a sequel paper in which we also plan
to address other related questions by Simion [8, 7] and connect the problem to
Frenkel-Khovanov’s work [2].

2. THE TYPE B GRAM DETERMINANT

Let A, be an annulus with 2n points, ay,...,as,, on the outer circle of the
boundary, cf. Fig 1. Let b, := {b,bo,..., b(zn)} be the set of all possible diagrams,

ai a
as 2n, az "L ag,
@2n1 @2n1

Qn Qn+1 (4% QAn+1

FIGURE 1. A, and A, with a segment S

up to deformation, in A,, with n non—crossing chords connecting these 2n points,
Fig 2. We define a pairing ( , ) on b, as follows: Given b;,b; € b, we glue

DOOODEC

FIGURE 2. Connections in by = {b;, b, b3, b4, b5)}
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2 QI CHEN AND JOZEF H. PRZYTYCKI

b; with the inversion of b; along the marked circle, respecting the labels of the
marked points. The resulting picture is an annulus with two types of disjoint
circles, homotopically non-trivial and trivial; compare Fig 3. The bilinear form
(, ) is define by (b;,b;) = a™d™ where m and n are the number of homotopically
non-trivial circles and homotopically trivial circles respectively.

FIGURE 3. (by,b;) = 6%, (by,bs) = @, (b1, b3) = ad; b; € by

Let

Gn(a,d) = <(bi’bj>)1<i,j<(2i’)

be the matrix of the pairing on b,, called the Gram matrix of the type B Temperley-
Lieb algebra. We denote its determinant by DZ(«, §). The roots of D3(a, §) were
predicted by Dabkowski and Przytycki, and the complete factorization of DE(a, §)
was conjectured by G.Barad:

Conjecture 1 (G. Barad).

D3(a,8) = ﬁ "22")

i=1

where T;(8) is the Chebyshev (Tchebycheff) polynomial of the first kind:
T0=2a T1=6) 71i=51-'i—1—71i—2-

The rest of the paper is devoted to a proof of Conjecture 1. It follows directly
from the following two lemmas, the first of which is proven in Section 3.

Lemma 1. Fori > 1, a = (~=1)*"1T;(8) is a zero of DB(a,8) of multiplicity at
least (n ™).

Lemma 2. Let S be a line segment connecting the two boundary components of
A, such that S is disjoint from a;, 1 < i < 2n; see 1. Let c(b;) denote the
number of chords in b; that cut S, and let P = (p;;) be a diagonal matriz defined
by pii = (—1)°®). Then G, (—a,8) = PGp(a,§)P1.
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Proof. The power of a in (b;, b;) is congruent to c(b;) + ¢(b;) modulo 2, thus
(B3, bi)larma = (= 1)) by, 1)

and Lemma 2 follows. a

Proof of Conjecture 1. According to Lemma 2, G,(—a, §) and Gp(«, ) are conju-
gate matrices. Hence a = (—1)T;(6) is a zero of DZ(a, §) of the same multiplicity
as a = (—1)*"'T;(68). Therefore, by this and Lemma 1 we have

n 2n
D2(a,8) = p [ (T8)* — 02) ™),
i=1
for some p € Z[e, §]. The diagonal entries in G,(c, §) are all equal to 6™ and they
are of highest degree in each row thus DZ(«, d) is a monic polynomial in variable
0 of degree n(2:) Furthermore T;(4) is a monic polynomial of degree i. Couple
these with a well known equality”,

3 ) =)

to conclude that p = 1.

3. PrROOF OoF LEMMA 1

It is enough to show that the nullity of G,((—1)""'T;(6),0) is at least ("),
which we prove by the theory of Kauffman Bracket Skein Module (KBSM); see {3,
6] for the definition and properties of KBSM. Denote the KBSM of a 3-manifold X
by #(X). Let A be an annulus. For any two elements ,y in S#(A) = Z[A*!, o]}
let H(z,y) be the element in #(S%) = Z[A, A™!] obtained by decorating the
two components of the Hopf link with z and y. Denote the k-th Jones-Wenzl
idempotent by f, cf. [5]. Define a linear map

¢ S(A) > Z[A, A7

such that ¢p(z) = H(z, fk), where fi, € & (A) is the natural closure of fi. For
bi, b; € by, we will consider (b;, b;) as an element of #(A). If (b;,b;) = a™0™ then

Bu((bi, b)) = (—AMEHD — A20Hym(_ 42 — AZ2)A, (1)

We use “telescoping” to get 231, i(2%) =25, n((**=H - (271)) = 2n (")) = n(*").
'For any surface F, we write #(F) for (F x [0,1]). In S#(A), « represents a nontrivial
curve, 1 — the empty curve, and § = —A? — A~2 — a trivial curve. b, is a basis of a relative

KBSM, #(A,) as a module over Z[A*!,a).
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where A, = (—1)k(A2k+D) — A-2(k+1)) /(A2 — A~2) is the Kauffman bracket of
fx; see page 143 of [5]. To relate the Gram matrix Gn(a,d) to the map ¢, we
substitute § = —A2 — A~2 to obtain Tj(d) = (—1)*(A% + A~%). Let

Fok = <¢k_1((bi,bj)))

1<i<()
Then

Gn((—1)F 1T (—A2 - A7%), -4 — A7) = L

= For.
Ag—1 *

Therefore, Lemma 1 follows from the next lemma.

Lemma 3. The nullity of Fy is at least (,°",).

To prove Lemma 3 we need some linear maps defined on #(A,) and #(D,, 1),
k > 0, where D, is the disk with 2(n + k) points on its boundary. These points
are labeled counter-clockwise by ay, ..., asm, l1,.. .,k and ug, ..., u;.

Let
Unk : S (An) = & (D)

be a linear map defined as follows: Let v, , be an embedding of A, into a neigh-
borhood of the boundary of D, ; such that the point a; on A,, is mapped to a;.
Let L C D, denote the lollipop consisting of the image of the inside boundary of
A, together with a line segment connecting it to a point between uy and l. If [z]
is a diagram representing an element z € /(A,,) then v, x(z) is represented by
a diagram in Dy, consisting of ¢/, ,[z] and k chords in Dy, ;\L parallel to L such
that if a segment of ¢y, , [x] intersects L then it intersects the k parallel chords in
k over-crossings above the lollipop stick and k£ under-crossings beneath the stick.
See Fig 4 for a value of 13 ,. We also need a linear map

fa
08 GG

FI1GURE 4.

Tnk - y(Dn,k) - ‘y(Dn,k)

defined by inserting 2 copies of the Jones-Wenzl idempotents fi close to ug,...ux
and ly,...,l;. See Fig 4 for a value of «35. The third map

Bk : & Dyi) = F(Dno)

is defined by connecting u; to l; outside D, and then pushing these arcs into
D, . See Fig 4 for a value of B35. The fourth map

Cn i (Drp) X F(Ar) = F(Dop)
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is defined by gluing the two entries according to the marks. It is clear that for all
z,y € A, we have

$1((z,9)) = CalBnk © Ynk © Y k() ¥)- (2)

Therefore, if one can show that v k1095 k-1(b;;), 1 < j < s for some integer s, are
linearly dependent then so are the corresponding rows in F ;. This observation
is used to prove Lemma 3.

Proof of Lemma 3. By the above argument it is enough to show that v,x_; ©
Yn k—1(by) is contained in a subspace of dimension (2:) - (n2fk) in #(Dyk-1)-
Therefore, it suffices to show that

aim(tntne) < () - (7)) ®

n

Let NC(D,, x—1) be the set of non-crossing diagrams in D, ;_; consisting of n+k—1
chords. Then NC(D,, x—1) is a basis of #(Dy, x—1). If £ € NC(Dp,x—_1) contains a
chord connecting two u;’s or two l;’s then v, x—1(z) = 0 by a well known property
of the Jones-Wenzl idempotent, cf. Lemma 13.2 in [5]. Hence this lemma follows

from the inequality
~ 2n 2n
Dn - < -
Nemaeo < () - (7))

where N~C(Dn,k_1) is the set of diagrams in NC(Dy, x—1) with no chord connecting
two u;’s or two [;’s. In fact, the equality holds: (]

Lemma 4. Assume the notation above. We have
~ 2n 2n
= - . 4
wemal= () - (, 7)) @

Proof. Lemma 4 is a standard combinatorial fact! but we give its proof for com-
pleteness. Recall that A,, denotes an annulus with 2n marks, labeled ay, ..., asn,
on the outer boundary component. Fix a point xy between ag, and a; on the
marked boundary circle such that the arc containing zo has no other a;’s. Let S
be a line segment connecting z, to the other boundary component of A, see 1..
Let NC¢(A,) C b, be the set of non-crossing diagrams in A,, consisting of n
chords which intersect S at most k times. There is a 1-1 correspondence between
NC«(A,) and NC(D, k). (Suppose x € NCi(A,) intersects S at k' times. Draw
k — k' circles close and parallel to the unmarked boundary component of A,. Cut
along S and we obtain a diagram in NC(D,, x).)

Hence it is enough to show that the set NC5;(A,) := b,\NCg;_1(A,) has (ffj.)
elements. We construct a bijection between NC5;(A,,) and the choices of n — j

marks among the 2n marks on A,,.

$It can be derived from the reflection principle by Desiré André, 1887; also compare [4, 9, 10, 1].
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(i) Assume n — j marks, a;,...,a;,_;, are chosen. We construct n chords as
follows: If, for some s, the point a,,,; is not chosen, we draw an oriented chord
from a;, to a;,4+1, not cutting S. If ag, is chosen but a; is not, then draw an
oriented chord from as, to a; cutting S. At this stage at least one chord is drawn.
Delete this chord together with its endpoint marks and repeat the process again
until all chosen marks are used (they are the beginning marks of the constructed
chords). We are left with 25 marks. Choose the mark with the largest index and
draw a chord as before. All new j chords cut S so the constructed diagram cuts
S in at least j points.

(ii) Conversely consider a diagram of n chords cutting S at least j times. Orient
these chords counter-clockwise. Among the n chords there are s < n — j of them
not cutting S. Add to these s chords n — j — s more chords which are as close to
the outside circle of A, as possible. The beginning marks of these n — j chords
are the marks corresponding to our diagram.

This ends the construction of the bijection. Hence we have
INC3;(An)] = (7). O
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1. INTRODUCTION

Rodica Simion noticed experimentally that matrices of chromatic joins (intro-
duced by W. Tutte in [Tu2]) and the Gram matrix of the Temperley-Lieb algebra,
have the same determinant, up to renormalization. In the type A case, she was
able to prove this by comparing the known formulas: by Tutte and R. Dahab
[Tu2, Dah], in the case of chromatic joins, and by P. Di Francesco, and B. West-
bury [DiF, We] (based on the work by K. H. Ko and L. Smolinsky [KS]) in the
Temperley-Lieb case; see [CSS]). She then asked for a direct proof of this fact
[CSS], [Sch], Problem 7.

The type B analogue was an open problem central to the work of Simion
[Sch]. She demonstrated strong evidence that the type B Gram determinant of
the Temperley-Lieb algebra is equal to the determinant of the matrix of type B
chromatic joins, after a substitution similar to that in type A, cf. [Sch].

In this paper we show that the matrix J, of chromatic joins and the Gram
matrix G, of the Temperley-Lieb algebra are similar (after rescaling), with the
change of basis given by diagonal matrices. More precisely we prove the following
two results:

Theorem A. We have J2(6%) = PG2(5)P, where P = (p;;) is a diagonal matriz
with py(8) = 0P™)~/2; here bk(m;) denotes the number of blocks in the type A
non-crossing n-partition w;; see 2.1 of Section 2 for precise definitions.

Theorem B. We have JP(§%) = PPGE(1,6)P® where PP = (pf) is a diagonal
matriz with pB(§) = §Pk(m)=n/2. here nzbk(m;) denotes half of the number of
non-zero blocks in the type B non-crossing n-partition m;; see 2.2 of Section 2 for
precise definitions.

1
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2. DEFINITIONS AND NOTATION

In the description of the matrix of chromatic joins (of type A and B) we follow
V. Reiner, R. Simion and F. Schmidt [Rei, Sim, Sch].

2.1. The type A case. An n-partition of type A is a partition 7 of the n ele-
ment set {1,2,...,n} into blocks. The number of blocks is denoted by bk(7). To
represent 7 pictorially, we place the numbers 1,2, ..., n anti-clockwise around the
boundary circle of the unit disk and draw a chord, called a connection chord, in
the disk between two numbers ¢ < j if they are in the same block of 7 and there
is no k in the same block with ¢ < k < j. We say that 7 is non-crossing if all
connection chords can be drawn without crossing each other. Notice that each
block is represented by a tree. Denote the set of all non-crossing n-partitions of
type A by II2. On the other hand if n = 2m is even, we have bipartitions of
2m points of type A, those 2m-partitions of type A with every block containing
exactly 2 numbers. Denote the set of all non-crossing 2m-bipartitions of type A
by I'A. We have a bijection @4 : II# — I'4 realized by considering the boundary
arcs of a regular neighborhood of the connection chords (see Fig. 1 and compare
Fig. 2, Fig. 3).

DD OVY

FIGURE 1. The bijection ¢4 : 1§ — I'4.

2.2. The type B case. An n-partition of type B is a partition 7 of the 2n ele-
ment set {+1,+2,...,+n, —1, ~2,..., —n} into blocks with the property that for any
block K of , its opposite —K is also a block of 7, and that there is at most one in-
variant block (called the zero block!) for which K = —K. Since all non-zero blocks
occur in pairs K one defines nzbk(7) as half of the number of all non-zero blocks.
To represent = pictorially, we place the numbers +1,+2,...,+n,—1,-2,...,—n
anti-clockwise around the boundary circle of a disk and draw a connection chord
in the disk between two numbers i < j* if they are in the same block of 7 and there
is no k in the same block with ¢ < k < j. Then 7 is said to be non-crossing if all
connection chords can be drawn without crossing each other. Denote the set of
all non-crossing n-partitions of type B by IIZ. The set IIZ is illustrated in Fig. 2.

tFor topologists the term invariant block is more natural than zero block so we use this names
interchangeably in the paper.

‘Here we use the order +1 < +2<---<n<-1<~-2<.-- < —n.

$The non-crossing condition forces a partition to have at most one zero block.
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On the other hand if n = 2m is even, we have bipartitions of 4m points of type

SR G

FIGURE 2. The pictorial representation of I15.

B, those 2m-partitions of type B with every block containing exactly 2 numbers.
Denote the set of all non-crossing 2m-bipartitions of type B by I'2. Similar to
the type A case we have a bijection ¢p : IIZ — T'B realized by considering the
boundary arcs of a regular neighborhood of the connection chords (see Fig. 3).

FiGURE 3. The bijection ¢p : II¥ — T'J.

2.3. The matrices. For any n-partitions 7 and 7’ of type A (resp. B), denote
by 7V 7’ the finest n-partition (not necessarily non-crossing) of type A (resp. B)
that is coarser than both 7 and #’. The matriz of chromatic joins of type A and
B are respectively:

(JAO))wmena = ™™ and  (JB(8))rpens = 6"PK™™),

For any 2n-bipartitions 7 and 7’ of type A (resp. B), one can glue them along the
boundary circles respecting the labels. The result, denoted 7 V 7', is a collection
of disjoint circles on a 2-sphere. The Gram matriz of Temperley-Lieb algebra of
type A and B are respectively¥:

(G#(a))w,w'er‘,’,‘ = 56(7‘-\/“,) and (Gf(a7 6))71',‘"’61"5 = aCO(WV"’)(scd(”VW,)v

where c¢(n V 7’) is the number of circles, co(w V 7’) is the number of zero (i.e.
invariant) circles C with C = —C, and c¢4(w V 7’) is the number of pairs of non-
zero circles C, —C with C # —C in 7wV 7'

YThe matrix G2 () was first used by H. Morton and P. Traczyk to find a basis of the Kauffman
bracket skein module of a tangle [MT], and played an important role in Lickorish’s approach
to Witten-Reshetikhin-Turaev invariants of 3-manifolds [Li]. The matrix G2(1,6) was first
considered by Rodica Simion in 1998; compare {Sch).
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3. PROOF OF THEOREMS A AND B

Proof of Theorem A. For m; € 114 let b; := pa(m;) € TA. Since c(b; V b;) is also
equal to the number of boundary components of the regular neighborhood of the
pictorial representation of 7; V w; we have 2bk(m; V 7;) = c(b; V b;) + bk(m;) +
bk(m;) —n = bk(m;) — & + c(b; V b;) + bk(m;) — . The formula can be obtained
from the expression for the Euler characteristic of a plane graph: Let G, be a
graph corresponding to the non-crossing partition 7. G, is a forest of n vertices
and n — bk(m) edges. Similarly, let G,,v; be the graph corresponding to m; V ;.
We should stress that m; V 7; does not have to be a noncrossing partition and that
the graph G v, is a plane graph obtained by putting G, inside a disk and Gy,
outside the disk with G, N G; composed of the n points on the unit circle

(e.g.: @ @*@, or @ @— ).

By construction, Gr,yx, is a plane graph of n vertices and bk(n; V m;) components.
It has E(Grvr;) = E(Gr,)+E(Gr;) = n—bk(m;) +n—bk(7;) edges. Furthermore,
if we embed G,vn, in a disjoint union of bk(m; V 7;) 2-spheres (each component
of Gpynr; in a different sphere) we can identify c(b; V b;) with the number of
regions of the embedded graph. The Euler characteristic is on the one hand equal
to 2bk(m; V ;) and on the other hand equal to n — E(Gryvx;) + c(bs V b;) =
c(b; V b;) + bk(m;) + bk(m;) — n, as needed.

Theorem A follows directly from the formula. ad

Proof of Theorem B. For m; € TIZ let b, := ¢p(m) € T'Z and bky(m;) be the
number of zero blocks of m;. Recall that co(b; V b;) is the number of zero (i.e.
invariant) components of b; V b;. As in the type A case we have 2bk(m; V 7;)} =
c(b; V bj) + bk(m;) + bk(m;) — 2n. Furthermore, we have (see Lemma 1):

Zbko(ﬂ'i \ ’Kj) = CO(bz \ bj) + bko(ﬂ'i) + bk()(’frj).
(Notice that bke(m; V ;) can be equal to 2, 1, or 0.) From these we conclude that:
2nzbk(m; Vm;) = c4(b; Vb;)+nzbk(m;) +nzbk(r;) —n. Thus Theorem B follows. [J

Lemma 1. The zero blocks and zero components satisfy the following identity:
Qbk()(ﬂ'i \Y ’ﬂ'j) = Co(bz vV bJ) + bko(ﬂ'i) + bko(ﬂ'j),
where b; = pp(m;) and b; = pp(7;).

Proof. The lemma reflects the basic properties of a 2-sphere with an involution
fixing two points and its compact invariant submanifolds.

To demonstrate the formula we consider all cases of blocks of m;, m; and m; V 7;
divided into four classes:
(1) If K is a non-zero (i.e. non-invariant) block of 7; V m; then all its constituent
blocks in m; and 7; are non-zero blocks and the boundary components of a regular
neighborhood of the geometric realization of K (denoted 0K), that is circles in
b;Vb; corresponding to K, are non-invariant (non-zero) curves, i.e. not in co(b; Vb;).
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(2) If K is a zero block of m; V m; but all its constituent blocks in 7; and 7; are
non-zero blocks, then exactly two components of 0K are invariant curves.

(3) If K is a zero block of m; V 7; and exactly one constituent block is a zero block
then exactly one component of 0K is an invariant curve.

(4) If K is a zero block of m; Vr; and exactly two constituent blocks are zero-blocks
(necessarily one in 7; and one in ;) then no component of 0K is an invariant curve.

These conditions taken together prove the formula in Lemma 1. (]

4. COROLLARIES

Theorem B and the results of [MS, CP] allow us to answer Problems 1 and 2
of [Sch] about a formula for the determinant of the type-B matrix of chromatic
joins:

Corollary 2.
n 2n
det(72(6%) =[] (6 = 1))

i=1

where T;(6) is the Chebyshev polynomial of the first kind:
=2  T=¢$ Ti=0T1-T

The matrix JZ(8) can be generalized to a matrix of two variables as follows:
(JB(a, 5))m it = o Pko(mVn") gnabk(rva’)
It follows from Lemma 1 that
J7(o?,8%) = PP (e, 8)Gr (o, 8) Py (o, 0),

where P2(a,8) = (pi;) is a diagonal matrix with py(a,d) = a
Furthermore, det P5(a, §) = a2(n)** and thus we have:

bko(m;) 5nzbk(7ri)—n/2 .

Corollary 3.

n

n n 2n
det J2(a?,8) = a(")GE(a,8) = o) T (Ta(8)? - 0?) 2.

i=1
Remark 4. Consider the Gram matrix of type B based on non-crossing connec-
tions in an annulus.t This matrix is the same as the one considered before in
Theorem B via the branched cover described in Fig. 4.

**This follows from Proposition 3 of [Rei], which asserts that there exists a fixed-point free
involution y on IIZ such that bko() + bko(y(7)) = 1 and nzbk(x) + nzbk(y(x)) = n.

"This interpretation of the Gram matrix of type B Temperley-Lieb algebra is mentioned in
[Sch] as an annular skein matrix and utilized in [MS] and [CP].
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FIGURE 4. The double branch cover pr : D* — D? with the “cut-
ting” arc S
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GRAM DETERMINANT OF PLANAR CURVES

JOZEF H. PRZYTYCKI AND XIAOQI ZHU

ABSTRACT. We investigate the Gram determinant of the bilinear form based on curves in
a planar surface, with a focus on the disk with two holes. We prove that the determinant
based on n — 1 curves divides the determinant based on n curves. Motivated by the work
on Gram determinants based on curves in a disk and curves in an annulus (Temperley-
Lieb algebra of type A and B, respectively), we calculate several examples of the Gram
determinant based on curves in a disk with two holes and advance conjectures on the
complete factorization of Gram determinants.

1. INTRODUCTION

Let Fgy be a unit disk with 2n points on its boundary. Let By be the set of all pos-
sible diagrams, up to deformation, in Ffl; with n non-crossing chords connecting these 2n
points. It is well-known that |B,,o| is equal to the n** Catalan number C,, = n—}_—l (*™) [10].
Accordingly, we will call B, o the set of Catalan states.

We will now generalize this setup. Let F . C D? be a plane surface with k+ 1 boundary
components. Fpo = D?, and for k > 1, Fpy is equal to D? with k holes. Let Fgy be

Fy ;. with 2n points, ag,...,a2,-1, arranged counter-clockwise along the outer boundary,
cf. Figure 1.
--1
//ao a2n—-1

FI1GURE 1. Throughout the paper, we number the points counter-clockwise
beginning at the top of outer boundary. We label and differentiate between
the holes.

Let B, s be the set of all possible diagrams, up to equivalence, in Fg, with n non-
crossing chords connecting these 2n points. We define equivalence as follows: for each
1
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diagram b € B, , there is a corresponding diagram y(b) € B, obtained by filling the k
holes in b. We call v(b) the underlying Catalan state of b (cf. Figure 2). In addition, a

(06—~

>

FIGURE 2. b+ 7(b)

given diagram in F§, partitions Fp 4 into n+1 regions. Two diagrams are equivalent if and
only if they have the same underlying Catalan state and the labeled holes are distributed
in the same manner across regions. Accordingly, |B,, x| = (n + 1)~1(3"). We remark that
in the cases ¥k = 0 and k = 1, two diagrams are equivalent if they are homotopic, but for
k > 2, this is not the case (for an example, see Figure 3).

In this paper, we define a pairing over B,  and investigate the Gram matrix of the pair-
ing. This concept is a generalization of a problem posed by W. B. R. Lickorish for type A
(based on a disk, i.e. kK =0) Gram determinants, and Rodica Simion for type B (based on
an annulus, i.e. k =1) Gram determinants, cf. [4, 5], [7, 8]. Significant research has been
completed for the Gram determinants for type A and B. In particular, P. Di Francesco
and B. W. Westbury gave a closed formula for the type A Gram determinant [3], [11]; a
complete factorization of the type B Gram determinant was conjectured by Gefry Barad
and a closed formula was proven by Q. Chen and J. H. Przytycki [1] (see also [6]). The
type A Gram determinant was used by Lickorish to find an elementary construction of
Reshetikhin-Turaev-Witten invariants of oriented closed 3-manifolds.

We specifically investigate the Gram determinant G, of the bilinear form defined over
B, 2 and prove that det G, divides det G, for n > 1. Furthermore, we investigate the
diagonal entries of G, and give a method for computing terms of maximal degree in det G,,.
We conclude the paper by briefly discussing generalizations of the Gram determinant and
presenting some open questions.

2. DEFINITIONS FOR B, 2

Consider F'y, a unit disk with two holes, along with 2n points along the outer boundary.
Denote the holes in Fgy by dx, and Oy;, or more simply, just X; and Y;. To differentiate
between the two holes, we will always place X; to the left and Y7 to the right if labels are
not present.

Let Bn = Bn,2 = {b?, - ’b?n+1)

in Fg'y with n non-crossing chords connecting these 2n points. For simplicity, we will often
use b; instead of b, when the number of points along the outer boundary can be inferred
from context.

(2,,)}, the set of all possible diagrams, up to equivalence
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® @

FI1GURE 3. Two non-isotopic but equivalent diagrams in F&z. They corre-
spond to the same state in Bs. A complete specification of By can be found
in the Appendix.

SR PASLIR

FIGURE 4. Pictorial representations of six states {b;, bz, b3, by, b5, bs} C Bs.
We stress that this is not a natural ordering of states in Bj.

Let X, and Y3 be the inversions! of X; and Y, respectively, with respect to the unit
disk, and let S = {X3,X2,Y1,Y2}. Given b; € B, let b;* denote the inversion of b;.
Given b;,b; € By, we glue b; with b;* along the outer boundary, respecting the labels of
the marked points. b; and b; each contains n non-crossing chords, so b; o b;* can have at
most n closed curves. The resulting diagram, denoted by b; o b;*, is then a set of up to n
closed curves in the 2-dimensional sphere (D? U (D?)") with four holes: X1, X5,Y],Ys (we
disregard the outer boundary, 8D?). Each closed curve partitions the set S into two sets.
Two closed curves are of the same type if they partition S the same way. For each b; 0 b;",
there are then up to eight types of disjoint closed curves, whose multiplicities we index by
the following variables:

n4

the number of curves with {X7, X»,Y7, Y2} on the same side
the number of curves that separate {X;} from {X5,Y7,Y2}
the number of curves that separate {X2} from {X;,Y7,Y2}
the number of curves that separate {Y;} from {Xi, X3,Y5}
the number of curves that separate {Y2} from {X1, Xo,Y1}
the number of curves that separate {X;, X2} from {Y7,Y>}
the number of curves that separate {X;,Y1} from {X3,Y>}
the number of curves that separate {X;,Y2} from {X,,Y1}

Unversion is an involution defined on the sphere C U oo by z & l—:—lg
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Let R := Z[d, z1,T2,¥1, Y2, 21, 22, 23], and RB,, be the free module over the ring R with
basis B,,. We define a bilinear form (,) : RB, x RB, — R by:
(bi, bj) = d dz T mp 2y MViye™ V2 2141 292 2373

(b, b;) is a monomial of degree at most n. Some examples of paired diagrams and their
corresponding monomials, using examples from Figure 4, are given in Figure 5.

FIGURE 5. From left to right:
(ba,bs) =x1 (bs,b2) = z122 (b, b2) =dz1 (b1,b3) = x2

Let
Gn = (.‘h‘j) = (<bi’bj>)1§i,j§(n+l)(2:)
be the Gram matrix of the pairing on B,,. For example,

d y2 z2 22

Gy =¥ #1 % T 4y to ordering of By and
1 23 21 Y1

z2 Tz y2 d
detGr = ((d+ 2z2)(2z1 + z3) — (x1 + y1)(z2 + ¥2))
((d — 22) (21 — 23) — (%1 — y1) (22 — 42)).

We remark that for b;,b; € By, (b;, b;) can be obtained by taking b;ob;* and interchang-
ing the roles of X; and Y; with X3 and Y5, respectively. Let h; be an involution on the
entries of G,, which interchanges the variables z; with z2 and y; with yo. It follows that
(bi, bj) = hs((b;,b;)). The transpose matrix is then given by:

‘G = (he((bs,b5)))
We note that the variables d, 21, 29, 23 are preserved by h; (cf. Theorem 3.2(4)).

We can define more generally: given A = {by,,,bp,,...,bn,} € Bpand B = {bm;,bmy, ..., bm,} C
B.,, let (A, B) be an p x ¢ submatrix of G,, given by:

(A, B) = ((bns: bmy)) 1 cicpicic

For example, we can express the matrix G,, as (B, B,,). The i*! row of G,, can be written
as (bi,Bn).
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oo o 0 (25)0
FIGURE 6. A pictorial representation of curves used to define G

This paper is mostly devoted to exploring possible factorizations of det G,, and is the
first step toward computing det G, in full generality, which we conjecture to have a nice
decomposition.

Let ip : B, — B,4+1 be the embedding map defined as follows: for b; € B, io(b;) €
B+ is given by adjoining to b; a non-crossing chord close to the outer boundary that
intersects the outer circle at two points between ag and as,_1, cf. upper part of Figure 8.

We will also use a generalization of 4, for which we need first the following definition. For
any real number «, consider the homeomorphism 7, : C — C on the annulus R’ < |2] < 1,
which we call the a-Dehn Twist, defined by:

ro(2) = zei*(1=(1=1z)/(1-R")
Note that r,(2) = z as |z| = R'. Therefore, we can extend the domain of r, to D? by
defining r4(2) = z for 0 < |2] < R'. Fix R’ such that a circle of radius R’ encloses X;

and Y;. Then r, acts on b; € B,, as a clockwise rotation of a diagram close to the outer
boundary.

FIGURE 7. A w/4-Dehn Twist. Note that ror(b;) = b; (cf. Figure 3).
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Consider the k-conjugated embedding i, : B, — B,,4+; defined by:

ik (bz) = 7'7r/n+1ki0r7r/n——k (bz)

Intuitively, if for b; € By there exists b; € By, such that i, (b;) = b;, then b; is composed
of b; and a non-crossing chord close to the outer boundary connecting ax and ak—1%, Figure
8.

ag a2n—1 ag A2n+1

3Dy

FIGURE 8. An embedding b; — ip(b;), top; a 1-conjugated embedding b; —
i1(b;), bottom; b; € By.

For every b; € B, let pr(b;) be the diagram obtained by gluing to b; a non-crossing chord
connecting a; and ai_y outside the circle, and pushing the chord inside the circle. The
properties of py will be explored in greater detail in Section 4. We conclude this section
with a basic identity linking ip and po:

Proposition 2.1. For any b; € By, b; € Bp_1, b; 0 ig(b;)* = po(b;) o b;*.

3. BASIC PROPERTIES OF GRAM DETERMINANT

In this section, we prove basic properties of det G,,. In particular, we show that the
determinant of G, is nonzero.

Lemma 3.1. (b;,b;) is a monomial of mazimal degree if and only if v(b;) = v(b;).

Proof. b;ob;* has n closed curves if and only if each closed curve is formed by exactly two
arcs, one in b; and one in b;*. Hence, any two points connected by a chord in b; must also
be connected by a chord in bj, so y(b;) = y(b;). O

Theorem 3.1. det G, # 0 for all integers n > 1.

2Thmughout; this paper, we use ax and ax_; to denote two adjacent points along the outer boundary,
where k is taken modulo 2n.
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Proof. Assume (b;,b;) is a monomial of maximal degree consisting only of the variables d
and z;. Because y(b;) = v(b;) by Lemma 3.1, it follows that any two points connected in
b; are also connected in b;. Each connection in b; can be drawn in four different ways with
respect to X and Y, since there are two ways to position the chord relative to each hole.
Because (b;,b;) is assumed to consist only of the variables d and 21, it follows that each
pair of arcs that form a closed curve in b; o b;* either separates {X;, X2} from {¥1,Y2} or
has {X1,X>,Y7,Y2} on the same side of the curve. One can check each of the four cases
to see that this condition implies that any two arcs that form a closed curve in b; o b;*
must be equal, so b; = b;. Using Laplacian expansion, this implies that the product of the
diagonal of G, is the unique summand of degree n(n + 1)(*") in det G,, consisting only of
the variables d and 2;. O

We need the following notation for the next theorem: let f : a; « a2 denote a function
f which acts on the entries of G, by interchanging variables o; with . We can extend
the domain of f to G,,. Let f(Gp) denote the matrix formed by applying f to all the
individual entries of G,,.

Let hi, hs, h3 be involutions acting on the entries of G, with the following definitions:
D hizieoy 2162
(2) hg:zp o2 210 23
(3) ha=hiha:z1 oy Za o Y2
(4) hi:zy o2 Y12

Theorem 3.2.
(1) deth1(G1) = —det G1, and for n > 1, det h1(G,) = det G,,.
(2) det ho(G1) = —det Gi, and for n > 1, det ha(G,) = det G,,.
(3) det h3(Gn) = det Gy
(4) det ht(Gy) = det Gy,

Proof. For (1), note that h;(Gp) corresponds to exchanging the positions of the holes X,
and Y] for all b; € B,. b;* is unchanged, so h; can be realized by a permutation of rows.
For states where X; and Y; lie in the same region, their corresponding rows are unchanged
by hi. The number of such states is given by n—i—ﬂBnl Thus, the total number of row
transpositions is equal to

(- () ) -) - (22)

where C,, = %H(ZT:‘) It is a known combinatorial fact that C, is odd if and only if

n = 2™ — 1 for some m, [2]. Hence, C, is odd implies that
n(n+1) 2m(2" -1)
2 2

which is even for all m > 1. Thus, h1(G,) can be obtained from G, by an even permuta-
tion of rows for n > 1, so det h1(G,) = det G,,. h1(G) is given by an odd number of row

=272 — 1)
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transpositions on G, so det hy(G1) = — det G;.

(2) can be shown using the same method of proof as before. hy(G,) corresponds to
exchanging the positions of the holes X2 and Y, for all b; € B,. ha can thus be realized
by a permutation of columns, and the rest of the proof follows in a similar fashion as the
previous one. Since hy(G,,) can be obtained from Gy, by an even permutation of columns
for n > 1, det ho(Gp) = det G, h2(G2) is given by an odd number of column transposi-
tions on G, so det hy(G1) = — det Gy, which proves (2).

Since h3 = hyhg, it follows immediately that det h3(G,) = det Gy, for n > 1. The sum of
two odd permutations is even, so the equality also holds for n = 1, which proves (3). (4)
follows because det hy(Gr) = det'G,, = det Gr,.

Theorem 3.3. det G,, is preserved under the following involutions on variables:

(1) g1:21 & —T1,T2 & —T2,2p & —29,23 > —23

(2) g2:y1 © —yY1, Y2 & —Y2,22 & —22,23 ¢ —23

() g3: a1 & —r1,Y2 & —Y2,21 & —21,22 © —22

(4) 9192 : T1 © —T1, T3 & —To, Y1 © —Y1, Y2 © —Y2

(5) 9193 : T2 & —To, Y2 & —Y2,21 & —21,23 © —23

(6) 9293 1 T1 & —X1,Y1 < —Y1,21 ¢ —21,%3 & 23

(7) 919293 : T2 & —T2,y1 <> —Y1,21 & —21,22 <> —22

Proof. To prove (1), we show that g; can be realized by conjugating the matrix G, by
a diagonal matrix P, of all diagonal entries equal to +1. The diagonal entries of P, are
defined as

pii = (—1)abaF=)

where ¢(b;, F;) is the number of times b; intersects F; modulo 2, cf. Figure 9. The theorem
follows because curves corresponding to the variables x;, 3, 22 and z3 intersect F, U F,*
in an odd number of points, whereas curves corresponding to the variables d, 22, y; and ys
cut it an even number of times.

FIGURE 9.

More precisely, for

gij — (b’l:y bj) — dnd.’tln’”l xznzz ylnyl yzn” Zlnzl zznzz 23"’3,
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the entry ggj of P,GpP, ! satisfies:
92,' = DPii8ijDjj
= DPiiP;j;9ij
— (_1)q(bi,Fz)+q(bj,Fz)gij
— (_1)nz,+nm2+nz2+nz;,gij
= d"(—z1)" (—32) "2 " Yo M2 21 "1 (— 22) "2 (—23) "
For (2) and (3), we use the same method of proof as for (1). In (2), we use F, and
{‘y U F,*. In (3), we use F, and Fp U F,*. (4) through (7) follow directly from (1), (2) anS
3).

4. TERMS OF MAXIMAL DEGREE IN det G,

Theorem 3.1 proves that the product of the diagonal entries of G, is the unique term
of maximal degree, n(n + 1)(*"), in det G, consisting only of the variables d and 2). More
precisely, the product of the diagonal of G, is given by

)= I (ibi) = a™2™
b €EB,
with a(n) + B(n) =n(n+ 1)(27?) d(n) for the first few n are given here:
5(1)=d*2  6(2) =d®2{® 6(3)=d"0  6(4) = d¥3P
Computing the general formula for §(n) can be reduced to a purely combinatorial prob-

lem. We conjectured that 3(n) = (2n)4"~! and this was in fact proven by Louis Shapiro
using an involved generating function argument [9]. The result is stated formally below.

Theorem 4.1. on “1_(@nyn-t
§(n) = drr ()= @ant on

Let h(det G,) denote the truncation of det Gp, to terms of maximal degree, that is, of
degree n(n + 1)(*"). Each term is a product of (n + 1)(*") entries in G, each of which is
a monomial of degree n. By Lemma 3.1, (b;,b;) has degree n if and only if b; and b; have

the same underlying Catalan state. There are C,, = n—1—+1(2$) elements in B, . Divide B,
into subsets corresponding to underlying Catalan states, that is, into subsets Ay,..., Ag,,

such that for all b;,b; € Ak, v(b;) = v(b;). Then from Lemma 3.1 we have

Proposition 4.1.

Chn
h(det Gp) = ] det(Ax, Ax)
k=1
Note that (Ag, Ax) are simply blocks in G, whose determinants can be multiplied to-

gether to give the highest terms in det G,,. Finding the terms of maximal degree in det Gy,
can give insight into decomposition of det G,, for large n.
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Example 1. B; corresponds to the single Catalan state in By . Thus, det G1 = h(det G1),
a homogeneous polynomial of degree 4.

Example 2. By can be divided into two subsets, corresponding to the two Catalan states
in Byg. We can thus find h(det Ga) by computing two 9 x 9 block determinants. The
two Catalan states in Bag are equivalent up to rotation, so the two block determinants are
equal. Specifically, we have:
h(detGa) = d°(z172 + Tay1 + T1y2 + Yive — d21 — 2122 — d2g — 2223)°

(—z122 + Toy1 + T1y2 — Y1ye + dz1 — 2122 — dzg + 29023)*

(—z12221 — Y1y221 + d21® + Toy123 + T1Y223 — dzs?)?

(—2212291y2 + da1T221 + dy1yezr — d221® + dzoy123 + dT1yazs — di2®)?

= d8det G1*(—z12221 — Y1221 + dz® + Tayr23 + T1y22s — dzs?)?

(—2z1229192 + dz12221 + dy1yazs — A2z + dzay123 + dz1yezs — dP2s”)?

Example 3. Bj can be divided into five subsets, corresponding to the five Catalan states in
Bsgo. We can thus find h(det G3) by computing the determinants of five blocks in B3. The
determinant of each block gives a homogeneous polynomial of degree 240/5 = 48. Bs g forms
two equivalence classes up to rotation, so there are only two unique block determinants. For
precise terms, we refer the reader to the Appendiz.

5. det G,,_1 DIVIDES det G,

In this section, we prove that the Gram determinant for n — 1 chords divides the Gram
determinant for » chords. We need several lemmas:

Lemma 5.1. For any b; € By, po(b;) € By—1 if and only if b; contains no chord connecting
ag and as,—1.

Proof. Suppose agp and as,_1 are not connected by a chord in b;, say, ag is connected to
a;j and agn—1 is connected to ag. Then po(b;) connects ag and az,—; by a chord outside
the outer boundary, and this chord does not form a closed curve. Because a; is connected
to ap and ai is connected to agn—1, po(b;) contains single path from aj to aj, which we
can deform through isotopy so that it fits inside the outer circle. Thus, po(b;) € B,,—1, cf.
Figure 10.

If b; contains an arc connecting ag and agp—1, then pg(b;) contains a closed curve enclosing
some subset of {X1,Y1}, and cannot be in B,,. a

Lemma 5.2. For any b; € By, if po(bi) ¢ Bn_1, there exists by;) € Bn1 such that, for
all b; € Bn_1, one of the following is true:

(1) (Po(b) bj) = d<ba(z)a ')
(3) <p0( )7 J) < 'L)ab)
(4) (po(bs),b;) = zz{ a(i)> b5)-
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ao A2n—1 ag . A2n—1 ag a2n-3
@L" aoazn—s
Do
—_— — —
o e o =

FIGURE 10. From b;, we obtain py(b;) by adjoining a chord outside the
outer boundary between a¢ and as,—1, and pushing the chord inside the
boundary. If b; does not contain a chord connecting ag and as,—i1, then

po(b;) € Bp_1.

Proof. By Lemma 5.1, b; contains a chord connecting points ag and azn_1, so po(b;) must
consist of some diagram in B,_; and a closed curve enclosing some subset of {X1,Y1}.
The former is given by (by(i),b;) for some by(;y € B,—1, and the latter curve is given by
one of the following variables: d, z1,1, 22. O

The previous two lemmas, combined with Proposition 2.1, leads to the following corol-
lary.

Corollary 5.1. Let A = {1,d,z1,91,2}. For any b; € By, there exists b,y € Br1 and
¢ € A such that (b;,i0(Bn-1)) = c{ba(), %0 (Bn-1))-

That is, the rows of (B,i0(B,-1)) are each either equal to some row of G,_1, or to
some row of G,_1 multiplied by one of the following variables: d, z1, y1, z2. We now have
all the lemmas needed for our main result of this section.

Theorem 5.1. For n > 1, det G,_1|det Gy,.

Proof. We begin by proving that for every row of the matrix G,_1, there exists an equiva-
lent row in the submatrix (By,i9(Bn—1)) of G,. Fix b; € B,,_1 and take the row of G,,_;
given by (b;,B,—1). We claim that the row in (By,,i0(Bn_1)) given by (i1(;),%0(Bn_1))
is equal to (b;, B,_1). In other words, (i1(b;),i0(Bn_1)) is equal to the i*" row of G,_1, a
fact which we leave to the reader for the moment, but will demonstrate explicitly in the
next section, cf. Theorem 6.1.

Reorder the elements of By, so that (ig(Bn—1),%0(Bn—1)) forms an upper-leftmost block
of Gy, and (i1(Bp-1),%(Bn-1)) forms a block directly underneath {io(Bp—1),%(Bn-1))-
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This is illustrated below:

((zo(Bn_l),zo(Bn_l)) * % ok k%
(11(Bn-1),%0(Bn-1)) * * * * *

G, = * X ok ok kK
* Xk Kk ok ok

* x K % ok *

* * % % ok k
(iO(Bn——l)aiO(Bn—-l)) * ok ok ok X

Grn-1 x ok ok ok ok

* % % k%

= * * ok ok k%
* x ok % ok *

* X % & ok ok

Corollary 5.1 implies that every row of (Bn,i(Bn-1)} is a multiple of some row in
Gpn-1. Let j1,...,jr denote the indices of all rows of (B,,i5(B;,_1)) other than those in
(11(Bn-1),i0(Bn-1)). Let G’ be the matrix obtained by properly subtracting multiples of

rows in (i3 (Bpn-1),%0(Bn-1)) from rows ji,...,jix of G, so that the submatrix obtained by
restricting G’ to rows ji, ..., jx and columns corresponding to states in io(Bn—1) is equal
to 0:

0 * * Kx K %

Gn-1 * * * * x

0 * ok ok k%

/

Gn' = 0 % * % *x %

0 * ok ok x %

0 * Kk x X X

Thus, G,,’ restricted to the columns corresponding to states in io(B,—1) contains precisely
n(2"_2) nonzero rows, each equal to some unique row of G,_;. The determinant of this sub-

n—1
matrix is equal to det G,_;. Since det G,,—1|det G, and det G,,’ = det G, this completes
the proof. O

6. FURTHER RELATION BETWEEN det G,_1 AND detG,,

As was first noted in the proof of Theorem 5.1, there exists a submatrix of G,, equal to
Gr—1. This section will be focused on identifying multiple nonoverlapping submatrices in
Gr equal to multiples of G, 1. This will prove useful for simplifying the computation of
det G,,. We start with the main lemma for this section and for Theorem 5.1.

Lemma 6.1. For any bi,bj € B,_1, <i0(bi),’i1 (bj)} = (’il(bi),io(bj» = (bi,bj).

Proof. We begin with the equality (i1(b;),io(b;)) = (bi,b;). By Proposition 2.1, i1(b;) o
i0(b;)™ = poi1(bi) o b;*, so it suffices to prove that poii(b;) = Pors/niors/n_1™"(bi) = bi.
This is demonstrated pictorially:
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A2n+1 a2n+1
. . : . .
aO a2n+1 a2n—1
aon—1
Po
Ficure 11.

Thus, (Z'l(bi),io(bj» = (b,;,bj). Recall that (bi,bj> = ht(<bj,b¢>). From this and the
previous equality, it follows that

(0 (bi), 11(b5)) = he((ia(B5),50(8:))) = he((bj, bi)) = he®((bi, b;)) = (bi, b;).

Corollary 6.1. ('iO(Bn—l)ail(Bn—l)) = (il(B _1),i0(Bn_1)> = Gn—l-
Lemma 6.2. For any b;,b; € By_1, (io(bi),%0(b5)) = (G1(b;), 1(d;)) = d(bs, ;).
Proof. ig(bi)oio(b;)* is composed of b;0b;* in addition to a chord close to the boundary glued
with its inverse. The latter pairing gives a trivial circle. Thus, (io(b;),i0(b;)) = d(b;, b;)
for all bq;, bj €B,_ 1.

By symmetry, (i1(Bpn—1),41(Bn-1)) = dGp-1. O
Corollary 6.2. (io(Bn-1),%0(Bn-1)) = {(i1(Bn-1),11(Bn_1)) = dGn-1.

Using these two facts, we can construct from G, a (|By| — 2|Bp-1|) X (|Bn| — 2|Bp-1l)

2n-2
matrix whose determinant is equal to det G, /(1 — d2)"( o) det Gn_1?. This allows us to
compute det G, with greater ease, assuming we know det G,—1. This process is shown in
the next theorem.

Theorem 6.1. There exists an integer k > 03 such that, for all integers n > 1,
det Gp_12| det G, (1 — d2)*.

3Clearly k is bounded above by (n + 1)(*"), or even better, by |Bn| —~ 2|Bn_1|. There are obviously
better approximations possible, but we do not address them in this paper.
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Proof. Order the elements of B,,, (or equivalently, the rows and columns of G,) as shown
in Theorem 5.1. We apply the procedure from Theorem 5.1 to construct G,,’, whose form
is given roughly below:

0 (1—d*)Gnoy * * * *

Gn—l dGn-—l * ok ok X

o 0 * * ok k¥
Gn = 0 * * % ¥ ok
0 * * ok k%

0 * * k%

Consider the block in G,,” whose columns correspond to states in i; (B,—;) and whose rows
correspond to states in neither i3(B,—1) nor 4;(B,_1) (boxed above). Every row in this
submatrix is a linear combination of two rows from G,,_;. More precisely, each row is of
the form a1l — aqdly, where [, and [y are two rows, not necessarily distinct, in G,,_;, and
a1,a2 € A = {1,d,71,71,22}. If we assume (1 — d?) is invertible in our ring, then each
row is a linear combination of two rows from (1—d?)G,,—;. We then simplify G, as follows.

Let G,,” be the matrix obtained by properly subtracting linear combinations of the first
n(%f_“f) rows of G’ from the rows which correspond to states in neither ig(B,_;) nor
i1(Bn-1) so that the submatrix obtained by restricting G,,” to columns corresponding to
states in ¢1(Bn—1) and rows corresponding to states in neither ig(B,_1) nor i;(B,_1) is

equal to 0:

0 (1-d®)Gnog * * * *

Gn_1 dGp—1 * x k%

"o 0 0 * K ok k
Gn” = 0 0 X ok ok %
0 0 T

0 0 * ok % %

2

The block decomposition at this point proves that det G,,” is equal to ( 1—d2)n( i) (det Gpp—1)?
times the determinant of the boxed block, which we denote by G,. The latter contains
a power of (1 — d?)~!, whose degree is unspecified. Thus, det G,_1%|det G,," (1 — d?)* for
some integer £ > 0. We remind the reader that G,,” is obtained from G’ via determinant
preserving operations, and hence det G,,’ = det G,,. |

Note that if det Gy, has fewer than n(z::f) powers of (1—d?)~1, then det G,,_; 2| det Gn,.
It remains an open problem as to whether this is true. For an example of this decomposi-
tion, we refer the reader to the Appendix.

7. FUTURE DIRECTIONS

In this section, we discuss briefly generalizations of the Gram determinant and present
a number of open questions and conjectures.
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7.1. The case of a disk with k holes. We can generalize our setup by considering Fg;,
a unit disk with &k holes, in addition to 2n points, ag,...,a2n—1, arranged in a similar way
to points in Fg,. For b;,b; € By, let b; o b;* be defined in the same way as before. Each

paired diagram b; o b;* consists of up to n closed curves on the 2-sphere (D? U (D*)") with
2k holes. Let S denote the set of all 2k holes. We differentiate between the closed curves
based on how they partition S. We define a bilinear form by counting the multiplicities
of each type of closed curve in the paired diagram. In the case kK = 2, we assigned to
each paired diagram a corresponding element in a polynomial ring of eight variables, each
variable representing a type of closed curve. In the general case, the number of types of
closed curves is equal to

3@ = ﬂ = 92%-1
2 2
so we can define the Gram matrix of the bilinear form for a disk with k holes and 2n points

with (n + 1)¥72(3") x (n + 1)¥=1(>") entries, each belonging to a polynomial ring of 22+~1
variables. We denote this Gram matrix by G,};O’k. For n =1 and k& = 3, we can easily write
this 8 x 8 Gram matrix. For purposes of notation, let us denote the holes in F{'5 by 1, O
and 83, and their inversions by d_1, 8_2 and J_3, respectively. Hence, each closed curve
in the surface encloses some subset of S = {8;,0-1,0,0—3,03,0_3}. Let x4, 4, denote a
curve separating the set of holes {3,,,04,,04,} from S — {0a,, 04y, 043} We can similarly
define x4, 4, and z,,. The Gram matrix is then:

d zT_3 T_3 T_2,-3 zT_1 To1,-3 T_1,-2 w1,2,3\
I3 Z3,-3 T-23 r1,-1,2 r_1,3 T1,2,—-2 r12,-3 T1,2
T2 T2,-3 I2,-2 T1,-1,3 1,2 r1,-23 T1,3-3 T13
Gfo,s _ | %23 Z1,-1,-2 T1,-1,-3 T1,-1 r1,-2,-3 T1,-2 T1,-3 T
151 T1,-3 r1,-2  Z1,-2,-3 r1,-1 r1,~-1,-3 T1,-1,-2 23
13 71,3-3 T1,-23 1,2 r1,-1,3 r2,-2 z2,-3 )
Z1,2 T1,2,-3 71,2,-2 T1,-3 z1,-1,2 T_23 I3,-3 3
T123 T_1,-2 T-_1,-3 z_1 T_9,_3 T_o T_3 d

It would be tempting to conjecture that the determinant of the above matrix has a straight-
forward decomposition of the form (u + v)(u — v). We found that it is the case for the
substitution z,;, = 4,4, = 0 with a;,a2 € {-3,-2,-1,1,2,3} (see Appendix). However
in general, the preliminary calculation suggests that det G£°’3 may be an irreducible poly-
nomial.

Finally, we observe that many results we have proven for det Gfo’z holds for general
det G,Ifo"“ . For example, det G’,I:o’k # 0 and det G,I:O’k‘lldet Gfo"“. In the specific case of
det Gfo’a we conjecture that the diagonal term is of the form §(n) = dem) (181,_1.’172’_2IE3,_3)H(“),
where a(n) + 38(n) = n(n + 1)? (2;) and B(n) = n(n + 1)4" L.

7.2. Speculation on factorization of det G,,. Section 5 establishes that det G,,—;|det Gy,
but we conjecture that there are many more powers of det G,—.1 in det G,. Indeed, even
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in the base case, det G1*|det Gy for k up to 4. Finding the maximal power of det G,1 in
det Gy, in the general case is an open problem and can be helpful toward computing the
full decomposition of det G,,.

Examining the terms of highest degree in det Gy, that is, h(det G, ) may also yield helpful
hints toward the full decomposition. In particular, we note that:

h(det Gy)®
detG14]h(detG2) and (W lh(detG;;)
We can conjecture that
detGQG)
det G
(detGlg | e

so it follows that det G1'°|det G3. We therefore offer the following conjecture:

Conjecture 1. detG; ("2fl)|det Gp forn > 1.

In addition, we also offer the following conjecture, motivated by observations of det G
and det Gy:

Conjecture 2. Let H, denote the factors of det G, not in det G,_1, that is, H,|det G,
and gcd(H,,,det G_1) = 0. Then (Hy—1)*"|det Gy,

Conjecture 3. Let, as before, R = Z[d, z1,%2, Y1, Y2, 21, 22, 23] and Ry be a subgroup of R
of elements invariant under hy, ha, by, and 1,92, 93. Similarly, let Ry be a subgroup of R
composed of elements w € R such that hy(w) = ha(w) = —w and ht(w) = g1 (w) = ga(w) =
g3(w). Then

(1) det G, = u? — v?, where u € Ry and v € Rs.

(2) detGp, =[], (u2 —v2), where uy € Ry and vq € Ry, and uy — vo and ug + vg are

irreducible polynomials.
2n

(3) detG,, =11, (wi?® - vi2)("~i), where u; € Ry and v; € R,.

Notice that if wy = u? —v? and we = u3 —v2, then wiwa = (vyu2 +v1v2)? — (Ugv2 +ugvy)?.

We have little confidence in Conjecture 3(3). It is closely, maybe too closely, influenced

by the Gram determinant of type B (det GZ = det G,I:O’l). That is

Theorem 7.1. ([1, 6])

det GE = ﬁ (Ty(d)? - az)(fi‘i)

where T;(d) is the Chebyshev polynomial of the first kind:
Tp =2, T = d, T, =dT;— ~ Ti—s;

d and a in the formula, correspond to the trivial and the nontrivial curves in the annulus
Fp 1, respectively.
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8.3. G (defined in Theorem 6.1), after simplification

T2yz — dz2 —(-1+d)d(1+d) —d(=1+y2)(1 + y2) —d(=1+22)(1+22) —(-1+d)(1+d)y2
0 —(d = y1)(d + v1) —(y2 — z1)(y2 + 1) (z1 — z2)(21 + 22) —dyz + y121
0 —(d — z2)(d + 22) (z2 — y2)(z2 + y2) (d— z2)(d + 22) —dy2 + z222
—dzy +z221 — Y122 +y223  —2(-14+d)(1+d)wn 2y1 — v1v2? — dyazy 2yy —dzize — y122°  —dyryz + 221 — d*z
0 —dy, + z122 —y221 + z223 dyy ~ z122 z172 — dz1
—21% ~y1? + 21 + 232 —2(dx1yr — 22) —z1y221 + 222 — y1yeza  —(—2+m% + Pz 222 — dzizn — dyrzs
—dyr +y2z1 - T122 + 2223 —2(—-1+d) (1 +d)z1 221 — z1y2? — dy223 2z; —dy1zz — x122°  —dziys + 223 — dzs
—dry + y122 221 — Y223 dzy — y122 z2y1 —dz3
—d? + 232 + o — 252 —2(=14d)(1 + d)z2 —dzays + 222 — Y2222 —z2(—2 + d? + 22%) 2z — d?z2 — dyaz2
0 —(d —z1)(d + z1) —(y2 — z3)(y2 + 23) (y1 — z2)(y1 + 22) —dyz + 7123
y2 — dxraz2 —(-1+d)(1 + d)x2 T — dyaza —(—14+d)(1+d)z2 —d(—=1 4+ z2)(1 + z2)
—Z2z2 + *123 —~dzra + y123 121 — Y222 Tiy1 — dzo —(z2 — z3)(w2 + 23)
dyz — x222 —dza + y222 dza — Y222 4] —(22 - ’yg)(mg + y2)
—dzix2 4 221 — Zayr1z2  —dzoyr + 223 — d%za  —dziya — yiyzze + 223 221 — d2z; — dyize 2y1 — x22y1 — dzaz3
—ri1ze +dz1 T1y2 — dz3 —x1y2 +dz3 0 Y221 — 223
—za(-2+z® +5?) 2 —dyiz —dziza (243’ +uPlye —d(-2+ @’ +u®)  —moyiz + 22 - mimezs
—dzoys — 17222 + 223 —dziz2 + 221 — d?z, —dyi1y2 + 221 — T1y222 2y1 — d2y1 —dzy22 2z — r172° — dxaz
—x2y; +dza ny2 —dz —y1y2 + dzy 0 —x2z1 + Y223
—za(—2 + d2 + 222) 2y2 — d2y; — dz2zg —y2(—2+ d? + z22) —d(-2+d*+ 222) —dzay2 + 222 — z2% 2z
Y121 — T222 —dze + 121 —y222 + Y123 T1y1 — dz2 —(z2 — z1)(z2 + z1)
=~ det G2
det Gg = 5
(1 — d?)*det G4
8.4. detGy
detGy = —d?(—z122 + zay1 + 21Y2 — 1Yz + dz1 — 2123 — dza + 2223) (— 7122 — Tayr — Tay2 — Yry2 + dz1 + 2122 + 23 + 2223)"

(—z12221 — y1y221 + d21° + T2y1 23 + T1y223 — dza’)?

(8d% — 2d* — 8x12 + 2d%x12 — 8z22 + 2d%x2? + 2312322 + 8dx1yy — 2d% Ty — 2dxy 2% yr — 8% + 2d% % + 2222y % +
8dzayz — 2d°z2ys — 2dz1 % 22y2 + 247122012 — 2dT2yi Py — 8y2® + 247ye” + 201 y.” — 2dziviye” + 2017w +
2dzix021 — dszlzzzl —4zayy12y + 2d232y1z1 —4z1y221 + 2d2$1y221 + 2dy1y221 — d3y1y221 + 8212 - 6d2z12 + d4212 -
8d2z2 + 2d4z2 + dxi1x22120 — 2x2Y12122 — 2T1Yy22122 + dyr1y22122 + 421220 — dzzlzzz + 8222 — 2d2222 —4zyx:223 +

2d%x 12223 + 2dzay123 — d322y123 + 2dz1y22z3 — dsmlyzz;; — 4y y223 + 2d2y1y223 — 2x1T22223 + dzoyi12223 + dxiy22eza —
Qy1y22223 + 823> — 6d%23” + d*23” + 4z223° — d®z222%)

(Sd2 —24* - 8.1812 + 2d2m12 - 8222 + 2d2222 + 23:129322 — 8dziy1 + 2d3x1y1 + 2da:1m22y1 - 8yl2 + 2dzyl2 + 2zzzy12 -
8dzays + 2d°zay2 + 2dx1 zays + 2d2z1z2y1v2 + 2dTay P2 — 8y2® + 2d%y2? + 20172 + 2dziy1ye® + 2y1%y2? +

2dz12221 — dazlzzzl +4zay121 — 2d2z2y121 + 4z 1y221 — 2d211y221 + 2dy1y221 — d3y1y221 + 8292 ~ 6d2212 + d4z12

+
2 4 2 22 2 2_ 2
8d°zp — 2d" 29 — dxy1x22129 — 2T2Y12122 — 2T1Y22122 — dy1yY22122 — 421722 + d°z1°20 + 822" — 2d°29" + 4z 2023 —
2d%z 2023 + 2dTay 23 — dozay123 + 2dziy223 — do21yaza + dyry2za — 2d Y1y2zs ~ 22172023 — droy1 2223 — dT1Y22223 —

2y1y22223 + 8232 —_ 6d2232 + d4z32 - 422232 + d222232)

81
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8.5. Terms of maximal degree in det G3

h(det Ga) h(det G2)%det G ~° d**wiw®

= d®®(~z1z2 + z2y1 + T1y2 — v1y2 + dz1 ~ 2123 — d23 + 2223)"°
(—T122 — Tay1 ~ 21y2 — Yav2 +dz1 + 2120 + d2a + 2223)"°
(—z1z221 — Y1y221 + d2? + T2y123 + T1y2zs — d2s®)?

(2r1z2y1y2 — dT12221 — dY1y221 + d%z% — dray1z3 — dri1ya23 + (12232)12

(z1z2119221 — dm1222,” — dyayezr® +d%21° — Tizayiyaza + drayiza® + drryaza® — dP25%)?

3
(z102y1y221 ~ dzr1222? — dyry22] + d°21® + zr@ayryeza — dzayi23® — dziyeze® + d%237)°

8.6. detG3 with substitution 1 =z =y1 =y2 =20 =0
detGaloy=sgmyy=up=ra=0 = (-2+d)**(=1+d)*a®(1+d)*(2+ d)'*(=3 + d*)%(21 — 23)** (21 + 23)*°
(212 — 2123 + 232)(212 + z123 + 232)(—2d2 - 2z12 + d2212 - 2232 + d2232)12

(—.':ld2 - 212 + d2212 + 2123 — d22123 - 232 + d2232)2(—3d2 - 212 + d2112 — 2123 + d22123 - 232 + d2132)2

8.7. det Gf°’3 with substitution z,, = %4, 4, = 0 for all variables of the form z,, and x4, q,

70,3
det G "V lzo;=za;,ag=0 = —(d—=1,2,3)(d+ z1,2,3)
(£1,2,-271,-1,3%1,-1,~2 + 1,3,~3%1,~1,2%1,-1,-3 — £1,2,-3%1,—1,3T1,—1,~3 —

2
Zy,—-1,-2%1,-1,-2%1,-2,3 — £1,2,—-2%1,3,-3%1,-2,-3 + 2‘1,2,—311,—2,3I1,—2,—3)

SHAMND HVNVId 40 LNVNINYHLAd WVHD
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THE GRAM DETERMINANT OF CURVES ON THE MOBIUS
BAND

1. Jozer: FEB 1, 2009

Let b1, bo, b3 be the base for n = 1. b; and by the same as for annulus and
bs cutting the core of Mobius band once. In this basis (see Fig. 1) and basis on
the Klein bottle given by d - trivial curve, a as old a, that is combination b, o by
and of by o by, and further x corresponding to bs o by = b3 o by; y corresponding to
b10b3 =b20b3 and z to b30b3.

FIGURE 1

The first Gram matrix and determiant are:

det = (d — a)(2(d + a) — 2zy)

8 2 a
8 a9
N @ e

For z = y = 0 we get zdet GE.

Of course it is a general property so for £ = y = 0 we know our matrix from
the B-type. Similarly we can argue that det GM® divides det GM?,.

So this are obvious observations, but probably we do not have a nice formula for
the dimensions of the matrix (size of basis) in general. Maybe generated function
of this is not that difficult?

2. Qu: AprIL 3, 2009

Denote the set of configurations, up to isotopies fixing the boundary, of n non-
crossing intervals on the Mobius band by .#,. Let ., ; be the subset consists of
1
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i intervals through the cross-cup. Then obviously we have

My =| | M.
i=0
So when i = 0 we get the type B. It is easy to see that |4, ;| = (nzfi). Hence the
dimension of our problem is
“~ [ 2n 1(2n
| = — 22n—1 - .
=3 (29 =7 +3(5)

Denote
n

D,.o = det GZ = [ (Tu(d)* - az)(f_"k) ,
k=1

and when 7 > 0 n

D, = H (Tox(d) - 2)("2f'°) :
k=i+1
Also denote
9
Op 2 = Toi(2) — 22—a)

T21(d) — CL’

2zy

Oy2i41 = Toit1(2) — T o

Then the Gram determinant on ./, is
n n ( an)
D, =[] Dn: J] O
=0 j=1

This formula agrees with Maple calculations for n = 1,2, 3,4.



