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Abstract

Quandles with involutions that satisfy certain conditions, called good involutions, can be
used to color non-orientable surface-knots. We use subgroups of signed permutation matrices
to construct non-trivial good involutions on extensions of odd order dihedral quandles.

For the smallest example R; of order 6 that is an extension of the three-element dihedral
quandle Rz, various symmetric quandle homology groups are computed, and applications to the
minimal triple point number of surface-knots are given.

1 Introduction

In this paper, we construct an extension R,, of the dihedral quandle R,, with a non-trivial good
involution for each odd positive integer m = 2n 4 1. The extensions R,, we construct are not
involutory, and in particular, not isomorphic to dihedral quandles. As an application, such an
extension is used to study the minimal triple point numbers of non-orientable surface-knots in
thickened 3-manifolds. Detailed definitions will be given in Section 2.

A quandle is a set with a binary operation that is self-distributive: (a<b)<c = (a<c)<(b<c)
and satisfies two other properties. The algebraic structure mimics the Reidemeister moves, and
consequently quandles are a fundamental tool in knot theory. Quandle cohomology theories [2, 4]
have been constructed, and applied to knots by using quandle elements as colors and cocycles as
weights to define quandle cocycle invariants. The same construction was applied to surface-knots
using triple points of the projections, and a variety of applications have been found.

The original definitions of quandle colorings and quandle cocycle invariants are dependent upon
orientations of the diagrams, and in particular, the invariants were defined at first only for orientable
surface-knots. A quandle is called involutory if (x<y)<y = x holds for any elements x,y of the
quandle. An involutory quandle is also called a kei [23], and has the property that colorings are
defined for unoriented knots and surfaces. To generalize involutory quandles and quandle cocycle
invariants for unoriented diagrams and non-orientable surfaces, quandles with good involutions were
defined [15] and studied [16, 19]. Quandles with good involutions are called symmetric quandles.
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Constructions of symmetric quandles have depended mainly on computer calculations, or by hand
for specific families of quandles, such as dihedral quandles. In particular, it was shown in [16] that
any dihedral quandle of odd order only has the trivial (identity map) good involution. In this paper,
we give a construction of symmetric quandles via extensions of dihedral quandles. Specifically,
we prove that for any odd order dihedral quandle, there is an extension with a non-trivial good
involution that is not involutory.

The smallest of such extensions is given by a two-to-one quandle homomorphism Rs — Rs, onto
the three-element dihedral quandle. Various homology groups of this quandle Rz are computed,
and specific non-trivial cycles and cocycles are presented. Applications are given for the minimal
triple point numbers of non-orientable surfaces.

The minimal triple point number t(K) of a knotted or linked surface F' is defined to be the
smallest number of the triple point numbers among all the diagrams of the surface-link F, and
denoted by t(F'). Quandle cocycle invariants [1] are used for studies of minimal triple point numbers
of orientable surface-links; Satoh and Shima [22] determined the minimal triple point number of
the 2-twist-spun trefoil, and Hatakenaka [11] gave a lower bound of 6 for the 2-twist-spun figure-
eight knot. Kamada [15] proved that, for any positive integer N, there is an orientable 2-knot (an
embedded sphere, a spherical surface-knot) K with ¢(K) > N. His argument (Alexander modules)
does not immediately apply to higher genus surfaces or non-orientable surfaces.

Iwakiri [13] used quandle cocycle invariants to provide a surface-knots K with the triple point
canceling number 7(K) as large as you please. The triple point canceling number is the minimal
number of 1-handles needed to change a surface-knot into another with a projection that has no
triple point. It was pointed out by Satoh that, since 7(K) < t(K), Iwakiri’s result implies that for
any positive integer N, there is an orientable surface-knot K with ¢(K) > N. Iwakiri’s results can
be applied to higher genus orientable surfaces, but not to non-orientable surfaces.

In [16, 19, 21], large minimal triple point numbers of (not necessarily orientable, and two-
component) surface-links are realized. Their arguments, however, do not immediately apply to
surface-knots. In this paper, we give surface-knots in thickened 3-manifolds with arbitrary large
minimal triple point numbers.

The paper is organized as follows. A summary of definitions and known results necessary for
this paper are given in Section 2. Explicit constructions are given in Section 3 to prove the existence
of symmetric extensions of odd order dihedral quandles. Symmetric quandle homology groups are
computed for the smallest such example in Section 4, and applications to the minimal triple points
are presented.

2 Preliminaries

In this section we give a summary of necessary definitions and set up the notation.

2.1 Symmetric quandles

Definition 2.1 [1, 14, 18, 23] A quandle, X, is a set with a binary operation (z,y) — x <y such
that
(I. IDEMPOTENCY) for any = € X, z <z = x,



(IT. RIGHT-INVERTIBILITY) for any z,y € X, there is a unique z € X, denoted by <y, such that
r=z<y, and
(III. SELF-DISTRIBUTIVITY) for any x,y,z € X, we have (x<y)<z = (z<2)<(y<2).

lzy. Any subset of a group closed under

Typical examples are conjugations of groups z <y = y~
conjugation, thus, is a quandle. In particular for the dihedral group Ds,, for any positive integer
m, the subset R,, of reflections forms a quandle by conjugation. In this paper, we will concentrate
on the case m = 2n 4+ 1 — an odd integer. It is known that Ds,, has a presentation (z,y : 2% =
y™ = (2y)? = 1). The reflections and rotations of the regular m-gon are written as xy’ and y’ for
j=0,...,m— 1, respectively. Since (zy?)~(zy")(zy’) = zy* ¢, the quandle R, can be identified
with Z,, with the operation i<j =2j —i (mod m).

Let G be a group, H a subgroup, s : G — G an automorphism such that s(h) = h for each
h € H. Define a binary operation on G' by a<b = s(ab~')b. Then this defines a quandle structure
on G. This passes to a well-defined quandle structure on the right cosets G/H that is given by
Ha< Hb= Hs(ab~')b. In particular, if ( € Z(H) N H where Z(H) = {¢ € G : ¢h = h( for all h €
H}, then Ha<Hb = Hab (b defines a quandle structure. Let us denote the resulting quandle
by (G, H,(). This construction is found in [14, 18]. For G = Day,, with H = (z) and ¢ = z, one
computes Hy' < Hy’ = Hy'yJxy! = Hry? " = Hy* !, so that we have R,, = (Do, H, ).

Definition 2.2 [15] An involution p : X — X defined on a quandle is a good involution if z < p(y) =
x<y and p(x<y) = p(x)<y. Such a pair (X, p) is called a quandle with a good involution or a
symmetric quandle.

The associated group [8] of a quandle X isGx = (z € X : xqy =y~

xy). The associated group,
G (x,p) of a symmetric quandle (X, p) is defined [16] by G(x ) = (z € X : vy = vy lry, pla) =
1), The natural map p: X — G (x,p) is the composition of the inclusion map X — F(X) and the
projection map F(X) — G(x,,), where F(X) is the free group on X. For a quandle X, an X-set
[9] is a set Y equipped with a right action of the associated group Gx. For a symmetric quandle
(X,p), an (X, p)-set is a set ¥ equipped with a right action of the associated group G'(x . We
denote by yg or by y- g the image of an element y € Y under the action of g € G(x,,). The following
three formulas hold: y- (z129) = (y-21) 22, y-(v1922) = y- (v5 ' w122), and y-(p(x1)) = y- (27,
for x1,20 € X and y € Y.

2.2 Homology theories for symmetric quandles

A cohomology theory of quandles was defined [4] as a modification of rack cohomology theory [9].
In this section we review homology groups for symmetric quandles defined in [15], see also [16].

Let Y be an (X, p)-set which may be empty. Let C,,(X)y be the free abelian group generated
by (y,z1,...,%y,), where y € Y and z1,...,x, € X. For a positive integer n, let Co(X)y = Z(Y),
the free abelian group generated by Y, and set C,,(X)y = 0 otherwise. (If Y is empty, then define
Co(X) = 0). Define the boundary homomorphism 9,, : Cp,(X)y — Cp—1(X)y by

n
O (y,x1,. .., xpn) = Z(—l)l[(yvﬂflvf@y ey B, By Tig s - -, T)
i=1
— (y T, X1 <X, X2 <N LGy .oy Tj—1 Qxi,fi,$i+1, e ,xn)]



forn > 1and 9, = 0forn < 1. Then Ci(X)y = {Cn(X)y, 0y} is a chain complex [9]. Let DS(X)Y
be the subgroup of Cy,(X)y generated by UM (y, 21, ..., 2,) | #; = 41}, and let D(X)y be the
subgroup of C,,(X)y generated by n-tuples of the form

(Y, @1, ompn) + (Y- @iy 21 <@y ooy i1 <X, p(T4), Tk 1y - -+, Tp)

where y €Y, a1,...,2p € X, andi€ {1,...,n—1}. Then {DZ(X)y,d,} and {D4(X)y,d,} are
subcomplexes of Cy, [16], and chain complexes CF(X)y, CO(X)y, CPP(X)y, C2P(X)y are defined,
respectively, from chain groups CX(X)y = C,(X)y, CX)y = Co(X)y /DXy, CEF(X)y =
Co(X)y /DE(X)y, CEP(X)y = Co(X)y /(DE(X)y +D4(X)y). Their respective homology groups
[16] are denoted by HE(X)y, HO(X)y, H*(X)y, and H?”(X)y, respectively. When Y = 0,
this subscript is dropped. Corresponding cohomology groups are defined as usual, as well as
(co)homology groups with other coefficient groups.

An extension of a quandle X is a surjective quandle homomorphism f : £ — X such that for
any element of X, the cardinality of the inverse image by f is constant. We also say that E is an
extension of X. In [3], an interpretation of quandle 2-cocycles was given in terms of extensions of
quandles, in a manner similar to group extensions by group 2-cocycles. It is, therefore, a natural
question to ask for a relation between symmetric quandle 2-cocycles and extensions of symmetric
quandles. Here we observe such an interpretation.

Let (X, p) be a symmetric quandle, and A be an abelian group, and ¢ : X? — A be a symmetric
quandle 2-cocycle. Specifically, ¢ satisfies

gb(xl, 1’2) — ¢($1,$3) — (b(l‘l <1.7}2,.1‘3) + ¢(£L’1 X3, T2 <1$3) =0

for any x1,22,23 € X, and é(z1,22) + ¢(p(21),22) = 0, ¢(21,22) + ¢(71 922, p(22)) = 0. An
extension of a quandle X by a quandle 2-cocycle ¢ was defined in [3] by (z,a)<(y,b) = (x<y,a +
¢(z,y)). Define p: X x A — X x A by p(x,a) = (p(x), —a).

Proposition 2.3 (X x A, p) is a symmetric quandle.

This is proved by direct calculations.

2.3 Colorings of surface-knots by symmetric quandles

A knot diagram for a classical knot (n = 1) or for a surface-knot (n = 2) is the image of a general
position map from a closed n-manifold (collection of circles or surfaces) into R"*! with crossing
information indicated by breaking the under-arc or under-sheet (see [7] for details). Let a surface
diagram D of a surface-knot F' be given. We cut the diagram further into semi-sheets by considering
the upper sheets also to be broken along the double point arcs. Observe that in the local picture of
a branch point there are two semi-sheets, at a double point there are 4 semi-sheets, and at a triple
point, there are 12 semi-sheets.

Let (X, p) denote a symmetric quandle, and let Y denote an (X, p)-set. The surface diagram
D has elements of X assigned to the sheets and elements of Y assigned to regions separated by the
projection such that the following conditions are satisfied.



e (Quandle coloring rule) Suppose that two adjacent under-sheets e; and e, are separated along
a double curve and are labeled by x1 and zo. Suppose that one of the two semi-sheets coming
from the over sheet of D, say es, is labeled by 3. We assume that a local normal orientation of
e3 points from ey to es. If the normal orientations of e; and ey are coherent, then xq <x3 = w9,
otherwise x; <9x3 = p(x3).

e (Region colors) Suppose that two adjacent regions 1 and ro which are separated by a semi-
sheet, say e, are labeled by y; and w9, where y1,y2 € Y. Suppose that the semi-sheet e is
labeled by z. If the normal orientation of e points from r{ to ro, then y; - x = yo.

e An equivalence relation (of a local normal orientation assigned to each semi-sheet and a
quandle element associated to this local orientation) is generated by the following rule (basic
inversion): Suppose that two adjacent semi-sheets coming from an over-sheet of D about a
double curve are labeled by x1 and xo. If the normal orientations are coherent, then 1 = o,
otherwise x; = p(z2).

A symmetric quandle coloring, or an (X, p)y -coloring, of a surface-knot diagram is such an equiv-
alence class of symmetric quandle colorings. See Fig. 1.

. p(z)

7

Figure 1: A basic inversion

We call a diagram D with an (X, p)y-coloring, Cp, an (X, p)y -colored diagram and denote it
by (D,Cp). Let (D,Cp) and (D', Cp) be (X, p)y-colored diagrams.

We say that (D,Cp) and (D', Cpr) are Roseman move equivalent if they are related by a finite
sequence of Roseman moves [20] (see also [7]) such that the colors are kept constant outside of each
local move.

Let (D,Cp) be an (X, p)y-colored diagram of an (X, p)y-colored surface-link (F,C'). For a
triple point of D, define the weight as follows: Choose one of eight 3-dimensional regions around
the triple point and call the region a specified region. There exist 12 semi-sheets around the triple
points. Let S, Sy and Sp be the three of them that face the specified region, where Sp, Sy and
Sp are in the top sheet, the middle sheet and the bottom sheet at the triple point, respectively. Let
nr, ny and np be the normal orientations of Sp, Sj; and Sp which point away from the specified
region. Consider a representative of C'p such that the normal orientations of Sy, Sj; and Sp are
nr, ny and np and let z1, o and x3 be the labels assigned the semi-sheets Sg, Sy, and Sp, with
the normal orientations npg, ny; and np, respectively. Let y be the label assigned to the specified
region. The weight is €(y, 21, 22, x3), where € is +1 (or —1) if the triple of the normal orientations
(n,na,np) does (or does not, respectively) match the orientation of R?. See Figure 2. The sum
> . €(y, 1,29, 23) of the weight over all triple points of a colored diagram (D,Cp) represents a
3-cycle [ep] € ng’p (X)y [16]. Colored diagrams and cycles represented by colored diagrams are
similarly defined when region colors are absent, or equivalently, when Y = (.



+(y, 1, x2, 23)

Figure 2: A weight of a triple point

Lemma 2.4 [16, 19] If two colored diagrams (D,Cp) and (D’,Cp) are Roseman move equivalent,
then they represent homologous 3-cycles, [Cp] = [Cp] € H3Q’p(X)y.

For surface-knots or link in R*, it is known [20] that two diagrams of equivalent (ambiently
isotopic) surface-knot or a link are Roseman move equivalent.

2.4 Triple point numbers

Let F' be a surface-link and D a diagram of F'. The minimal triple point number of F' is evaluated
by quandle invariants with symmetric quandle cocycles as follows:

Lemma 2.5 [16, 19] Let (X, p) be a symmetric quandle. Let § : Z(X3) — Z be a symmetric
quandle 3-cocycle 6 € C’%,p(X) of (X, p) such that 6(a,b,c) € {0,—1,1} for any (a,b,c) € X3. For
a symmetric quandle coloring Cp of the diagram D, if 6([Cp]) = « for a € Z, then t(F) > |a|.

For surface-knots and links in a thickened 3-manifold M x [0, 1], where M is a closed 3-manifold,
we take the natural projection p : M x [0,1] — M in the direction of the unit interval to define
the diagrams. Then the minimal triple point number is defined in the same manner as above. By
[12], we may assume that diagrams in M of equivalent (ambiently isotopic) surface-knot or link in
M x [0, 1] are Roseman move equivalent.

3 Extensions of dihedral quandles with good involutions

In this section we prove:

Theorem 3.1 For each positive integer n, there is an extension R2n+1 of Rop1 with a non-trivial
good involution p that is not involutory.

The proof follows a construction of a group extension of the dihedral group and the definition
of a quandle structure on group cosets that were described in Section 2.

Definition 3.2 Let e; denote the column vector in R™ whose jth entry is 1 and the remaining
entries are each 0. A signed permutation matrixz is a square matrix of size m matrix whose columns



are of the form (£e,(1), £€y(2);---;T€s(m)) Where o € X, is a permutation. The set of signed
permutation matrices form a group H,, of order 2™m! that is called the hyper-octahedral group.
Define the group SH,, to be the signed permutation matrices of determinant 1.

To avoid extra subscripts, we write (£e,(1), £e5(2), - - - s T€s(m)) as (£o (1), £0(2),...,£a(m)).
Then the matrix multiplication, in this notation, is written by

(e1-0(1), ..oy €m-a(m))-(61-7(1), ..., S - 7(m)) = (e-(1y01 - o(T(1)), -y €r(m)Om - o(T(M))),

where ¢; = +1 and ¢; = %1 for 4,5 = 1,...,m. The product is obtained by looking at the
entry in the 7(1) position of (e; - (1), €2-0(2), ..., €, - o(m)) and write that entry first after
having been multiplied by d1, then look at the entry in the 7(2) position and write that second
after having been multiplied by d2, and the process continues to the mth position. For example,
(1,5,4,-3,-2)-(5,1,2,3,4) = (=2,1,5,4, —3) while (5,1,2,3,4)-(1,5,4, -3, —2) = (5,4,3, -2, —1).

We identify a subgroup of SH,, that maps onto the dihedral group. Let m = 2n + 1. Consider
the subgroup Ga,41 of SHay4+1 that is generated by the pair of elements a = (1,2n+1,2n,...,n+
2,—(n+1),...,—3,—2)and b= (2n+1,1,2,...,2n).

The dihedral group, Dj(g,41), will be identified with the image of its faithful representation
in permutation matrices. Specifically, we identify the reflection = with (1,2n + 1,2n,...,2), the
rotation y with (2n + 1,1,2,...,2n), and Dy(g,41) With the subgroup of permutation matrices
generated by these two elements. Then the map that takes each matrix (a;;) to (|ai;|) defines a
group homomorphism onto the dihedral group: f : Gont1 — Danq1), such that f(a) = = and

f) =y.

Lemma 3.3 The order of Gaoni1 is (2n + 1) - 227+1. The centralizer of a, C(a) = {c € Gans1 :
ac = ca}, is generated by the elements

(17 €2 (2n+1)a €3 (271), cees Engl (n+2)7 —€n+41 (n+1)7 ceey TE2 (2>)
where €; = 1 for j =2,...,n+ 1. In particular, |C(a)| = 2",

Proof. Let Iz = (e1 (1), €2(2), ..., €241 (2n+ 1)) where ¢; = £1 for j = 1,...,2n + 1, such that
H?Z‘{lej =1 (an even number of entries are negative). There are

2n +1 2n +1 2n +1 9
— 92n
( 0 ) ( 2 ) ( 2n >

such elements. We show that these elements are in Gg, 1. Since a® = (1,-2,-3,...,—(2n + 1)),
for i = 1,...,2n, a®(b~%a?b’) has negative signs at the first and the (i + 1)th entries, and positive
signs otherwise. Hence b=/ (a%b~a?b")b’ has negative signs at the (54 1)th and (i + j + 1)th entries,
and positive signs elsewhere. By multiplying elements of these forms, any Iz with an even number
of negative signs can be obtained. Since b'a = ab~ "I for such an I, any element of G, 41 is written
uniquely as b Iz or ab’Iz. This is analogous to elements of Do, having the form 3/ and zy’. In
total, we have |Ga,1 1| = (2n + 1) - 227+,

If ac = ca, then ¢ must be of the form Iz or alz. From the equation a - alz = alz- a, we have
€j = €2p43—;. Since the determinants of the matrices are all +1, the initial sign, €; must be positive;
or else, an odd number of the remaining €; are negative, but these signs agree in pairs. Thus

ale= (1, €2 2n+1), ..., enp1 (n+1), —eny1(n), ..., —€2 (2)).



A similar computation gives that Iz = (1, €2 (2), ..., €1 (R+1), €ny1 (N +2), ..., 2 (2n+1))
are the only diagonal signed permutation matrices that commutes with a. These are products of
the alz that commute with a. This completes the proof. [

Let H = C(a) denote the centralizer of a. Consider the quandle structure R2n+1 = (Gon+1,H,a)
given by Hu < Hv = Huv'av. From the preceding lemma, we have |Rop 1| = (2n + 1)2".

Lemma 3.4 There is a surjective quandle homomorphism f : f%%ﬂ — Ront1.

Proof. The group homomorphism f : G2,11 — Dan41) defined earlier, by f(a) = z and f(b) =y,
satisfies f(C(a)) = (x). Hence f induces a quandle homomorphism (written by the same letter)
[ Rant1 = (Gany1,C(a),a) — Rony1 = (Da@nt1y, (), 7). O

Lemma 3.5 The quandle R2n+1 s mot involutory for any positive integer n.

Proof. It is sufficient to show that the equality (Ha<Hb)<Hb = Ha does not hold in R, ;. Since
(Ha<Hb)<Hb= Hab tabb~'ab = Hb 'a®b, we show that b~'a?b ¢ H. One computes

b la?h = (2,....2n4+1,1)(1,-2,-3,...,—(2n+1))(2n+1,1,...,2n)
= (2,....2n+1,1)(—-(2n+1),1,-2,-3,...,—2n)
= (-1,2,-3,...,—(2n+1)).
By Lemma 3.3, H is generated by some square matrices of size 2n + 1 whose (1, 1)-entries are 1,

and (1,7)-entries and (7, 1)-entries are 0 for any ¢, j # 1. Thus the matrix (-1,2,-3,...,—(2n+1))
is not an element of H. Therefore, RQnH is not involutory. [

Lemma 3.6 For any positive integer n, the quandle R2n+1 = (Gan+1, H,a) has a good involution.

Proof. Define a map p : R2n+1 — R2n+1 by

(Hu) H(-1,-2,...,—(n+1),n+2,...,2n+ 1)u if n is an odd number,

u) =

P H(1,-2,....,—(n+1),n+2,...,2n+ 1)u if n is an even number.

Note that the elements inserted (—1,—-2,...,—(n+1),n+2,....2n+ 1) and (1,-2,...,—(n +
1),n 4+ 2,...,2n + 1), respectively, are indeed elements of G,11, as they have even numbers of

negative signs. We prove that this map is a good involution of Rgn+1.
(i) It is an involution by

(pop)(Hu) = H(el,-2,...,—(n+1),n+2,...,2n+1)*u = Hu,

where ¢ is the sign +.
(ii) For any element Hu and Hv in Ry,

p(Hu)<Hv = H(el,—-2,...,—(n+1),n+2,...,2n+ 1)u< Ho
= H(l,-2,...,—(n+1),n+2,...,2n+ Duvtav.

On the other hand,

p(Hu< Hv) = p(Huww tav) = H(el, =2,...,—(n+1),n+2,...,2n+ Duv 'av.



Hence, p(Hu) <« Hv = p(Hu < Hv) is satisfied.
(iii) For any element Hu and Hv in R2n+1,

Hu<p(Hv) = Hu<H(el,-2,...,—(n+1),n+2,....2n+ 1)v
= Huww '(el,-2,...,—(n+1),n+2,...,2n+1)
a(el,=2,...,—(n+1),n+2,...,2n+ 1)v

= Huv la lv.

The last equality is satisfied by
(e1,-2,...,—(n+1),n+2,---.2n+1) a (e1,-2,....,—(n+1),n+2,---,2n+1) =a" .
The equality
(Hu < p(Hv)) «Hv = Huw 'a v < Hv = Huv ta oo™ lav = Hu
implies Hu < p(Hv) = Hu< Hv. O
Theorem 3.1 follows from Lemmas 3.4, 3.5 and 3.6.

Example 3.7 The extension Rs = (Gs, C(a),a), where H = C(a), a = (1,—3,2) and b = (3,1,2),
consists of 6 elements. Let I; = (—1,—2,3). The six elements are represented by 0 through 5 as
{0=H,1=Hb,2=HV 3=HI,4= Hbl,,5= HV*I;} with the quandle operation given by the
following table.

R«C |0 1 2 3 4 5
0 0 51 0 2 4
1 21 3 5 1 0
2 4 0 2 4 3 2
3 3 2 4 3 5 1
4 5 4 0 2 4 3
5 1 3 5 4 0 5

The map f : Ry — Rs is given by f(i) = i (mod 3). The good involution is the involution
p=(03)(1 42 5).

4 Homology groups of R; and triple point numbers

For Rs3, computer calculations give the results below on symmetric quandle homology groups. Let
X(z,y,2) € C% p(RQnH, Z) be the characteristic function. Define a 3-cochain

A(ZC, Y, Z) = X(a:,y,z) - X(p(x),y,z) - X(zdy,p(y),z) - X(xdz,ydz,p(z))
X (p(2) ay.0(v),2) T X(p(x) 2,y az,0(2))
TX((zay) a2.0(y) 92.0(2)) ~ X((p(x) ay) az,0(y) 42,0(2))-

Then Mathematica calculations show:



Lemma 4.1 Let Rg be as above.

(i) HY?(Rs,Z) =0, HY"(Rs,Z) = Z.

(ii) The 3-chain ¢ = (2,1,2) + (2,0,1) — (1,0,2) — (0,2,1) € C'??’p(RgnH,Z) is a 3-cycle (c €
Z3Q”)(R3,Z)) that represents a generator [c| of H:?’p(Rg,Z) =~ 7.

(iii) Any 3-cycle with less than 4 basis terms (triples) is null-homologous.

(iv) The 3-cochain ¢ = A(0,1,0) + A(0,1,2) — A(0,2,1) is a 3-cocycle (¢ € Z%’p(.ég,Z)) that
represents a generator of H%’p(}ég,Z) =7 dual to [c], that is: ¢([c]) = 1.

(v) The 3-cochain ¢' = A(0,1,0) + A(0,1,2) + A(0,2,0) — A(0,2,1) + A(1,0,1) — A(1,0,2) +
A(1,2,0) + A(1,2,1) + A(2,0,1) + A(2,0,2) — A(2,1,0) + A(2,1,2) is a 3-cocycle with +
monic terms such that ¢'([c]) = 4.

Figure 3: A diagram of the surface constructed

Theorem 4.2 For any positive integer N, there is a closed 3-manifold M and a non-orientable
surface-knot F in M x [0,1] such that t(F) > N.

Proof. For the 3-cycle ¢ of Lemma 4.1 (ii), make a colored triple point in a 3-ball for each basis
term. The degenerating terms are capped by branch points. Connect them together to form a
larger 3-ball B with all triple points and branch points included, see Fig. 3. The boundary 0B
contains a colored classical link diagram illustrated in Fig. 4. One can also obtain Fig. 4 from the
formula for the 3-cycle ¢ of Lemma 4.1 (ii) as follows: The 3-cycle ¢ is represented by a colored
diagram with region colors as depicted in Fig. 5. Take the “double” of Fig. 5 and extend, see Fig. 6.
By smoothing the black dots that represent branch points, we obtain Fig. 4.

Then add 1-handles to connect double curves of the diagram. In Fig. 4 the attaching disks
of 1-handles are indicated by dotted circles. The shapes of the circles, T-shaped, oval and circle,
respectively, together with the colors of arcs indicate the pairs of the attaching regions. Note that
the oval and circle ones must be rotated 180 degrees before identifying. This twist makes the surface
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Figure 4: Adding 1-handles

non-orientable. A handlebody H of genus 3 results as an ambient manifold, and it has 5 closed
curves on the boundary.

Attach 2-handles to H along the closed curves on the boundary. Let M/ be the result, which is a
compact 3-manifold with boundary. By capping off the boundary of M| by handlebodies, we obtain
a closed orientable 3-manifold My with a diagram Dy in it, that represents c¢. Let m be an integer
such that 4m > N. Taking an m-fold knot connected sum, we have a connected closed 3-manifold
M = #,,My and a connected, colored diagram D = #,,D in M which represents mc. By lifting D
to M x [0, 1], we obtain the surface-knot F' whose minimal triple point number is greater than N:
Using the 3-cocycle ¢/ in Lemma 4.1, we have t(F) > 4m by Lemma 2.5. Therefore we obtain the
inequality ¢(F) > N. O

Figure 5: Representing the 3-cycle ¢

11



Figure 6: Assembling triple points

Note that using the 3-cocycle ¢', we can also prove that the minimal triple point number of the
constructed surface-knot F' in the above proof is exactly 4m.

The next result shows that homological conditions on the surface changes the triple point
numbers.

Proposition 4.3 Any surface-knot diagram colored with Rs in a closed 3-manifold M that is null-
homologous in Ha(M;Z2) as an underlying generic surface, and with less than 8 triple points, is
null-homologous in H:?’p(f%;;,Z).

For the proof, we need the following lemma, calculated by Mathematica. Let Y = {«, 3}, and
let R3 act on Y by a-u =3, f-u = « for any u € Rs. This provides cycles represented by
colored diagrams with regions with checkerboard colorings. The map of deleting the first factor
m:(aor B,21,...,2,) — (x1,...,2,) induces a chain map 7 : CS*”(R;»,,Z)Y — C,?’p(f:ﬂg,Z).

Lemma 4.4 Let Rs, Y be as above.

(i) HS?(Rs,Z)y = 7 x Zs.
(ii) The 3-chain

v = (,0,1,0) + (2,0,1,2) + (,0,2,0) + (a, 1,2,0)
—(,2,1,0) + (5,0,2,0) + (8,1,2,0) + (8,2,0,1) € CL*(R3,Z)y

is a 3-cycle (v € Z??’p(Rg,Z)y) that represents a generator [y] of Z C H??’p(Rg,Z)y.

(iii) Any 3-cycle with less than 8 basis terms (quadruples) is null-homologous.

(iv) The 3-cochain ¢" = A(0,1,0) + A(0,1,2) + A(0,2,0) — A(0,2,1) + A(1,0,1) — A(1,0,2) +
A(1,2,0) + A(1,2,1) + A(2,0,1) + A(2,0,2) — A(2,1,0) + A(2,1,2) is a 3-cocycle (¢" €
Z3Q”’(R3,Z)) with + monic terms such that ¢"([y]) = 8.
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Lemma 4.5 The induced map T : ng’p(Ry),Z)y — H:))Q’p(Rg,Z) restricted to the Z factor multi-
plies the generator by 2.

Proof. One computes m.([y]) = ¢((0,1,0) + (0,1,2) + (0,2,0) + (1,2,0) — (2,1,0) + (0,2,0) +
(1,2,0) + (2,0,1)) = 2. O

Proof (of Proposition 4.3). Let D be a colored diagram in a closed 3-manifold M whose under-
lying generic surface represents a null-homologous class in Ho(M;Zs), and that is non-trivial in
Hg’p(ﬁg). In particular, we have ¢(D) # 0, where ¢ is a cocycle in Lemma 4.1 (iv). Then there
is a checkerboard coloring for D as it is null homologous in Hy(M;Zs), and let D’ be the cycle in
75" (Rs, Z)y represented by D with the checkerboard coloring. Since 7, ([D']) # 0 in HS?(Rs, Z),
by Lemma 4.5, [D'] is non-trivial in H:?’P(Rg, Z)y. Then Lemma 4.4 (iii) implies that D must have
at least 8 triple points. [

Concluding remarks. We conjecture that the extensions R, are connected for any odd positive
integer m. Such a property is not only of an algebraic interest, but also desirable from point of
view of using the quandles for coloring twist-spun knots for applications.

The most remarkable aspect of this quandle X = Ry is its free part in Hs despite its being
connected (Lemma 4.1 (i)). It is known [17] that the ordinary quandle homology groups do not
have free part if it is connected. This shows that the symmetric quandle homology is quite different
from the original quandle homology, and this fact should be useful for non-orientable surfaces.

It is an interesting problem to compute the quandle (co)-homology of quandle extensions (which
are given by surjective quandle homomorphisms) in terms of the homological information of the
source, target, and fiber.

All classical 3-colorable knots we tested have non-trivial coloring by Rs, so we conjecture that it
is always the case. We also conjecture that any surface-knot diagram in R? colored by R represents
null-homologous class in H?(;?’p (Rg, Z)y. It is an interesting fact that, from Proposition 4.3, that
the homology class of the surface is related to the minimal triple point number.

Acknowledgments

We are grateful to Professors Seiichi Kamada and Shin Satoh for numerous valuable comments and
information.

References

[1] E. Brieskorn, Automorphic sets and singularities, in “Contemporary math.” 78 (1988), 45-115.

[2] J.S.Carter; M. Elhamdadi; M. Grana; M. Saito, Cocycle knot invariants from quandle modules
and generalized quandle cohomology, Osaka J. Math. 42 (2005), 499-541 .

[3] J.S. Carter; M. Elhamdadi; M. A. Nikiforou; M. Saito, Fxtensions of quandles and cocycle knot
invariants, J. of Knot Theory and Ramifications 12 (2003) 725-738.

[4] J.S.Carter; D. Jelsovsky; S.Kamada; L. Langford; M. Saito, Quandle cohomology and state-
sum invariants of knotted curves and surfaces, Trans. Amer. Math. Soc. 355 (2003), 3947-3989.

13



[5]

[6]

J.S. Carter; S. Kamada; M. Saito, Geometric interpretations of quandle homology, Journal of
knot theory and its ramifications 10 (2001) 345-386.

J.S. Carter; S. Kamada; M. Saito, Surfaces in 4-space, Encyclopaedia of Mathematical Sciences
Jvol142 Springer Verlag (2004).

J.S. Carter; M. Saito, Knotted surfaces and their diagrams, Surveys and monographs 55 A.M.S.
(1998).

R.Fenn; C.Rourke, Racks and links in codimension two, J. Knot Theory Ramifications 1
(1992), 343-406.

R.Fenn; C.Rourke; B.Sanderson, Trunks and classifying spaces, Appl. Categ. Structures 3
(1995)) 321-356.

R.H.Fox, A quick trip through knot theory, in “Topology of 3-manifolds and related topics
(Georgia, 1961),” Prentice-Hall (1962), 120-167.

E. Hatakenaka, An estimate of the triple point numbers of surface-knots by quandle cocycle
invariants, Topology Appl. 139 (2004), 129-144.

T.Homma; T.Nagase, On elementary deformations of maps of surfaces into 3-manifolds. II,
in “Topology and computer science (Atami, 1986)” 1-20 Kinokuniya, Tokyo (1987).

M. Iwakiri, Triple point cancelling numbers of surface links and quandle cocycle invariants,
Topology Appl. 153 (2006) 2815-2822.

D.Joyce, A classifying invariant of knots, the knot quandle, J. Pure Appl. Alg. 23 (1982),
37-65.

S. Kamada, Quandles with good involutions, their homologies and knot invariants, in “Intelli-
gence of Low Dimensional Topology 2006, Eds. J. S. Carter et. al.” 101-108 World Scientific
Publishing Co. (2007).

S. Kamada; K. Oshiro, Homology groups of symmetric quandles and cocycle invariants of links
and surface-links, arXiv:0902.4277v1.

L. N. Litherland; S.Nelson, The Betti numbers of some finite racks, J. Pure Appl. Algebra
178 (2003) 187—-202.

S. Matveev, Distributive groupoids in knot theory (Russian), Math. USSR-Sbornik 47 (1982),
73-83.

K. Oshiro, Triple point numbers of surface-links and symmetric quandle cocycle invariants,
preprint.

D. Roseman, Reidemeister-type moves for surfaces in four-dimensional space, in “Knot theory
(Warsaw, 1995)” 347-380 Banach Center Publ., 42, Polish Acad. Sci., Warsaw (1998).
S.Satoh, Triple point invariants of non-orientable surface-links, Topology Appl. 121 (2002)
207-218.

S.Satoh; A.Shima, Triple point numbers and quandle cocycle invariants of knotted surfaces in
4-space, New Zealand J. Math. 34 (2005) 71-79.

M. Takasaki, Abstraction of symmetric transformations, Tohoku Math. J. 49 (1942/43), 145
207.

14



