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with: 

When are phase flctuations important?

There is also a short distance cutoff - a

is given by:

*The Hamiltonian  governing the effects of long wavelength
phase fluctuations is the kinetic energy of the superfluid

* Introduce the temperature   that gives the scale of “phase stiffness”

a

For BCS - Eliashberg theory ! is not important to determine the transition - Tc0.

The superconducting order parameter:

Importance of phase fluctuations forImportance of phase fluctuations for
two-dimensional superconductors:two-dimensional superconductors:



If phase fluctuations are not important

Examples:

Pb - ~ 10
5

High-Tc - ~ 10 - 100

2-D superconductors - ~ 1

If phase fluctuations are important 

phase fluctuations are

important in 2-D

What about quantum phase fluctuations?
These are associated with the uncertainty:

Phase coherence implies large coulomb energies (unless screening)

V.J. Emery and S.A. Kivelson, Nature 374, 6521 (1995)
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J. M. Kosterlitz & D. J. Thouless,, Journal of Physics C: Solid State Physics 6, 1181-1203 (1973).

S. Doniach and B.A. Huberman, Phys. Rev. Lett. 42, 1169 (1979). 

Zero Magnetic-FieldZero Magnetic-Field

Setting a = d (film thickness):



Finite Magnetic FieldFinite Magnetic Field
(no disorder)(no disorder)

Superconductivity is established below the melting transition:Superconductivity is established below the melting transition:
again a again a Kosterlitz-Thouless Kosterlitz-Thouless Transition*Transition*

Hc2 is only a crossover field below which pair amplitude
is established but no phase coherence

B.A. Huberman and S. Doniach, Phys. Rev. Lett. 43, 950 (1979).

D. S. Fisher, Phys. Rev. B 22, 1190 (1980).

Melting via unbinding of dislocation pairs

F = U - TS = [!d  - 2k B T]ln(L/a  )

* Experimentally this was shown by: A. Yazdani, W.R. White, M.R. Hahn, M. Gabay, M.R. Beasley, and A. Kapitulnik,  Phys. Rev. Lett. 70 (1993), 505.



Effect of disorder:Effect of disorder:
Larkin, 1970; Larkin & Ovchinikov, 1979*

* Feigelman et al., 1991

With disorder (pinning), positional long range order is lost:

New length scale that describes by how much the disorder 
perturbes the positional order R c

* Tonner, 1992

       Orientational order is also lost with disorder

For dislocations in 2-D the relevant length scale is:

At         the cumulative displacement is ~  a0Rd

RcAt        the cummulative displacement is ~ " 

x 

In the presence of disorder: for H > 0 and finite T there is no true superconducting phase

See: T. Giamarchi and P. Le Doussal, Phys. Rev. Lett. 72, 1530 (1994).

Vortex lattice gets distorted due to 
pinning - dislocation pairs are induced



Summary Phase Diagram:Summary Phase Diagram:

*M.P.A. Fisher, Phys. Rev. Lett. (1990)
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Vortex Glass:

Delocalized Cooper-pairs

Localized (pinned) vortices

Superconducting phases exist only on the planes (H-T, $-T, H- $)



Two possible Superconductor-Two possible Superconductor-””InsulatorInsulator”” Transition at T=0: Transition at T=0:

Fe
rm

i I
ns

ul
at

or

Superconductor Superconductor !! Bose-Insulator Bose-Insulator
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Superconductor ! Fermi-Insulator

1) Superconductivity is destroyed by disappearance 
of Cooper pairs altogether. Cooper attraction is reduced 
due to Large Coulomb interaction. *

*A.M. Finkelstein, JETP Lett. 45, 46 (1987).

This model however neglects quantum fluctuations of the 
Bosonic field! Free electrons exist!

2) Bosons in a random potential. Pairs can become 
localized due to coulomb repulsion.
Equivalent to array of Josephson-Junctions (E

J
 vs. E

C
). *

* M.P.A. Fisher, Phys. Rev. Lett. (1990).

No free electrons exist!
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We will argue below that in disordered thin films the transition will always be phase-dominated.
(analyze data in terms of Superconductor to Bose-Insulator Transition)



We will argue below that in disordered thin films the transition will always be phase-
dominated.  (analyze data in terms of Superconductor to Bose-Insulator Transition)

A note about the disorder axis:A note about the disorder axis:

While in general the disorder axis is taken as proportional to
R/square, we note that since vortices are involved, this may not be an
accurate measure of the disorder.

*for example, a very homogeneous, large-R/square film will pin vortices very poorly and
may therefore overestimate the disorder. Similarly, lower-R/square films that are granular in
nature may underestimate the disorder because of their ability for strong pinning.

With this observation, we will argue that all films, whether granular
or uniform (and become granular due to phase separation and puddle
formation), are in the same universality class with respect to the SIT
and the behavior near it.



Quantum Critical Point
Of Disorder tuned S-I Transition

                                      Disorder tuned S-I TransitionDisorder tuned S-I Transition
In experiment one fabricate films where the disorder is fixed



Rc

Insulator

Superconductor

Experiments on Bi layer grown on amorphous Ge

Disorder is varied by 
changing film thickness



Rc 

Experiments on Ga layer grown on amorphous Ge

Insulator

Superconductor

Granular (Local) effects



Plane of 
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Quantum Critical Point
Of Field Tuned S-I Transition

Field tuned S-I Transition
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Superconductor
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Field-tuned transition: Approach to the critical point:Field-tuned transition: Approach to the critical point:



I. Granular films are inherently inhomogeneous 
 

Inhomogeneous nature of the transitionInhomogeneous nature of the transition

Equivalent to phase fluctuations and strong disorder

II. Homogeneous films: Amplitude fluctuations + Disorder

B. Spivak and F. Zhou, Phys. Rev. Lett. 74, 2800 (1995); 
F. Zhou and B. Spivak, Phys. Rev. Lett. 80, 5647 (1998).

V. M. Galitski and A. I. Larkin, Phys. Rev. Lett. 87, 087001 (2001).

Island formation due to strong fluctuations of $

! Island formation at the mean-field level

! Adding quantum fluctuations result in a phase transition

A. Ghosal, M. Randeria and N. Trivedi, Phys. Rev. Lett. 81, 3940 (1998);
Phys. Rev. B 65, 14501 (2001).

! Solving B-dG in the presence of disorder- show island formation

Yonatan Dubi, Yigal Meir, and Yshai Avishai, Phys. Rev. B 78, 024502 (2008).

! Using a locally self-consistent numerical solution of the B-dG equations,
show island formation and evolution with magnetic field.

! Mesoscopic fluctuations in large dimensionless conductance 
M. A. Skvortsov, M. V. Feigel'man, Phys. Rev. Lett. 95, 057002 (2005).
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With no disorder the
S-I transition is 1st order
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•E. Shimshoni, A. Auerbach and A. Kapitulnik, Phys. Rev. Lett. 80 (1998), 3352.

or The vortex-lattice melting
is first order

III. Homogeneous films: Phase fluctuations + weak disorder

(weak disorder regime!)

Island formation due to  proximity to quantum melting + disorder 
(Imry & Ma mechanism)

Adding disorder forces phase separation into
regions of superconductor and regions of
“insulator”



Numerical examples:

Yonatan Dubi, Yigal Meir, and Yshai
Avishai, arXiv:0712.4398: cond-mat

A. Ghosal, M. Randeria and N. Trivedi, Phys. Rev. Lett. 81, 3940 (1998); Phys.
Rev. B 65, 14501 (2001).

Zero-magnetic-field

Finite-magnetic-field



Experimental example:Experimental example:
Gap inhomogeneities on 
the surface of 
Bi2Sr2CaCu2O8+x
(quasi-2D system)

2$

C. Howald, P. Fournier, and A. Kapitulnik, Phys. Rev. B 64 (2001), 100504.

A. C. Fang, L. Capriotti, D.J. Scalapino, S.A. Kivelson, and A. Kapitulnik, Phys. Rev. Lett. 96 (2006), 017007.

100Å



 Transition is

Percolation - like:
S

S
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H>H
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Modeling the inhomogenous nature of superconductivity near 
the transition to the superconducting state:

H<H
c

SuperconductorSuperconductor

Background 

(Insulator/metal)

But, with quantum effects
(Quantum Percolation)

tunneling
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Approach to the critical point:Approach to the critical point:

..

Temperature

F
ie

ld

Influence of
QCP

S
u

p
er

co
n

d
u

ct
o

r
In

su
la

to
r

Bose
Metal

Tc0

Hc2

H

TTM TKT

Pure
system
melting

For a plane of finite disorder:

T

R

T

R



Field-tuned SIT at T=0: Scaling TheoryField-tuned SIT at T=0: Scaling Theory

Assume a continuous quantum transition at the critical field
Hc . The correlation length near the transition is:

The dynamics of the transition is described by the
vanishing frequency as the transition is approached:

From vortex displacement argument the current density
must enter the scaling relation with the combination:

From Cooper pair displacement argument the electric field
E  will appear in the scaling function with the combination:

(! ~"#1/z)

Thus, the J-E relation near the Superconductor-Insulator
transition should be:

* M.P.A. Fisher, Phys. Rev. Lett. (1990).



Finite temperature and electric field:Finite temperature and electric field:

At finite temperature, kBT will determine the frequency scale:

Similarly, for the the electrostatic energy:

The resistance near the transition in the Ohmic regime is given by:

And the non-linear resistance at fixed temperature*:

%

cT is a constant

cE is a constant

General scaling function:

* Provided that heating is not present (T > T!) A. Yazdani and A. Kapitulnik, Phys. Rev. Lett. 74, 3037 (1995).  



Isotherms show a crossing point!
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Hallmarks of the SIT

Glass Transition as T&0 

Activated behavior as T&0 

With the above arguments:

Critical behavior is expected to be in
the same universality class as
quantum percolation: # ' 2.3 ('7/3)



Early work: Scaling - InOx

Which implies:

  

! 

R H = H
c( ) = R

c
F
T
0( ) " Rc

z#$1.3

Rc$4.9k(

A. F. Hebard and M. A. Paalanen, Phys. Rev. Lett. 65, 927 (1990).



More recent results:More recent results:
Superconducting Transitions (H=0):Superconducting Transitions (H=0):

InOx

MoGe

Increasing disorder

1. A. Yazdani and A. Kapitulnik, Phys. Rev. Lett. 74, 3037 (1995).  

2. M. Steiner and A. Kapitulnik, Physica C 422, 16  (2005)

TaN

3. N. Brezney and A. Kapitulnik, (2008)

1

3

2



Weak disorder behaviorWeak disorder behavior

MoGe

InOx

A. Yazdani and A. Kapitulnik, Phys. Rev. Lett. 74, 3037 (1995).  

M. Steiner and A. Kapitulnik, Physica C 422, 16  (2005)
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Insulator

R/

H [T]

Rpeak/Rc~1.5

Resistance increases according to weak-localization

Resistance increases with weak power-law



Superconductor

Crossing 

Point

Insulator

Crossing points:Crossing points:

InOx

MoGe

Crossing point for
T > 100 mK

Scaling for T > 100 mK

Rc) Rn



..

Scaling (MoGe)

R vs. T at different field R vs. E at different field

z * =1.35 (1+z) * =2.73

Solve for z and *:

* ) 1.35 ;    z ) 1.00

Note: * ) 1.35 represents a classical percolation exponent
indeed - a metallic phase intervenes! 



Properties of the Superconducting phaseProperties of the Superconducting phase

• Zero-resistance  
Resistance will approach zero in an activated fashion

•Vortices are localized with disorder: VORTEX GLASS

For Vortex Glass phase:

I-V will have non-linear component that sets in at

I
nl
(T)~T /!g~T

1+"g

! 

"g~T
#$g

(at T=0 no linear resistance as R=0)

S.M. Girvin, R.A. Hyman, M. Wallin, M.P.A. Fisher and A.P. Young, Phys. Rev. B 51, 15304 (1995).



A A ““Metallic StateMetallic State”” emerges at low-T emerges at low-T

•A new metallic phase with resistance 2-3 orders of
magnitude lower than the “Fermi” resistance:

For MoGe Films:

•The metallic phase is almost a superconductor. 
Internal Josephson couplings dominate:

RFF

Rn

D. Ephron, A. Yazdani, A. Kapitulnik, and M. R. Beasley, Phys. Rev. Lett. 76, 1529 (1996) 

N. Mason and A. Kapitulnik, Phys. Rev. Lett. 82, 5341 (1999).
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Example:Example:



Instabilities in the “Metallic State”
(Vortex Physics?)



It is not heating!
1. Similar Sample (with no superconductivity,same n, R  ) shows 

Weak Localization - log(T) down to 50 mK

2. Compare effective activation temperature to actual temperature:
(similar treatment to that used in MQT by J. Clarke et al.)

In the activated regime:

Teff



Experiments on Ga layer grown on amorphous Ge

     Insulator

       Superconductor

Rc

Bose metal

Metallic state?



Proposed flow in phase space during experiment:Proposed flow in phase space during experiment:
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•At low fields the metallic phase undergoes a transition to
a true superconductor.

•There is an underlying Superconductor-Insulator transition
that is Bose-dominated that the metallic phase “knows” about.

•The almost superconductor-insulator transition is percolation like
With classical-percolation exponent.
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Modify properties of transition with metallic plane near sample …

Change dynamical scaling exponent      ( , "-z ?
• z=1 for charged bosons w/ long-range Coulomb repulsion
• z=2 for neutral (or screened) bosons

In pure boson picture, screening length
should be  <  "  ~ "GL |H-Hc|/Hc

 "min ~ 150Å

Metallic plane could change dissipative environment

 diss. ~ 1/R

400Å Au
150Å Al2O3

30Å MoGe



Effects on Tc and Hc

With Ground Plane

Without Ground Plane
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metallic plane
bare

H = 0.4T

30Å MoGe
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Conclusions for weak insulators:Conclusions for weak insulators:

•A new metallic phase with resistance 2-3 orders of 
magnitude lower than the “Fermi” resistance

•The metallic phase is almost a superconductor. Internal
Josephson couplings.

•At low fields the metallic phase undergoes a transition to
a true superconductor

•There is an underlying Superconductor-Insulator transition
that is Bose-dominated that the metallic phase “knows” about.

•The almost superconductor-insulator transition is percolation like
With classical-percolation exponent.





For weak disorder Insulating behavior is “weak”

dR/dH < 0
to the highest field

Superconductor Insulator

Crossing Point: Hc~11.2 T Rpeak/Rc ~ 1.4

Peak position is of order 
of mean field Hc2

Rc



Intermediate disorder

Crossing Point: Hc~9.1 T

Rpeak/Rc ~ 20

Intermediate Insulating behavior

Peak position is of order 
of mean field Hc2

Rc



 Observed # is consistent with 
quantum percolation: z# =2.5

Scaling with temperature

Crossing point: Hc~ 3.6 T

Rpeak/Rc~500

Strong disorder behavior (Strong disorder behavior (InOInOxx))

Rc



Activated behavior of the strong insulator

Replotting of the isotherms 
following an Arrhenius model

#

Plot R vs. 1/T for const. H



Replotting of the isotherms 
following an Arrhenius model

Activation temperature at
high magnetic fields

#

Repeat for each field:



"Fermi-Insulator/metal”



Construction of Summary phase diagram: Construction of Summary phase diagram: 

Scale the conductance and field to produce a global phase diagram:

!Scale the critical conductance by the quantum conductance of pairs:

!Scale the critical field by the (mean field) upper critical field - Hc2(0).

* The upper critical field is found from the low field slope and from the peak of the

magnetoresistance (which is found to be close to Hc2(0)).

Myles A. Steiner, Nicholas P. Breznay and Aharon Kapitulnik, Phys. Rev. B 77, 212501 (2008). 



z=1

*=1.35

Rc ) Rn

z=1

*=2.35

Rc ) RQ

Region of poor scaling

(Samples used: amph-InOx, poly-InOx,TaN, Ta, amph-MoGe)



Conclusions:

•  2-D superconductors in magnetic field exhibit a 
   tendency towards a superconductor-insulator transition.

•  In the regime of weak disorder critical behavior (as observed from 
   finite temperature) is consistent with classical percolation, but is 
   disrupted by the appearance of metallic phase.

!True superconductivity is achieved at lower fields.

•   In the regime of strong disorder critical behavior (as observed from 
    finite temperature) is consistent with quantum percolation. 

!In these films a strong insulating behavior is expected at low T.



ObservationsObservations  Relevant to Relevant to High-Tc  High-Tc  



Resistive Transitions in a FieldResistive Transitions in a Field

Envelope follows R ~ Log(1/T) 
down to about 200 mK, as 
shown by the straight line above

M.A. Steiner, G. Boebinger and A. Kapitulnik, Phys. Rev. Lett. 94, 107008 (2005)..



Back to the envelope behavior: R ~ logT



-ab ~ logT



Comparison of EnvelopesComparison of Envelopes

     In-plane resistivity measured with a perpendicular magnetic field

- Amorphous, type II BCS film - High-Tc, layered structure

- Field rolls over at ~ 12.5 T - Field saturates at ~ 50 T



The “logT” phase in high-Tc IS NOT the “normal state”

There are still a large number of pairs in this phase. 

High-Tc in a field could be close to a field-tuned SIT where pairs 
persist much above the mean field Hc2.

Results support the Nernst effect measurements* which 
find “vortices” at fields much above where the 
“normal state” is achieved.

* Z. A. Xu, N. P. Ong, Y. Wang, T. Kakeshita, and S. Uchida, Nature 406, 486 (2000).

Yayu Wang, N. P. Ong,1 Z. A. Xu, T. Kakeshita, S. Uchida, D. A. Bonn, 
R. Liang, and W. N. Hardy, Phys. Rev. Lett. 88, 257003 (2002). 

C. Capan, K. Behnia, J. Hinderer, A. G. M. Jansen, W. Lang, C. Marcenat, 
C. Marin, and J. Flouquet, Phys. Rev. Lett. 88, 056601 (2002).




