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B Toeplitz determinants

m Szego and Fisher-Hartwig asymptotics

® Critical asymptotics and Painleve V

B Toeplitz determinants and orthogonal polynomials
® 2d Ising model



Toeplitz determinants

B Toeplitz matrix = matrix which is constant along

diagonals
/ Co C_.1 C_9 ... C_n+1\
C1 Ch C_q
Co C1 BT C_9
. - Cp C1q
\Cn—l .. G C1 Co /
B Toeplitz determinant is the determinant of a Toeplitz
matrix

B Asymptotics for Toeplitz determinants when the
size of the matrices tends to infinity?



Toeplitz determinants

B Consider a weight f(e”) on the unit circle C;
B Fourier coefficients

1 2T ' |
cr=o=[ f()e™db
21 Jo
. . . N ’
m Fourier series f(e") ~ >0 c;e’

B Toeplitz determinant for weight/symbol f

Dy (f) = det(cj—r)}52,



Toeplitz determinants

m |f the weight f(6)
» IS "smooth"
» has no zeros
» has a continuous logarithm (winding number 0
around the origin)

B SzegO's strong limit theorem: as n — oo,

0

In D,,(f) =n(n flo+»  k(n f)(In f)_p + o(1),

k=1

with
1

(In f)r = 5 /OQW In f(e”)e ""dp.



Fisher-Hartwig singularities

B Two types of weights for which Szegd asymptotics
are not valid T

» Jump discontinuities

————————

» root type singularities

B Example

F(e”) = (2—2 cos §) PO V(") for 0 < 6 < 2,

with Re o > —%

» Fisher-Hartwig singularity at 1



Fisher-Hartwig singularities

B For weights with one Fisher-Hartwig singularity with
parameters « (root) and G (jump),

lnDn(f)—nVOJerVka— ka— a+ ) ka

k=1

Gﬂ+a+m ﬂ+a—m

2 2
+ (o = %) Inn + In G+ 20)

+o(1),

as n — oo, where G 1s Barnes’ G-function, and

1 27

- 0\ —iko

Vi = o . V(e")e " dd.
(Fisher-Hartwig '68, Widom 73,
Ehrhardt-Silbermann '97, Basor-Ehrhardt '01,
Delft-1ts-Krasovsky '08)



Toeplitz determinants

B Asymptotics are known for
» Szeg0 weights (smooth, not winding around the
origin)
» Fisher-Hartwig weights (jJump and root type
singularities)
B asymptotic behavior Is different in those two cases
B \What happens if we deform the weight in such a
way that a Szego weight turns into a Fisher-Hartwig
weight?
» transition in asymptotic expansion where
O(Inn)-term appears and O(n)-term disappears



Transition from Szego to FH

B weight

£(2) = (2 — e)H8(y — et)a—B ymatB=in(a+h) V(2)

)

with V analyticand ¢t > 0

G_

» f analytic on C' with winding number zero around
the origin for ¢ > 0

» f has a singularity at 1 for t = 0,

f(e?) = (2—2cos 9)aeiﬁ(9_”)ev(ew), for 0 < 0 < 2m,



Transition from Szego to FH

B Asymptotics as n — oo for Toeplitz determinant with
weight

f(2) = (z — )HB(5 — ety ymatBemin(ats) oV (2)
» SzegO0 asymptotics for ¢t > 0 fixed,
In D, (t) = nVy + nt(a+ 5) + O(1), asn —
» Fisher-Hartwig asymptotics for ¢t = 0,
In D, (0) =nVy+(a*—3)Inn+0O(1), asn — oo,

with Vo = 5= [, V(2)%£.



Transition from Szego to FH

B what happens if t — 0 simultaneously with n — oo
(double scaling limit)?

f(Z) _ (Z o et)oHrﬁ(Z . e—t)a—ﬁz—aJrﬁe—iw(oHrﬁ)eV(z)

B Result (TC-Its-Krasovsky):
If o > —% and Re 5 = 0,

InD,(t) =nVo+ Y kViVope—(a=B)Y Vi—(a+8)) V.,
k=1 k=1 k=1

G(l+a+ 0)G(1+a—0)
G(1+2a)

+ /2ntw(:1:)da: + O(t) + o(1),

+(a+B)nt+(a®—5%) In n+ln




Transition from Szego to FH

B w IS a solution to the system
Ty = 2u — 20(u — 1)* + (u — 1)[(a — B)u — B — a,
U

—v—i[042—ﬁ2—20w+2?)2—E(U—a—ﬁ)—uv(?}—oﬁ—ﬂ)}

S
|

B v is real analytic on (0, +o0), and it has the
asymptotics




Transition from Szego to FH

B |f 4w and v solve the differential system, then u
solves the Painlevé V equation

2u  u—1 T T2 U
+@ Du(u%—l)’
T u—1
with
1 , 1 , 1
A:§(oz—ﬂ), B:—i(oz—kﬂ), C=14+28, D=—-.



Transition from Szego to FH

InD,(t) =nVo+ > kViVop — (o= 3 ka— (a+ B) ka

k=1

Gﬂ+a+m ﬂ+a—m
G(1+ 2a)

+ /%tw(x)d:ﬁ + O(t) + o(1),

+(a+B)nt+(a®—5%) In n+ln

B special case 1. n — oo, t — 0 In such a way that
nt — 0

> terms (a + §)nt and fm (x)dx vanish
— FH asymptotics

B special case 2. n — oo, t — 0 In such a way that
nt — oo
» divergent part of fm r)dz Kills (o* — 5%)Inn
— Szeg0 asymptotlcs



Transition from Szego to FH

® Consistency of O(1)-term with the Szeg0
asymptotics leads to the identity

lim Ugsw(x)da: + (a* — %) In 3}

S——+00
Gl+a+p3)G(1+a—70)
G(1+ 2a) |

= —In
B Extension to complex ¢?
Expansion is valid for |argt| < 7 if contour of
iIntegration does not contain poles of w



Transition from Szego to FH

B what If Im a = 0 and/or Re (3 # 0?
» w(z;a, ) is notreal for x > 0
» w can have poles on (0, +-00)

» asymptotic expansion holds only if we integrate
over a pole-free contour

— expansion not valid if 2nt is a pole of w(zx; a, §)

» poles correspond to Toeplitz determinants
approaching 0
— different choices of integration contour
—— eXpansion picks up residue of w
— residue of w at Its poles Is integer
— different branches of In D,,




Orthogonal polynomials

Relation between Toeplitz determinants and
orthogonal polynomials

m et f(¢Y) be positive on the unit circle and in L?
B OPs determined uniqguely by conditions

1 2T

pn(ew)pm(e_w)f(ﬁ)dg — 5nm7

21 J;

or

L @@ f% =0,

27'('7; C 2



Orthogonal polynomials

B Heine’s formula: determinant formula for orthogonal
polynomials

1 C1T Chp C_ . :
W)\/ DDA |2 e




Orthogonal polynomials

Hint for Proof:
1. p, Is polynomial of degree n (expansion by last

row),
mn
pa(2) = Z a;z’
7=0
2. By residue argument, Fourier series and row
expansion,
Co C_1 C_9 C_n
C1 Cco cC_1
1 _ dz 1 . .
2—7I'i Cpn(z)zkf(z)? — \/Dn-|—1(f)Dn(f) () C1 . . CcC_9
: Cco c_1
Ck Ck—1 R Ck—n-+1 Ck—n




Orthogonal polynomials

B As a consequence, we have

Dn n—1 P
() = \/ S D - [T

where «; > 0 Is leading coefficient of orthonormal
polynomial p;

B asymptotics as n — oo for p,,, k,, are known in many
cases

B unfortunately kg, x1, ... are also needed



Asymptotics for Toeplitz determinants

General approach to obtain asymptotics for Toeplitz
determinants for weight f

B Step 1: deform weight f smoothly to a weight for
which Toeplitz determinant is known (e.g. uniform
weight),

fi(2), fi(z) = f, fo(z) =1
m Step 2: try to find differential identity for < In D,,(f})
Interms of p,, pn—1, ..., Pr—k ANA Ky, K1, - s Kp—j

B Step 3: find asymptotics for orthogonal polynomials
as n — oo, uniform in ¢

B Step 4: integrate differential identity from 0 to 1



Asymptotics for Toeplitz determinants

Step 2: differential identity
m Since D,,(f,) = [1/—, £;(f:) "% we have

y REYTD
—InD,(f;) = =2 ()

dt

J=0

K5 (ft) 2m _ -
> Write ki) ﬁ 0 % (pj(z)pj(z)) ft(z)d?
» Use Christoffel-Darboux formula

n—1

Y 0i(2)pi(2) = —npa(2)pa(2) + 2 (pn(2)p(2) — Pa(2)P,(2))

j=0



Asymptotics for Toeplitz determinants

Step 2: differential identity
B \We obtain

d /
IHD (ft — 2n—

/ o (Pu(2)D,(2) = pu(2)p),(2)) fil2)d2

» 'local’ formula in n

» asymptotics for OPs are now (in principle)
sufficient to obtain asymptotics for Toeplitz
determinants

» depending on the deformation, it might be
possible to simplify the differential identity



Asymptotics for Toeplitz determinants

Step 3: asymptotics for OPs
B this is the main difficulty

B for large classes of weights, asymptotics can be
found using the Riemann-Hilbert approach

Step 4.

B |nsert the asymptotic expansions in the differential
identity and integrate



Transition from Szego to FH

Applied to our transition between Szego and FH
B Step 1: deformation of weight:

ft(z) _ (Z o et)onrﬁ(Z . e—t)a—ﬁz—aJrﬂe—iw(oHrﬁ)eV(z)

» weight iIs complex, so orthogonal polynomials do
not necessarily exist

m we know asymptotics for In D, (0) (Fisher-Hartwig)
and for In D,,(ty) (Szeg0)

» Wwe can integrate from 0 or from ¢



Transition from Szego to FH

B Step 2: differential identity in terms of orthogonal
polynomials

» Let {py,pr, k =0,1,...} be an orthonormal
system of polynomials (both with leading
coefficient v;) satisfying

1 dz

N
m e 5 ™mo k, — O, 17 .
o [ @RI =

» If fIsreal, p, = p;. are the usual orthogonal
polynomials on the unit circle

» for complex f, existence of polynomials is not
guaranteed



Transition from Szego to FH

B Step 2: differential identity

d cosht a? — (32 5 a+p a— (3
L Dn(t) = Bn — _ 52 let) 4 X Pyt
A e I y Ve) Ve
a+pB (n a-p . a—ﬁ(n oz—ﬁ) 4
_ ° F(0, e F(0,
2 <2+ 2 ) 0.e)+ == {5+ (0,e7)
cosht 0f = 57 ot o),
sinh ¢ 4
where

F(z,y) =T [Y(2)o3Y (z) 'Y (y)osY (y) '],

—1 —1 pn(§) f(£)dE
Y(z) = ( o P fCl E—2z 2miEM )

—Xn—1% pn—l(z 1) —Xn—1 fcl s glfi )f2(§r)i€£

» Y Is solution of the Riemann-Hilbert problem for
orthogonal polynomials



Transition from Szego to FH

B Step 3: asymptotics for orthogonal polynomials

» Riemann-Hilbert problem for orthogonal
polynomials

» asymptotic analysis of the RH problem

» this is the step where the Painlevé V equation
appears



Transition from Szego to FH

Final step:

B |ntegrate (asymptotics for) differential identity from 0
tot

® insert known FH asymptotics for In D,,(0)
B this leads to asymptotics for In D,, (1)
Remark:

B |f Painlevé V function w has a pole at x
» OPs do not necessarily exist (not even for large
n) If 2nt — «

» Toeplitz determinants approach 0 if n — oo and
t — 0 such that 2nt — «



2d Ising model

2d Ising model
B rectangular lattice of size m x n

B assign a spin (£1) to each point of the lattice
» Spin configuration

B probability measure on configurations:

Plo € A)=Z(T)" ) e P

occA

M-1 N-1

E({c}) = 7 Y (M08 k1 + Y20%0541k) > 0 <71 < 7o,
—MEk=—N

Z(T) = Z e~ E{o})/T
{o}




2d Ising model

B 2-point correlation function is given as Toeplitz
determinant for a certain weight (depending on T,

Y1, V2)
B phase transition for critical value of 7' =T,
(Onsager, McCoy-Wu)
» long range order — long range disorder
» magnetization # 0 — magnetization 0
» corresponding Toeplitz determinant has symbol
of the form

f(Z) _ (Z o et)oz—l—ﬂ(z . e—t)a—ﬁz—a—i—ﬁe—m(a—i—ﬁ)€V(z)

witha=0and 3 = —1
» { — 0 correspondstol’ 7T,
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