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Introduction

numerical solution of a PDE: approximate
solution with finite precision on a numerical
erid (discretization)

methods:
finite differences (1950s): local

polynomials of low order

finite elements (1960s): local smooth
functions

spectral methods (1970s): global smooth

functions




Difterentiation matrices

e function u(x) given on a number of grid points, {x;}, u(x;) = u;, i =
0,1,...,N. Approximation w; of the derivative of v at the grid points?

e Consider uniform grid z;y; —x; = h, ¢ = 0,1,..., N — 1 and periodic
boundary conditions u; 1y = u; Ve.

e symmetric, second order approximation of the derivative:

vector notation:
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e differentiation matrix

/ O===1 —1\

0

= =) (1))

Toeplitz matrix (built from two vectors) and circulant (built from one
vector)

e alternative way: local interpolation of u and differentiation of the inter-
polation polynomial: Let p; be the unique polynomial of degree < 2 with

pj(®j—1) = wj_1, pj(Tjr1) = uj41 and p;(z;) = u; Vj.

Mittwoch, 17. Juni 2009



e Lagrange polynomial

=g s =Tt =)
pj(x) = Uj—1 Uj
2h? h?
=gl =5
' E ==

e w; =p'(z;) = 5= (Ujr1 — uj)

e generalization to higher orders. Fourth order: unique interpolation
polynomial with Pj (Zij:Q) — Uj+2, Py (iljjj:l) — Uj+1, Pj (I‘J) — Uy .
Put w; = p’(x;).
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e differentiation matrix

12 3
el 1
12 12
2
3
D ik
e
h 0
2
3
el 1
12 12
T ;
3 12
e Example: u(x) = %, x € |—m, w|; compare numerical solution with

u' (z) = cos xe®™* for various N: 4th order convergence. "R
1

e spectral method: interpolation polynomial on the whole grid via a single
function p(x). Periodic problem: trigonometric polynomial (truncated
Fourier series). Non-periodic domains: orthogonal polynomials on non-

uniform grids (here Chebyshev)
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e periodic case, N even

— cot(2h/2)
. cot(h/2)
Dy == :
—cot(h/2)
cot(2h/2)

Toeplitz and circulant

® convergence:
finite difference: O(N~™)
spectral method for C'*° function: 0(N~") Vm (exponential convergence,
‘spectral accuracy’)

A
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Fourier series

e action of a circulant matrix:
N N i : : :
= D i—o Dijvj = >_,_o D(i — j)v;: convolution. Convolutions in
physical space become products in Fourier space. Thus it is convenient
to consider Fourier transforms.

e periodic function f(x), f(x + 2k00) = f(x), k € Z:

=Y f(k)e=, QD/ F(2)e*e dy

kez

(f(z) € L3([-0.0), f € 3(2))

e formal exchange k£ < x, rescaling with h, no periodicity in x:
e i o DR e

w/h

= . 1 .
W=t e s 26/, eF % (k) dk

j=—00

e [—-0O/h, 0/h).
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Aliasing

27

o ¢ —¢ implies k1 = ko for x € R, but only k1 — k2 = 5™n, n € Z,

for x € hZ; the additional values for n # 0 are called ‘aliases’ of k.

iklx ’ikgx

08| IllnI|| Iﬁ ' fﬂll . |'r."| (" 'l 1'rl'| ﬂ_

0.6

04 |

sin(mx) and sin(97x)
equivalent on the grid iZ

Mittwoch, 17. Juni 2009



Spectral ditferentiation

e interpolant for spectral differentiation:

1 7T/h :
e / 57 5(k)dk, T €R
27T —7T/h

p(x) analytic, p(z;) = v; Vj.
Fourier transform:

(k) ke€l|—m/h,m/h]

r A\

3

0 otherwise
\

compact support, band-limited interpolant of v (unique for band |[—= /h, 7 /h]),
sampling theorem.

AN

e spectral derivative: w; = p'(z;) via v’'(k) = ik0(k). In words:

— given v, compute v (k)
— define w = ikv(k)

— compute w
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e computation of the differentiation matrix via convolution with the Kro-
necker 0 as function v,

B .
interpolant:
A w/h
o o /_ﬂ/h G = Sincﬂ—hx ==
sinc(x) = 24
e general function v (convolution with 0): v; =>>>_ _ v;d,;_pm. Thus
B Z Vi Sh(T — )

and w; = p(2;) =D .7 UmS, (5 — Tr,), infinite matrix

0 S
Sn(Ti) =9 (

S J £
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Spectral differentiation via F'T

e periodic function: v4mN = vj, J, m € Z; spacing h = 2%, choose N even.
In this case the wave numbers k, k € |[—n/h,/h]|, are also discrete since

e’ only periodic for integer wave numbers: discrete Fourier transform

(DFT)

N
. N N
A~ —ikx;
vk:hZe i kz—;%—l,...,;,
G2
: N/2
o ikij ity R
vj—% Z € e R
k=—N/2+1

for spectral differentiation symmetrization usetul:

=11 .

1 : - A —1% ~ 2T 1
e % Z GkaJ’Uk—F— (’U_N/Qe 2 —|—UN/2€ JN/z) i 1, s

A
k=—N/2+1
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e band limited interpolant p(z) = v(x), trigonometric polynomial of degree
< N/2; interpolant of translated periodic d-function

1 j=0 (mod N)

§; = <
= L = Gnade )

Fourier transform 0, = h Vk. This implies for the interpolant

" | T 2=1 | N/2
e 1kx = 1kx
p(:l:) e ) Z & s 9 Z g
k=—N/2 == el
n(Naxz/2
= ﬂcosgsm( i) =

27 =i 2

periodic sinc function

S

j=0 (mod N)

Sy (@) = (~1)icot & j#£0 (mod N)

N —

\

gives the differentiation matrix.
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Periodic vine-tunction
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Periodicity and DFT

e equivalent approach via DFT:

— given v, compute v
— define Wy, = tkvy, (Wy/2 = 0)
— compute w
o fast Fourier transform (FFT), 1965 by Cooley and Tuckey, 1805 by Gauss:
if N is a product of primes, O(N log N) floating point operations.

Matlab: wave vector 0,1,...,N/2,—N/2+1,—-N/2+42,...,—1; works on
complex vector (factor 2 lost for real vectors).
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Smoothness and
spectral accuracy

e convergence of Fourier series (Dirichlet): if u is piecewise continuous, then
ke i(k)e*™ converges to u. Consequently if u € C™, the Fourier series

converges for u(™=Y ie., >, k™ 'a(k)e*®. The smoother a function
in physical space, the more it is localized in Fourier space.
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e theorem 1 Smoothness of a function and decay of its Fourier transform
Let u € L%#(R) have Fourier transform (k).

1. If u € CP~YR) for some p > 0 and has a pth derivative of bounded
variation, then

a(k) = O(lk|™ ™) as |k| —oo .
2. If u e C*°(R), then
u(k) =O(k|™™) as |k| —oo

for every m > 0. The converse also holds.

3. If there exist a,c > 0 such that u can be extended to an analytic
function in the complex strip |Sz| < a with ||u(- +2y)|| uniformly for
all y € [—a,a], where ||u(-+iy)|| is the L* norm along the horizontal
line Sz = vy, then uq € L2(R), where uq, (k) = e*lq(k). The converse

also holds.
4. If u can be extended to an entire function (i.e., analytic throughout
7 the complex plane) and there exists a > 0 such that |u(z)| = o(e®?!)

) as |z| — oo Vz € C, then U has compact support in |—a,al.
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Gibbs phenomenon

convergence of Fourier
series at discontinuities
of the the function:
strong oscillations,
‘overshooting’ by
roughly 9%

the Fourier series for
the step function (5
respectively 25 terms)

S tems

- 1
-5 0 5
25 terms

p— [P SSS———
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e theorem 2 Aliasing formula
Let u € L*(R) have a first derivative with bounded variation, and let v be
the grid function on hZ defined by v; = u(x;). Then Vk € |[—m/h,7/h|,

(k) =Y a(k+2mj/h)
JEZL
This implies that
o(k) —a(k) = > a(k—+2mj/h).

JEZL,j70

A

Smoothness can be related to the error v(k) — (k) (aliasing error).
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