CHAPTER 2

Unitary similarity and unitary equivalence

2.0 Introduction

7In Chapter 1, we made an initial study of similarity of A € M,, via a general
nonsingular matrix S, that is, the transformation A — S~'AS. For certain
very special nonsingular matrices, called unitary matrices, the inverse of S has
a simple form: S~! = S*. Similarity via a unitary matrix U, A — U* AU, is
not only conceptually simpler than general similarity (the conjugate transpose
is much easier to compute than the inverse), but it also has superior stability
properties in numerical computations. A fundamental property of unitary sim-
ilarity is that every A € M, is unitarily similar to an upper triangular matrix
whose diagonal entries are the eigenvalues of A. This triangular form can be
further refined under general similarity; we study the latter in Chapter 3.

The transformation A — S*AS, in which S is nonsingular but not neces-
sarily unitary, is called *congruence; we study it in Chapter 4. Notice that
similarity by a unitary matrix is both a similarity and a *congruence.

For A € M, 1, the transformation A — UAV, in which U € M, and
V' € M, are both unitary, is called unitary equivalence. The upper triangular
form achievable under unitary similarity can be greatly refined under unitary
equivalence and generalized to non-square matrices: every A € M, ,, is uni-
tarily equivalent to a nonnegative diagonal matrix whose diagonal entries (the
singular values of A) are of great importance.
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102 Unitary similarity and unitary equivalence

2.1 Unitary matrices and the QR factorization

2.1.1 Definition. A set of vectors {x1,...,zr} C C™isorthogonal if xfx; =
O0foralli # j,4,5 = 1,...,k. If, in addition, zfx;, = 1 foralli =1,...,k
(that is, the vectors are normalized), then the set is orthonormal.

Exercise. If {y1,...,yx} is an orthogonal set of nonzero vectors, show that
the set {x1,. ..,z } defined by =; = (yjy;)~*/?yi, i = 1,...,k, is an ortho-
normal set.

2.1.2 Theorem. Every orthonormal set of vectors in C" is linearly indepen-
dent.

Proof: Suppose that {z1,...,z} is an orthonormal set, and suppose that
0 =oa1x1 4+ -+ apxg. Then 0 = (ayxy + -+ + agpag) (oqzy + - +
arry) = X 0wy = S o |2aie; = B |ou]? because the vectors
x; are orthogonal and normalized. Thus, all oc; = 0 and hence {1, ..., 2z} is
a linearly independent set. ]

Exercise. Show that every orthogonal set of nonzero vectors in C” is linearly
independent.

Exercise. If {x1,..., 21} € C™ is an orthogonal set, show that either £ < n
or at least k — n of the vectors x; are equal to zero.

An independent set need not be orthonormal, of course, but one can apply
the Gram—Schmidt orthonormalization procedure (0.6.4) to it and obtain an
orthonormal set with the same span as the original set.

Exercise. Show that any nonzero subspace of R™ or C” has an orthonormal
basis (0.6.5).

2.1.3 Definition. A matrix U € M, is unitary if U*U = I. If, in addition,
U € M,(R), U is real orthogonal.

Exercise. Show thatU € M, and V' € M,, are unitary ifand only if U@V &
M, 4+, 1s unitary.

Exercise. Verify that the matrices @), U, and V' in Problems 19, 20, and 21 in
(1.3) are unitary.

The unitary matrices in M,, form a remarkable and important set. We list
some of the basic equivalent conditions for U to be unitary in (2.1.4).

2.1.4 Theorem. If U € M, the following are equivalent:

(a) U is unitary;
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(b) U is nonsingular and U* = U~ 1;

(c) UU* =1,

(d) U* is unitary;

(e) The columns of U form an orthonormal set;

(f) The rows of U form an orthonormal set; and

(g) Forall z € C", ||z|, = ||Uz|,, that is, 2 and Uz have the same
Euclidean norm.

Proof: (a) implies (b) since U1 (when it exists) is the unique matrix, left
multiplication by which produces 7 (0.5); the definition of unitary says that U*
is such a matrix. Since BA = [ ifand only if AB = I (for A, B € M,, (0.5)),
(b) implies (c). Since (U*)* = U, (c) implies that U* is unitary; that is, (c)
implies (d). The converse of each of these implications is similarly observed,
so (a)—(d) are equivalent.

Partition U = [uy ... w,] according to its columns. Then U*U = I means
that uju; = 1foralli =1,...,nand v u; = 0 forall ¢ # j. Thus, U*U = I
is another way of saying that the columns of U are orthonormal, and hence (a)
is equivalent to (e). Similarly, (d) and (f) are equivalent.

If (a) holds and y = Uz, then y*y = z*U*Ux = x*Ix = x*x, so (a)
implies (g). To prove the converse, let U*U = A = [a;j], let z,w € C be
given, and take © = z 4+ w in (g). Then z*x = 2*2z + w*w 4+ 2Re z*w and
y'y = 2 Ax = 2*Az + w* Aw + 2 Re z* Aw; (g) ensures that z*z = z* Az
and w*w = w*Aw, and hence Re z*w = Re z* Aw for any z and w. Take
z = ep and w = ie, and compute Reiel'e; = 0 = Reie] Aey = Reiap, =
—Imay,g, so every entry of A is real. Finally, take 2 = e, and w = ¢, and
compute ¢]'e, = Reel e, = Ree] Aeq = ayq, which tells us that A = I and
U is unitary. ]

2.1.5 Definition. A linear transformation7": C™ — C™ is called a Euclidean
isometry if x*x = (Tx)*(Tx) for all z € C™. Theorem (2.1.4) says that a
square complex matrix U € M,, is a Euclidean isometry (via U : x — Ux) if
and only if it is unitary. See (5.2) for other kinds of isometries.

—sinf cosf
Show that a given U € M;(R) is real orthogonal if and only if either U =
T) or U = { (1) _01 }T(G) for some 6§ € R. (b) Show that a given U €

M5 (R) isreal orthogonal if and only if either U = T'() or U = [ (1) (1) ]T(G)
for some § € R. These are two different presentations, involving a parameter
0, of the 2-by-2 real orthogonal matrices. Interpret them geometrically.

Exercise. Let T(0) = [ cosf - sinf }, in which 0 is a real parameter. (a)
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2.1.6 Observation. If U,V € M, are unitary (respectively, real orthogonal),
then UV is also unitary (respectively, real orthogonal).

Exercise. Use (b) of (2.1.4) to prove (2.1.6).

2.1.7 Observation. The set of unitary (respectively, real orthogonal) matrices
in M,, forms a group. This group is generally referred to as the n-by-n unitary
(respectively, orthogonal) group, a subgroup of GL(n, C) (0.5).

Exercise. A group is a set that is closed under a single associative binary op-
eration (“multiplication”) and is such that the identity for and inverses under
the operation are contained in the set. Verify (2.1.7). Hint: Use (2.1.6) for clo-
sure; matrix multiplication is associative; I € M, is unitary; and U* = U~!
is again unitary.

The set (group) of unitary matrices in M, has another very important prop-
erty. Notions of “convergence” and “limit” of a sequence of matrices will be
presented precisely in Chapter 5, but can be understood here in terms of “con-
vergence” and “limit” of entries. The defining identity U*U = I means that
every column of U has Euclidean norm 1, and hence no entry of U = [u;;] can
have absolute value greater than 1. If we think of the set of unitary matrices as
a subset of C™", this says it is a bounded subset. If U, = [ugj)] is an infinite

sequence of unitary matrices, k = 1, 2, ... such that limy_, o ugf) = u;; exists
foralli,j = 1,2,...,n, then from the identity Uy Uy, = I forallk = 1,2, ...
we see that limy_,oo UjUi, = U*U = I, in which U = [u;;]. Thus, the limit
matrix U is also unitary. This says that the set of unitary matrices is a closed
subset of C™".

Since a closed and bounded subset of a finite dimensional Euclidean space
is a compact set (see Appendix E), we conclude that the set (group) of unitary
matrices in M, is compact. For our purposes, the most important consequence

of this observation is the following selection principle for unitary matrices.

2.1.8 Lemma. Let Uy,U,,... € M, be a given infinite sequence of unitary
matrices. There exists an infinite subsequence Uy, , Ug,,...., 1 < k1 < ko <

-+, such that all of the entries of Uy, converge (as sequences of complex
numbers) to the entries of a unitary matrix as ¢ — co.

Proof: All that is required here is the fact that from any infinite sequence in a
compact set one may always select a convergent subsequence. We have already
observed that if a sequence of unitary matrices converges to some matrix, then
the limit matrix must be unitary. U
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The unitary limit guaranteed by the lemma need not be unique; it can depend
upon the subsequence chosen.

k
Exercise. Consider the sequence of unitary matrices Uy, = [ (1) (1) ] k=
1,2,.... Show that there are two possible limits of subsequences.

Exercise. Explain why the selection principle (2.1.8) applies as well to the
(real) orthogonal group; that is, an infinite sequence of real orthogonal matrices
has an infinite subsequence that converges to a real orthogonal matrix.

A unitary matrix U has the property that U ! equals U*. One way to gen-
eralize the notion of a unitary matrix is to require that U ~! be similar to U*.
The set of such matrices is easily characterized as the range of the mapping
A — A~1A* for all nonsingular A € M,,.

2.1.9 Theorem. Let A € M, be nonsingular. Then A1 is similar to A* if
and only if there is a nonsingular B € M,, such that A = B~1B*.

Proof: 1f A = B~ B* for some nonsingular B € M,,, then A~ = (B*)"'B
and B*A~Y(B*)~! = B(B*)™! = (B~1B*)* = A*,s0 A~! is similar to A*
via the similarity matrix B*. Conversely, if A~ is similar to A*, then there is
a nonsingular S € M,, such that SA=1S~! = A* and hence S = A*SA. Set
Sy = €S for § € R, so that Sy = A*SyA and Sy = A*S; A. Adding these
two identities gives Hyg = A*HpA, in which Hy = Sy + S is Hermitian. If
Hy were singular, there would be a nonzero x € C™ such that 0 = Hyx =
Spx + Sz, s0 —x = S, 'Spr = e 295719 r and STIS*r = —e%fz.
Choose a value of § = 6, € [0,27) such that —e? is not an eigenvalue of
S~15*; the resulting Hermitian matrix H = Hy, is nonsingular and has the
property that H = A*H A.

Now choose any complex « such that |o| = 1 and « is not an eigenvalue of
A*. Set B = (al — A*)H, in which the complex parameter 5 # 0 is to be
chosen, and observe that B is nonsingular. We want to have A = B~'B*, or
BA = B*. Compute B* = H(Bal — fA), and BA = f(al — A*)HA =
B(aHA—A*HA) = f(aHA— H) = H(aBA— BI). We shall be done if we
can select a nonzero 8 such that 3 = —Ba, butif & = €%, then § = e'(7—¥)/2
will do. O

If a unitary matrix is presented as a 2-by-2 block matrix, then the ranks of
its off-diagonal blocks are equal; the ranks of its diagonal blocks are related by
a simple formula.

2.1.10 Lemma. Let a unitary U € M, be partitioned as U = { g; g;; ],
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in which Uy, € My. Then rank U5 = rank Usy and rank Uss = rank Uy +
n — 2k. In particular, U5 = 0 if and only if Us; = 0, in which case Uy; and
Uss are unitary.

Proof: The two assertions about rank follow immediately from the law of
complementary nullities (0.7.5) using the fact that U~! = [ gl*l Uz } N

12 U22

Plane rotations and Householder matrices are special (and very simple) uni-
tary matrices that play an important role in establishing some basic matrix
factorizations.

2.1.11 Example. plane rotations. Let

— 1 i -

0
.
—————————— cosf 0 ... 0 —sinf -------- ---TOW I
0 1
U6;i,j) = 0 : 0

0 0 1

--TOW f----- sinf 0 cosf  --------
; 0
| 1

mn ¢ column j

This is simply the identity matrix, with the 7, 7 and j, j entries replaced by cos 6
and the 4, entry (respectively 7,7 entry) replaced by —sin 8 (respectively,
sin 0).

Exercise. Verify that U(0;4,j) € M, (R) is real orthogonal for any pair of
indices 1 <14 < j < n and any parameter 0 < 6 < 27. The matrix U (0; 1, j)
carries out a rotation (through an angle ) in the 4, j coordinate plane of R".
Left multiplication by U(6; 1, j) affects only rows ¢ and j of the matrix mul-
tiplied; right multiplication by U (0;1, j) affects only columns ¢ and j of the
matrix multiplied.

2.1.12 Example. Householder matrices. Let w € C” be a nonzero vector.
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The Householder matrix U,, € M,, is defined by U,, = I — 2(w*w)lww*.
If w is a unit vector, then U,, = I — 2ww™.

Exercise. Show that a Householder matrix U,, is both unitary and Hermitian;
if w € R" then U, is real orthogonal and symmetric.

Exercise. Show that a Householder matrix U, acts as the identity on the sub-
space w' and that it acts as a reflection on the one-dimensional subspace
spanned by w; that is, U,z = z if z L wand U, w = —w.

Exercise. Use (0.8.5.11) to show that det U,, = —1 for all n. Thus, for all
n and every nonzero w € R™, the Householder matrix U,, € M,(R) is a
real orthogonal matrix that is never a proper rotation matrix (a real orthogonal
matrix whose determinant is +1).

Exercise. Use (1.2.8) to show that the eigenvalues of a Householder matrix are
always —1,1,...,1 and explain why its determinant is always —1.

Householder matrices provide a simple way to construct a unitary matrix
that takes a given vector into any other vector that has the same Euclidean
norm.

2.1.13 Theorem. Let 2,y € C™ be given and suppose ||z|, = [y|l,. If
y = ez for some real 0, let U(y,x) = €¥I,; otherwise let ¢ € [0,27)
be such that z*y = €¥®|z*y| (take ¢ = 0 if 2*y = 0), let w = €%z — v,
and let U(y, z) = €'*U,,, in which U,, is the Householder matrix U,, = I —
2(w*w)~tww*. Then U (y, x) is unitary and essentially Hermitian, U (y, z)z =}
y,and U(y, x)z L y whenever z L x. If x and y are real, then U (y, x) is real
orthogonal: U(y,x) = I if y = x, and U (y, z) is the real Householder matrix
U,—, otherwise.

Proof: The assertions are readily verified if « and y are linearly dependent,
that is, if y = €%z for some real 6. If = and y are linearly independent, the
Cauchy-Schwarz inequality (0.6.3) ensures that 2*z # |2*y|. Compute

wiw = (e""i’m _ y)*(ei‘i’x —y) =atr— e rty — eyt 4+ yty
= 2(z"z = Re(e™"2"y)) = 2"z — |#7y|)
and
wrr = e Wrtr —yrr = e atr — e yta| = e P (atx — |zy|)
and, finally,

eU,x = e (z — 2(w*w) tww*z) = e (z — (%z — y)e ) =y
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If z is orthogonal to x, then w*z = —y*z and

* ] * 1 i x 2 *
y'U(y,z)z = e (y T (e%y T — IIyllz) (—y w))
]y = =~y

= Yzt (—y2) =0

Since U,, is unitary and Hermitian, U (y, z) = (e‘**I)U,, is unitary (as a prod-
uct of two unitary matrices) and essentially Hermitian (0.2.5). O

Exercise. Lety € C'™ be a given unit vector and let e; be the first column of the
n-by-n identity matrix. Construct U(y, e1) using the recipe in the preceding
theorem and verify that its first column is y (which it should be, since y =

U(y, 61)61)-

Exercise. Let z € C™ be a given nonzero vector. Explain why the matrix
U(||z||5 e1, x) constructed in the preceding theorem is an essentially Hermitian
unitary matrix that takes x into ||z ||, €.

The following QR factorization of a complex or real matrix is of consider-
able theoretical and computational importance.

2.1.14 Theorem. (QR factorization) Suppose A € M,, ,,, and n > m. Then
(a) There is a @ € M, ,,, with orthonormal columns and an upper triangular
R € M, with non-negative main diagonal entries such that A = QR.

(b) If rank A = m, then the factors @ and R in (a) are uniquely determined
and the main diagonal entries of R are all positive.

(¢) If m = n, then the factor () in (a) is unitary.

(d) If A is real, then both of the factors () and R in (a) may be taken to be real.

Proof: Let a; € C™ be the first column of A, let 71 = ||a1||,, and let U; be
a unitary matrix such that Uja; = rie;. Theorem (2.1.13) gives an explicit
construction for such a matrix, which is either a unitary scalar matrix or the
product of a unitary scalar matrix and a Householder matrix. Partition

T *}

A:
U {0 A,

in which Ay € My,_1,m—1. Letas € C"! be the first column of A, and let
ro = |laz]|,. Use (2.1.13) again to construct a unitary V> € M,,_; such that
Vaas = reeq and let Uy = [I1] & V5. Then

r1 *
UQUlA: 0 T2
0 0 Aj
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Repeat this construction m times to obtain

UnUnmn—1---UUl A= { 10% }

in which R € M, is upper triangular. Its main diagonal entries are 71, ...,7m,

are all nonnegative. LetU = U,,U,;,—1 - - - U2Us. Partition U* =UTUy --- Uy, Uy, =}
[@ Q2], in which Q € M,, ,,, has orthonormal columns since it comprises the

first m columns of a unitary matrix. Then A = QR, as desired. If A has

full column rank, then R is nonsingular, so its main diagonal entries are all

positive.

Suppose that rank A = m and A = QR = QR, in which R and R are
upper triangular and have positive main diagonal entries, and @ and Q have
orthonormal columns. Then A*A = R*(Q*Q)R = R*IR = R*R and also
A*A = R*R,s0 R*R = R*Rand R™*R* = RR™'. This says that a lower
triangular matrix equals an upper triangular matrix, so both must be diagonal:
RR™! = Dis diagonal, and it must have positive main diagonal entries be-
cause the main diagonal entries of both Rand R~ are positive. But R=DR
implies that D = RR~! = R™*R* = (DR) *R* = D"'R™*R* = D!, s0
D? = T and hence D = I. We conclude that R = R and hence Q =Q.

The assertion in (c) follows from the fact that a square matrix with orthonor-
mal columns is unitary. The final assertion (d) follows from the construction in
(a) and the assurance in (2.1.13) that the unitary matrices U; may all be chosen
to be real. U

Exercise. Show that any B € M, of the form B = A*A, A € M, may
be written as B = LL*, in which L € M, is lower triangular and has non-
negative diagonal entries. Explain why this factorization is unique if A is non-
singular. This is called the Cholesky factorization of B; every positive definite
matrix may be factored in this way (see Chapter 7).

For square matrices A € M,,, there are some easy variants of the QR fac-
torization that can be useful. Let K be the (real orthogonal and symmetric)
n-by-n reversal matrix (0.9.5.1), which has the pleasant property that K2 = I.
Moreover, K RK is lower triangular if R is upper triangular (the main diagonal
entries are the same, but the order is reversed), and of course K LK is upper
triangular if L is lower triangular. If we factor KAK = QR as in (2.1.14),
then A = (KQK)(KRK) = @Q1L, in which Q1 = KQK is unitary and L
is lower triangular with nonnegative main diagonal entries; we call this a QL
factorization of A. Now let A* = QL be a QL factorization of A*, and ob-
serve that A = L*Q*, which is an RQ) factorization of A. Finally, factoring
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KA*K = QL gives A = (KLK)*(BQB)*, which is an LQ factorization of
A.

2.1.15 Corollary. Let A € M, be given. Then there are unitary matrices
Q1,Q2, Qs3, lower triangular matrices Lo, L3 with nonnegative main diagonal
entries, and an upper triangular matrix Ry with nonnegative main diagonal
entries such that A = Q1 L1 = R2Q2 = L3Qs3. If A is nonsingular, then the
respective unitary and triangular factors are uniquely determined and the main
diagonal entries of the triangular factors are all positive. If A is real, then all
of the factors ()1, @2, @3, L2, L3, Ry may be chosen to be real.

Problems

1. If U € M,, is unitary, show that | det U| = 1.

2. Let U € M, be unitary and let A be a given eigenvalue of U. Show that
(@) |A| = 1 and (b) z is a (right) eigenvector of U corresponding to \ if and
only if z is a left eigenvector of U corresponding to A. Hint: Use (2.1.4g) and
Problem 1 in (1.1).

3. Given real parameters 01, 0o, . . . , 0,,, show that U = diag(e®, ez ... e)is]]
unitary. Show that every diagonal unitary matrix has this form.

4. Characterize the diagonal real orthogonal matrices.

5. Show that the permutation matrices (0.9.5) in M,, are a subgroup (a subset
that is itself a group) of the group of real orthogonal matrices. How many
different permutation matrices are there in M,,?

6. Give a presentation in terms of parameters of the 3-by-3 orthogonal group.
Two presentations of the 2-by-2 orthogonal group are given in (2.1).

7. Suppose A, B € M, and AB = I. Provide details for the following
argument that BA = I: Every y € C™ can be represented as y = A(By), so
rank A = n and hence dim(nullspace(A)) = 0 (0.2.3.1). Compute A(AB —
BA)=A(I-BA)=A—-(AB)A=A—A=0,s0 AB— BA=0.

8. A matrix A € M, is complex orthogonal if ATA = I. A real orthogonal
matrix is unitary, but a nonreal orthogonal matrix need not be unitary. (a) Let
K = { ol } € My(R). Show that A(t) = (cosht)T + (isinh )K € My
is complex orthogonal for all ¢ € R, but that A(¢) is unitary only for ¢t = 0.
The hyperbolic functions are defined by cosht = (e! + e7%)/2, sinht =
(et — e™t)/2. (b) Show that, unlike the unitary matrices, the set of complex
orthogonal matrices is not a bounded set, and it is therefore not a compact set.
(c) Show that the set of complex orthogonal matrices of a given size forms
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a group. The smaller (and compact) group of real orthogonal matrices of a
given size is often called the orthogonal group. (d) If A € M, is complex
orthogonal, show that | det A| = 1; consider A(t) in (a) to show that A can
have eigenvalues A with |A| # 1. (e) If A € M, is complex orthogonal, show
that A, AT, and A* are all complex orthogonal and nonsingular. Do the rows
or columns of A form an orthogonal set? (f) Characterize the diagonal complex
orthogonal matrices. Compare with Problem 4. (g) Show that A € M,, is both
complex orthogonal and unitary if and only if it is real orthogonal.

9. If U € M, is unitary, show that U, U”, and U* are all unitary.

10. If U € M,, is unitary, show that x,y € C"™ are orthogonal if and only if
Ux and Uy are orthogonal.

11. A nonsingular matrix A € M,, is skew orthogonal if A=! = — AT Show
that A is skew-orthogonal if and only if £iA is orthogonal. More generally, if
6 € R, show that A~! = €"? AT if and only if **/2 A is orthogonal. What is
this for = 7? for 6 = 0?

12. Show that if A € M, is similar to a unitary matrix, then A~ is similar to
A*.

13. Consider diag (2,3) € M, and show that the set of matrices that are
similar to unitary matrices is a proper subset of the set of matrices A for which
A~ is similar to A*.

14. Show that the intersection of the group of unitary matrices in M,, with the
group of complex orthogonal matrices in M, is the group of real orthogonal
matrices in M,,. Hint: U= =UT = U*.

15. If U € M, is unitary, « C {1,...,n}, and Ule, a¢] = 0, (0.7.1) show
that U[a®, o] = 0, and U|a] and U[ac] are unitary.

16. Let x,y € R™ be given linearly independent unit vectors and let w =
x + y. Consider the Palais matrix P, = I — 2(ww) lww? + 2yzT.

Show that: (a) P, = (I — 2(w?w) ww?)(I — 2227) = U,U, is a
product of two real Householder matrices, so it is a real orthogonal matrix; (b)
det P, , = +1, so P, , is always a proper rotation matrix; (¢) P, ,z = y and
P.yy=—a+2aTy)y;(d) P, yz=zifz€ R", 2z Lz,and z L y; () Pry
acts as the identity on the (n — 2)-dimensional subspace (span{z,y})* and
it is a proper rotation on the 2-dimensional subspace span{z, y} that takes x
into y; (f) If n = 3, explain why P, , is the unique proper rotation that takes
x into y and leaves fixed their vector cross product z X y; (g) the eigenvalues
of P, are 2Ty +i(1 — (2Ty)?)'/2 = e+ 1,...,1, in which cos § = z7'y.
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Hint: (1.3.23) the eigenvalues of [w |7 [—(wTw) tw y] € My(R) are
3Ty —1£i(1 = (aTy)*)'?).

17. Suppose that A € M, ,,, n > m, and rank A = m. Describe the steps of
the Gram-Schmidt process applied to the columns of A, proceeding from left
to right. Explain why this process produces, column-by-column, an explicit
matrix ) € M, ,,, with orthonormal columns and an explicit upper triangular
matrix R € M,, such that @ = AR. How is this factorization related to the
one in (2.1.14)?

18. Let A € M, be factored as A = QR as in (2.1.14), partition A =
[a1 ... ap) and @ = [g1 ... ¢n] according to their columns and let R =

[ri;]} j—1- (8) Explain why {q1, ..., g } is an orthonormal basis for span{ay, . . .

foreach k = 1,...,n. (b) Show that 7y is the Euclidean distance from ay, to
spanf{ay,...,a,_1} foreachk =2,...,n.

19. Let X = [z1 ... Ty € My, m, suppose rank X = m, and factor X =
QRasin (2.1.14). Let Y = QR™™ = [y1 ... Ym]. Show that the columns of
Y are a basis for the subspace S = span{x1, ..., 2} and that Y*X = [,
soy;z; = 0if i # j and each y;z; = 1. One says that {y1,..., ¥y, } is the
basis of S that is dual (reciprocal) to the basis {x1, ..., Zm}.

20. If U € M, is unitary, show that adj U = det(U)U*.

21. Explain why Lemma 2.1.10 remains true if “unitary” is replaced with
“complex orthogonal.”

22. Suppose that X, Y € M,, ,, have orthonormal columns. Show that X and
Y have the same range (column space) if and only if there is a unitary U € M,,
such that X = YU. Hint: (0.2.7).

23. Let A € M, let A = QR be a QR factorization, let R = [r;;], and

partition both A and R according to their columns: A = [a; ... a,] and
R =[ry ... ry). Explain why ||a;||, = ||ri||, foreachi =1,...,n,|det A] =
det R = 711 -+ Ty, and ry; < ||75]|, for each i = 1,...,n. Conclude that

|det A| < TI7_, ||aill,. This is known as Hadamard’s inequality.

Further Reading. For more information about matrices that satisfy the condi-
tions of (2.1.9), see C. R. DePrima and C. R. Johnson, The Range of A~1A*
in GL(n, C), Linear Algebra Appl. 9 (1974) 209-222.

2.2 Unitary similarity

Since U* = U~! for unitary U, the transformation on M,, given by A —
U* AU is a similarity transformation if U is unitary. This special type of simi-
larity is called unitary similarity.

aak}l
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2.2.1 Definition. Let A, B € M, be given. We say that A is unitarily similar
to B if there is a unitary U € M,, such that A = UBU™*. If U may be taken
to be real (and hence is real orthogonal), then A is said to be real orthogo-
nally similar to B. We say that A is unitarily diagonalizable if it is unitarily
similar to a diagonal matrix; A is real orthogonally diagonalizable if it is real
orthogonally similar to a diagonal matrix.

Exercise. Show that unitary similarity is an equivalence relation.

2.2.2 Theorem. Let U € M,, and V' € M,, be unitary, let A = [a;;] € My m
and B = [bj] € M, ,, and suppose A = UBV. Then ", |b;;|* =
>ty laij|?. In particular, this identity is satisfied if m = n and V. = U*,
that is, if A is unitarily similar to B.

Proof: 1t suffices to check that tr B*B = tr A*A. (0.2.5) Compute tr A*A =
tr(UBV)*(UBV) = tr(V*B*U*UBV) = tr V*B*BV = tr B*BVV* =
tr B*B. O

Exercise. Show that the matrices [ 5’2 (1) ] and [ (1) ; ] are similar but not
unitarily similar.

Unitary similarity implies similarity, but not conversely. The unitary simi-
larity equivalence relation partitions M, into finer equivalence classes than the
similarity equivalence relation. Unitary similarity, like similarity, corresponds
to a change of basis, but of a special type—it corresponds to a change from
one orthonormal basis to another.

Exercise. Using the notation of (2.1.11), explain why only rows and columns
¢ and j are changed under real orthogonal similarity via the plane rotation
U(0;1, 7).

Exercise. Using the notation of (2.1.13), explain why U (y,z)*AU(y,x) =
U; AU, for any A € M,, that is, a unitary similarity via an essentially Her-
mitian unitary matrix of the form U (y, z) is a unitary similarity via a House-
holder matrix. Unitary (or real orthogonal) similarity via a Householder matrix
is often called a Householder transformation.

For computational or theoretical reasons, it is often convenient to transform
a given matrix by unitary similarity into another matrix with a special form.
Here are two examples.

2.2.3 Example. Suppose A = [a;;] € M,, is given. We claim that there is a
unitary U € M,, such that all the main diagonal entries of U* AU = B = [b;;]
are equal; if A is real, then U may be taken to be real orthogonal. If this claim
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is true, then tr A = tr B = nby1, so every main diagonal entry of B is equal
to the average of the main diagonal entries of A.

Begin by considering the complex case and n = 2. Since we can replace
A € My by A — (% tr A)I, there is no loss of generality to assume that
tr A = 0, in which case the two eigenvalues of A are +\ for some A € C.
We wish to determine a unit vector u such that u*Au = 0. If A = 0, let u be
any unit vector such that Au = 0. If A # 0, let w and z be any unit eigen-
vectors associated with the distinct eigenvalues +£)\. Let z(6) = ew + 2,
which is nonzero for all # € R since w and z are linearly independent.
Compute z(0)*Az(0) = Me“w + 2)*(ePw — 2) = 2ixIm(e’z*w). If
z*w = e"|z*w|,then z(—@)*Ax(—¢) = 0. Let u = z(—¢)/||x(—9)]|,.
Now let v € C? be any unit vector that is orthogonal to u and let U = [u v].
Then U is unitary and (U*AU);; = v*Au = 0. But tr(U*AU) = 0, so
(U*AU)QQ = 0 as well.

Now suppose n = 2 and A is real. If the diagonal entries of A = [a;}]

are not equal, consider the plane rotation matrix Uy = { z:’;g _C(S)isnee } A
calculation reveals that the diagonal entries of Uy AU/ are equal if (cos? § —
sin? 0)(a11 — azz) = 2sinfcosf(aia + ao1), so equal diagonal entries are
achieved if § € (0,7/2) is chosen so that cot 20 = (a12 + a21)/(a11 — az22).

We have now shown that any 2-by-2 complex matrix A is unitarily similar to
a matrix with both diagonal entries equal to the average of the diagonal entries
of A; if A is real, the similarity may be taken to be real orthogonal.

Now suppose . > 2 and define f(A) = max{|a;—a;j;| : 4,7 =1,2,...,n}}
If f(A) > 0, let Ay = [ Z” 27; } for a pair of indices 4,5 for which
f(A) = |asi — a;;| (there could be several pairs of indices for which this max-
imum positive separation is attained; choose any one of them). Let Uy € M,
be unitary, real if A is real, and such that U5 A»Us has both main diagonal en-
tries equal to % (a;; + a;;). Construct U (i, j) € M, from U, in the same way
that U (0; 4, j) was constructed from a 2-by-2 plane rotation in (2.1.11). The
unitary similarity U (4, j)* AU (i, j) affects only entries in rows and columns ¢
and 7, so it leaves unchanged every main diagonal entry of A except the entries
in positions i and j, which it replaces with the average % (a;; + a;;). For any
k # i, j the triangle inequality ensures that

1 1 1
Jark — 5 (@i +agg)l = |5 (ak — aii) + 5 (ank — ajg)|

IN

1 1
§|akk — ag| + §|akk — ajjl

SFA) + 3 F(4) = 7(4)

IN



2.2 Unitary similarity 115

with equality only if the scalars ay — a;; and api, — aj; both lie on the same
ray in the complex plane and |axr — asi| = |arr — a;;|. These two conditions
imply that a;; = aj;;, so it follows that |ag, — 3 (ai; + aj;)| < f(A) for all
k # 1, j. Thus, the unitary similarity we have just constructed reduces by one
the finitely many pairs of indices k, ¢ for which f(A) = |agr — ae|. Repeat the
construction, if necessary, to deal with any such remaining pairs and achieve a
unitary U (real if A is real) such that f(U*AU) < f(A).

Finally, consider the compact set R(A) = {U*AU : U € M, is unitary}.
Since f is a continuous nonnegative-valued function on R(A), it achieves its
minimum value there, that is, there is some B € R(A) such that f(A) >
f(B) > 0forall A € R(A). If f(B) > 0, we have just seen that there is a
unitary U (real if A is real) such that f(B) > f(U*BU). This contradiction
shows that f(B) = 0, so all the diagonal entries of B are equal.

2.2.4 Example. Suppose A = [a;;] € M, is given. The following construc-
tion shows that A is unitarily similar to an upper Hessenberg matrix with non-
negative entries in its first subdiagonal. Let a1 be the first column of A, parti-
tioned as a7 = [a1; £€7] with & € C" 1. Let Uy = I,,_; if € = 0; otherwise,
use (2.1.13) to construct Uy = U(|[{||, e1,€) € M,_1, a unitary matrix that
takes £ into a positive multiple of e;. Form the unitary matrix Vi = I; @ U;
and observe that the first column of V; A is the vector [a11 [|€]|, 0]7. More-
over, A; = (V3 A)V}* has the same first column as V; A and is unitarily similar
to A. Partition it as

a1 *
A = 115 , Ay e M,
)

Use (2.1.13) again to form, in the same way, a unitary matrix U, that takes the
first column of A5 into a vector whose entries below the second are all zero and
whose second entry is nonnegative. Let Vo = I @& Us and let Ay = Vo AVS.
This similarity does not affect the first column of A; . After at most n— 1 steps,
this construction produces an upper Hessenberg matrix .4,,_; that is unitarily
similar to A and has nonnegative subdiagonal entries.

Exercise. If A is Hermitian or skew-Hermitian, explain why the construction
in the preceding example produces a tridiagonal Hermitian or skew-Hermitian
matrix that is unitarily similar to A.

Theorem (2.2.2) provides a necessary but not sufficient condition for two
given matrices to be unitarily similar. It can be augmented with additional
identities that collectively do provide necessary and sufficient conditions. A
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key role is played by the following simple notion. Let s, ¢ be two given non-
commuting variables. We refer to any finite formal product of nonnegative
powers of s, ¢

W (s, t) = ™1™ ™22 - s™F"  myng, .. mg,nge >0 (2.2.5)

as a word in s and t. The degree of the word W (s, t) is the nonnegative integer
mq + ny + me + ng + - - - + my, + ng, that is, the sum of all the exponents in
the word. If A € M, is given, we define a word in A and A* as

W(A,A*) — A™ (A*)nlAmQ(A*)TLQ . Am’”(A*)nk

Since the powers of A and A* need not commute, it may not be possible to
simplify the expression of W (A, A*) by rearranging the terms in the product.

Suppose A is unitarily similar to B € M, so that A = UBU* for some
unitary U € M,,. For any word W (s,t) we have

W(A,A%) = (UBU*)™(UB*U*)™ ---(UBU*)™ (UB*U*)™
UB™U*U(B*)™U*---UB™ U*U(B*)"U*
UB™ (B*)" ... B™(B*)" U*
— UW(B,B*)U*

so W (A, A*) is unitarily similar to W (B, B*). Thus, tr W (A, A*) = t+tW (B, B*) }}
If we take the word W (s, t) = ts, we obtain the identity in (2.2.2).

If one considers all possible words W (s, t), this observation gives infinitely
many necessary conditions for two matrices to be unitarily similar. A theorem
of W. Specht, which we state without proof, guarantees that these necessary
conditions are also sufficient.

2.2.6 Theorem. Two matrices A, B € M,, are unitarily similar if and only if
trW(A, A*) =tr W(B, B*) 2.2.7
for every word W (s, t) in two noncommuting variables.

Specht’s theorem can be used to show that two matrices are not unitarily
similar by exhibiting a specific word that violates (2.2.7). However, except
in special situations (see Problem 6), it may be useless in showing that two
given matrices are unitarily similar because infinitely many conditions must
be verified. Fortunately, a refinement of Specht’s theorem says that it suffices
to check the trace identities (2.2.7) for only finitely many words, which gives
a practical criterion to assess unitary similarity of matrices of small size.
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2.2.8 Theorem. Two matrices A, B € M, are unitarily similar if and only if
tr W (A, A*) = tr W(B, B*) for every word W (s, t) in two noncommuting
variables whose degree is at most
2n?2 . 1 . n_,
n—1 4 2
For n = 2, it suffices to verify (2.2.7) for the three words W (s,t) = s, s,
and st. For n = 3, it suffices to verify (2.2.7) for the seven words W (s,t) =
s, 82, st, s3, s%t, s*t2, and s%t?st.

n

Problems

1. Let A = [a;;] € M,,(R) be symmetric but not diagonal, and suppose that
indices 4, j with ¢ < j are chosen so that |a,;| is as large as possible. Define
6 by cot 20 = (a;; — asi)/2a,j, let U(0;1,j) be the plane rotation (2.1.11),
and let B = U(0;1,j)AU(0;i,j)" = [bp,]. Show that b;; = 0 and use (2.2.2)
to show that 3= [bygl® < 3=, [apg|*. Indeed, it is not necessary to com-
pute 0; just take cos 6 = aj;(a7; + a?j)_l/2 and sin @ = a;;(a3; + a?j)—l/Q.
Show that repeated real orthogonal similarities via plane rotations (chosen in
the same way for B and its successors) strictly decrease the sums of the squares
of the off-diagonal entries while preserving the sums of the squares of all the
entries; at each step, the computed matrix is (in this sense) more nearly diag-
onal than at the step before. This is the method of Jacobi for calculating the
eigenvalues of a real symmetric matrix. It produces a sequence of matrices
that converges to a real diagonal matrix. Why must the diagonal entries of the
limit be the eigenvalues of A? How can the corresponding eigenvectors be
obtained?

2. The eigenvalue calculation method of Givens for real matrices also uses
plane rotations, but in a different way. For n > 3, provide details for the fol-
lowing argument showing that every A = [a,;] € M,,(R) is real orthogonally
similar to a real lower Hessenberg matrix, which is necessarily tridiagonal if
A is symmetric; see (0.9.9) and (0.9.10). Choose a plane rotation Uy 3 of the
form U (0; 1, 3), as in the preceding problem, so that the 1,3 entry of U- 1 3AU: 3
is 0. Choose another plane rotation of the form Uy 4 = U(6;1,4) so that the
14 entry of Uy , (U7 3AU1 3)U 4 is 0; continue in this way to zero out the rest
of the first row with a sequence of real orthogonal similarities. Then start on
the second row beginning with the 2,4 entry and zero out the 2,4, 2,5, ..., 2n
entries. Explain why this process does not disturb previously manufactured 0
entries, and why it preserves symmetry if A is symmetric. Proceeding in this
way through row n — 3 produces a lower Hessenberg matrix after finitely many
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real orthogonal similarities via plane rotations; that matrix is tridiagonal if A
is symmetric. However, the eigenvalues of A are not displayed as in Jacobi’s
method; they must be obtained from a further calculation.

3. Show that every A € M, is unitarily similar to its transpose. Hint: Consider
the three words W (s, t) = s, 52, st.

4. Let

-1 -1 -1

Any matrix is similar to its transpose (3.2.3), but A is not unitarily similar to
AT . For which of the seven words listed in (2.2.8) do A and B = A7 fail the
test (2.2.7)?

5. If A € M,, and there is a unitary U € M, such that A* = UAU*, show
that A + A* = U(A + A*)U*, that is, U commutes with A + A*. Apply this
observation to the 3-by-3 matrix in the preceding problem and conclude that if
it is unitarily similar to its transpose, then any such unitary similarity must be
diagonal. Show that no diagonal unitary similarity can take this matrix into its
transpose.

6. Let A € M,, and B,C € M, be given. Use either (2.2.6) or (2.2.8) to
show that B and C' are unitarily similar if and only if any one of the following
conditions holds:

(a) [ g g } and [ 61 g } are unitarily similar.

b)yB@ - ---@ Band C & --- & C are unitarily similar if both direct sums
contain the same number of terms.

)A@B®---®Band A® C @ ---® C are unitarily similar if both direct
sums contain the same number of terms.

7. Give an example of two 2-by-2 matrices that satisfy the identity (2.2.2) but
are not unitarily similar. Explain why.

8. Let A,B € My andlet C = AB — BA. Use Example 2.2.3 to show that
2
C? = M for some scalar \. Hint: tr C' =7; [ 0 8 ] =?

a

9. Let A € M, and suppose tr A = 0. Use Example 2.2.3 to show that A
can be written as a sum of two nilpotent matrices. Conversely, if A can be
written as a sum of nilpotent matrices, explain why tr A = 0. Hint: Write
A = UBU*, in which B = [b;;] has zero main diagonal entries. Then write
B = Bp + Bg, in which By, = [8,;], 8;; = bi; ifi > jand B;; = 0if j > .
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10. Let n > 2 be a given integer and define w = €>™*/". (a) Explain why

S Mo wh = 0 unless £ = mn for some m = 0,41,42, ..., in which case
the sum is equal to n. (b) Let F,, = n~*/2[w(=DU=D]n._ | denote the n-
by-n Fourier matrix. ~Show that F), is symmetric, unitary, and coninvolu-
tory: F,F* = F,,F,, = 1. (c) Let C,, denote the basic circulant permutation
matrix (0.9.6.2). Explain why C,, is unitary (real orthogonal). (d) Let D =
diag(1,w,w?,...,w" 1) and show that C,, F,, = F,,D, so C,, = F,,DF and
Ck = F,D*F* forall k = 1,2,.... (e) Let A denote the circulant matrix
(0.9.6.1), expressed as the sum in (0.9.6.3). Explain why A = F,AF}, in
which A = diag()\1,...,\,), each \p = 22;01 ap41w" 1 and the diag-
onal entries of A are the entries of the vector nl/ QF;'{Ael. Thus, the Fourier
matrix provides an explicit unitary diagonalization for every circulant matrix.
(f) Write F,, = C,, + iS,,, in which C,, and S,, are real. What are the entries
of C,, and S,,? Let H,, = C,, + S,, denote the n-by-n Hartley matrix. (g)
Show that C2 + S2 = I, C,S,, = S,C, = 0, H,, is symmetric, and H,, is
real orthogonal. (h) Let K, denote the reversal matrix (0.9.5.1). Show that
C.K,=K,C,=¢C,, S, K, = K,S, =-S,,and H,K,, = K,,H,,, so C,,
Sy, and H,, are centrosymmetric. It is known that H, AH,, = A is diagonal
for any matrix of the form A = E' 4 K, F, in which E and F are real circulant
matrices, £ = ET, and F = —FT; the diagonal entries of A are the entries of
the vector n'/2H,, Ae;. In particular, the Hartley matrix provides an explicit
real orthogonal diagonalization for every real symmetric circulant matrix.

Further Readings and Notes. For the original proof of (2.2.6), see W. Specht,
Zur Theorie der Matrizen 11, Jahresber. Deutsch. Math.-Verein. 50 (1940) 19—
23; there is a modern proof in [Kap]. For a survey of the issues addressed in
(2.2.8), see D. Bjokovi¢ and C. Johnson, Unitarily Achievable Zero Patterns
and Traces of Words in A and A*, Linear Algebra Appl. 421 (2007) 63-68.

2.3 Unitary triangularizations

Perhaps the most fundamentally useful fact of elementary matrix theory is a
theorem attributed to I. Schur: any square complex matrix A is unitarily similar
to a triangular matrix whose diagonal entries are the eigenvalues of A. The
proof involves a sequential deflation by unitary similarity.

2.3.1 Theorem. (Schur) Let A € M, have eigenvalues Ay, ..., A, in any pre-
scribed order and let = be a unit vector such that Az = A\;z. Then there is
aunitary U = [z ug ... up] € M, such that U*AU = T = [t;;] is upper
triangular with diagonal entries t;; = A;,2 = 1,...,n. That is, every square
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complex matrix A is unitarily similar to an upper triangular matrix whose di-
agonal entries are the eigenvalues of A in any prescribed order. Furthermore,
if A € M,,(R) and if all its eigenvalues are real, then U may be chosen to be
real orthogonal.

Proof: Let x be a normalized eigenvector of A associated with the eigenvalue
A1, thatis, 2z = 1 and Az = \z. Let Uy = [z ug ... uy,] be any unitary
matrix whose first column is . For example, one may take U; = U(x,e;) as
in (2.1.13) or see Problem 1. Then

UfAU, = Uf[A:E Aus ... Aun]:Ul*[)\lx Auy ... Aun]

Uo

= . [)xlac Aus ... Aun]

*

u

[ Mz*z z*Aus ... z*Au,
Ausx { AN K ]
. Al

*
L Mure

because the columns of U; are orthonormal. The eigenvalues of the submatrix
A = [quuj]ijz € M,_1 are \a,...,\,. If n = 2, we have achieved
the desired unitary triangularization. If not, let £ € C"~! be a normalized
eigenvector of A; corresponding to Ao, and perform the preceding reduction
on A;. If Uy € M,,_; is any unitary matrix whose first column is &, then we
have seen that

Ui A Uy = [ AO? 2‘2 }

Let V5 = [1] ® Us and compute the unitary similarity

M * %
(U1Va)" AUV, = V' UF AUV, = 0 A2 E
o | A
Continue this reduction to produce unitary matrices U; € M,,_;1+1,t = 1,...,n—|}

1 and unitary matrices V; € M,,,7 = 2,...,n — 2. The matrix

U=U,VaV3--- Vo
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is unitary and U* AU is upper triangular.

Ifall the eigenvalues of A € M,,(R) are real, then all of the eigenvectors and
unitary matrices in the preceding algorithm can be chosen to be real (Problem
3in(1.1) and (2.1.13)). O

Exercise. Follow the proof of (2.3.1) to see that upper triangular can be re-
placed by lower triangular in the statement of the theorem with, of course, a
different unitary similarity.

Exercise. If the eigenvector x in the proof of (2.3.1) is also a left eigenvector
of A, we know that z* A = \z*. (1.4.7a) Explain why U7 AU, = [ oo ]
If every right eigenvector of A is also a left eigenvector, explain why the upper
triangular matrix 7" constructed in (2.3.1) is actually a diagonal matrix.

2.3.2 Example. If the eigenvalues of A are re-ordered and the corresponding
upper triangularization (2.3.1) is performed, the entries of 7" above the main
diagonal can look very different. Consider

11 4 2 -1 3v2 1 1 0
1
Ti=102 2|, Tx=|0 1 V2 |, U=—]|1 -1 0
V2
0 0 3 0 0 3 0 0 V2
Explain why U is unitary and 7o, = UT U ™.
Exercise. If A = [a;;] € M, has eigenvalues Ai,...,\, and is unitarily

similar to an upper triangular matrix 7' = [t;;] € M, the diagonal entries
of T are the eigenvalues of A in some order. Apply (2.2.2) to A and T to show
that

SN =D a =D P <Y Jail? (2.3.2a)
i=1 i,j=1 i<j i,j=1
with equality if and only if 7" is diagonal.

Exercise. If A = [a;;] and B = [b;;] € M, have the same eigenvalues and if

Zijzl lai;|? = Zijzl |bi;]?, use the criterion in (2.2.8) to show that A and

B are unitarily similar. However, consider
1 30 1 00
A=10 2 4 and B=|0 2 5 (2.3.2b)
0 0 3 0 0 3
which have the same eigenvalues and the same sums of squared entries. Use

the criterion in (2.2.8) or the exercise following (2.4.5.1) to show that A and B
are not unitarily similar. Nevertheless, A and B are similar. Why?
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It is a useful adjunct to (2.3.1) that a commuting family of matrices may be
simultaneously upper triangularized.

2.3.3 Theorem. Let 7 C M, be a commuting family. There is a unitary
U € M, such that U* AU is upper triangular for every A € F.

Proof: Return to the proof of (2.3.1). Exploiting (1.3.19) at each step of the
proofin which a choice of an eigenvector (and unitary matrix) is made, choose
an eigenvector that is common to every A € F and choose a single unitary
matrix that has this common eigenvector as its first column; it deflates (via
unitary similarity) every matrix in F in the same way. Similarity preserves
commutativity, and a partitioned multiplication calculation reveals that, if two
matrices of the form

A11 A12 and Bll Bl?
0 A22 0 BQQ

commute, then Ags and Bos commute also. Thus, the commuting family prop-
erty is inherited by the submatrix A; at each reduction step in the proof of
(2.3.1). We conclude that all ingredients in the U of (2.3.1) may be chosen in
the same way for all members of a commuting family, thus verifying (2.3.3).

O

In (2.3.1) we are permitted to specify the main diagonal of 7" (that is, we
may specify in advance the order in which the eigenvalues of A appear as
the deflation progresses), but (2.3.3) makes no such claim—even for a single
matrix in F. At each stage of the deflation, the common eigenvector used is
associated with some eigenvalue of each matrix in F, but we may not be able
to specify which one. We simply take the eigenvalues as they come, using
(1.3.19).

If a real matrix A has any non-real eigenvalues, there is no hope of reducing
it to upper triangular form 7" by a real similarity because the diagonal entries
of T" would be the eigenvalues of A. However, we can always reduce A to a
real quasi-triangular form by a real similarity as well as by a real orthogonal
similarity.

2.3.4 Theorem. Suppose that A € M, (R) has p complex conjugate pairs of
non-real eigenvalues \; = aj + by, \; = a3 — by ..., \p = ap, +iby, \p =
ap — by in which all a;,b; € R and all b; # 0, and, if 2p < n, an ad-
ditional n — 2p real eigenvalues 1y, ..., ft,,_o,. Then there is a nonsingular



2.3 Unitary triangularizations 123
S € M, (R) such that

Ay *
1 Az
STAS = . (23.5)

0 Any

is real and block upper triangular, and each diagonal block is either 1-by-1 or
a;j bj

2-by-2. There are p real diagonal blocks of the form [ b a) }, one for

each conjugate pair of non-real eigenvalues \;,\; = a; =+ ib;. There are
n — 2p diagonal blocks of the form [1;], one for each of the real eigenvalues
15+ -+ s fiyy—2p- The p 2-by-2 diagonal blocks and the n — 2p 1-by-1 diagonal
blocks may appear in (2.3.5) in any prescribed order. The real similarity S
may be taken to be a real orthogonal matrix @); in this case the 2-by-2 diagonal

blocks of QT AQ have the form R; [ f{;j bj }Rj_l, in which each R; is a

aj
nonsingular real upper triangular matrix.

Proof: The proof of (2.3.1) shows how to deflate A by a sequence of real
orthogonal similarities corresponding to its real eigenvalues, if any. Problem
33 in (1.3) describes the deflation step corresponding to a complex conjugate
pair of non-real eigenvalues; repeating this deflation p times achieves the form
(2.3.5), whose 2-by-2 diagonal blocks have the asserted form (which reveals
their corresponding conjugate pair of eigenvalues). It remains to consider how
the 2-by-2 diagonal blocks would be modified if we were to use only real
orthogonal similarities in the 2-by-2 deflations. If A = a + b is a non-real
eigenvalue of A with associated eigenvector z = u + v, u,v € R", we have

seen that {u, v} is linearly independent and Afu v] = [u v] [_“b Z] If {u,v}
is not an orthonormal set, use the QR factorization (2.1.14) to write [u v] =
Q2Rs, in which Q2 = [¢1 ¢2] € M, 2(R) has orthonormal columns and

Ry € M5(R) is nonsingular and upper triangular. Then Afu v] = AQaRy =
Q2R [,ab Z},SO

bl
AQs = Qs Ry [ ab } R;!
— a

If we let S be a real orthogonal matrix whose first two columns are ¢; and g,
we obtain a deflation of the asserted form. Of course, if {u, v} is orthonormal,
the QR factorization is unnecessary and we can take S to be a real orthogonal
matrix whose first two columns are « and v. U

There is also a real version of (2.3.3).
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2.3.6 Theorem. Let 7 C M, (R) be a commuting family. There is a real
orthogonal @ C M,, (R) such that Q7 AQ has the form (2.3.5) for every A €
F.

Exercise. Modify the proof of (2.3.3) to prove (2.3.6) as follows: First deflate
all members of F using all the common real eigenvectors. Then consider the
common non-real eigenvectors and deflate two columns at a time as in the
proof of (2.3.4). Notice that different members of 7 may have different num-
bers of 2-by-2 diagonal blocks after the common real orthogonal similarity,
but if one member has a 2-by-2 block in a certain position and another mem-
ber does not, then commutativity requires that the latter must have a pair of
equal 1-by-1 blocks there.

Problems

1. Let z € C" be a given unit vector and write * = [z; y?]T, in which
z1 € Candy € C"!. Choose & € R such that ez; > 0 and define
z = % = [z CT]T, in which z; € R is nonnegative and ( € C"~!.
Consider the Hermitian matrix

Use partitioned multiplication to compute V,*V,, = V2. Conclude that U =
eV, = [ u2 ... uy] is a unitary matrix whose first column is the given
vector .

2. If x € R" is a given unit vector, show how to streamline the construction
described in Problem 1 to produce a real orthogonal matrix Q) € M,,(R) whose
first column is x. Prove that your construction works.

3. Let A € M, (R). Explain why the nonreal eigenvalues of A (if any) must
occur in conjugate pairs.

4 Consider the family 7 = {[ =} |, § i |} and show that the hy-

pothesis of commutativity in (2.3.3), while sufficient to imply simultaneous
unitary upper triangularizability of F, is not necessary.

5. Let F = {A4,..., Ay} C M, be a given family, and let G = {4;4; :
i,j = 1,2,...,k} be the family of all pair-wise products of matrices in F.
If G is commutative, it is known that F can be simultaneously unitarily upper
triangularized if and only if every eigenvalue of every commutator A;A; —
A;A; is zero. Show that assuming commutativity of G is a weaker hypothesis
than assuming commutativity of 7. Show that the family F in Problem 4
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has a corresponding G that is commutative, and that it also satisfies the zero
eigenvalue condition.

6. Let A, B € M, be given, and suppose A and B are simultanecously similar
to upper triangular matrices; that is, S~' AS and S~ BS are both upper trian-
gular for some nonsingular S € M,,. Show that every eigenvalue of AB— BA
must be zero. Hint: If Ay, Ay € M, are both upper triangular, what is the
main diagonal of A; Ay — AgAy?

7. If a given A € M,, can be written as A = QAQ”, in which Q € M,

is complex orthogonal and A € M, is upper triangular, show that A has at

L
S
to show that not every A € M,, can be upper triangularized by a complex
orthogonal similarity.

least one eigenvector x € C™ such that 72 # 0. Consider A = [

8. Let @ € M, be complex orthogonal, and suppose x € C" is an eigenvector
of @ associated with an eigenvalue A\ # +1. Show that 7z = 0. See Problem
8(a) in (2.1) for an example of a family of 2-by-2 complex orthogonal matrices
with both eigenvalues different from 1. Show that none of these matrices can
be reduced to upper triangular form by orthogonal similarity. Hint: Qx = Ax
= (Qz)TQz = AzTz.

9. Let A\, Ao, ..., A\, be the eigenvalues of A € M,,, suppose x is a nonzero
vector such that Az = Az, and lety € C™ and o € C be given. Provide details

for the following argument to show that the eigenvalues of the bordered matrix

[

A= [ “ yAf } € M, are the two eigenvalues of { N y)\m } together with

A2, ..., An. Form a unitary U whose first column is =/ ||z|[,, let V = [1] ® U,
and show that V* AV = [ Bo% } in which B = [ a  ve/llely ] ¢

]l
My and C € M,,_5 has eigenvalues Ag,...,\,. Consider a similarity of

B via diag(1,||z||;"). Ify L z, conclude that the eigenvalues of A are
a, A\, A2, ..., A\p. Explain why the eigenvalues of[ o i } and [ ;}‘ . ]
are the same.

10. Let A = [a;5] € M, and let ¢ = max{|a;;| : 1 < 4,j < n}. Show that
|det A| < ¢*n™/? as follows: Let Ay, ..., \, be the eigenvalues of A. Use the
arithmetic-geometric mean inequality and (2.3.2a) to explain why | det A|? =
A Al S (Ml Dhal?) /)" < (S0 lagl? )" < ()

4,j=1

11. Use (2.3.1) to prove that if all the eigenvalues of A € M, are zero, then
A™ = 0. Hint: If T € M,, is strictly upper triangular, what does 72 look like?
32 Tn"12 T2
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Further Reading. See (3.4.3.1) for a refinement of the upper triangularization
(2.3.1). For a proof of the stronger form of (2.3.3) asserted in Problem 5,
see Y. P. Hong and R. A. Horn, On Simultaneous Reduction of Families of
Matrices to Triangular or Diagonal Form by Unitary Congruences, Linear and
Multilinear Algebra 17 (1985) 271-288.

2.4 Some consequences of Schur’s triangularization theorem

A bounty of results can be harvested from Schur’s unitary triangularization
theorem.

2.4.1 The trace and determinant Suppose A € M, has eigenvalues A1, ..., A,
In (1.2) we used the characteristic polynomial to show that Y | \; = tr 4,
doim 5\ = tr(adjA), and det A = TI7_; \;, but these identities and
others follow simply from inspection of the triangular form in (2.3.1).

For any nonsingular S € M,, we have tr(S™'AS) = tr(ASS™1) = tr A;
tr(adj(S—tAS)) = tr((adj S)(adj A)(adj S71)) = tr((adj S)(adj A)(adj S) 1) =J}
tr(adj A); and det(S7*AS) = (det S71)(det A)(det S) = (det S)~*(det A)(det S) =}}
det A. Thus, tr A, tr(adj A), and det A can be evaluated using any matrix
that is similar to A. The upper triangular matrix 7" = [¢;;] in Schur’s the-
orem (2.3.1) is convenient for this purpose, since its main diagonal entries
t11, - - ., tny are the eigenvalues of A, tr T = Y"1 | t;;, det T = I, ¢;;, and
the main diagonal entries of adj T are II7,, ¢;;, ..., I}, 2;;.

2.4.2 The eigenvalues of a polynomial in A Suppose A € M, has eigen-
values \1,...,\, and let p(¢) be a given polynomial. We showed in (1.1.6)
that p();) is an eigenvalue of p(A) for each i = 1,...,n and that if y is an
eigenvalue of p(A), then there is some i € {1,...,n} such that u = p(\;).
These observations identify the the distinct eigenvalues of p(A) (that is, its
spectrum (1.1.4)), but not their multiplicities. Schur’s theorem (2.3.1) reveals
the multiplicities.

Let A = UTU*, in which U is unitary and T' = [t;;] is upper triangu-
lar with main diagonal entries t17 = Aj,t22 = Ao,...,tpn = An. Then
p(A) = p(UTU*) = Up(T)U* (Problem 2 in (1.3)). The main diagonal
entries of p(7T') are p(A1),p(A2),...,p(A,), so these are the eigenvalues (in-
cluding multiplicities) of p(7") and hence also of p(A). In particular, for each
k=1,2,...the eigenvalues of A* are )\lf7 el )\fl and

tr AR = \F gk (2.4.2.1)
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Exercise. If T € M, is strictly upper triangular, show that: all of the entries
in the main diagonal and the first p — 1 superdiagonals of T? are zero, p =
1,...,n; in particular, 7" = 0.

Suppose that A € M,,. We know (Problem 6 in (1.1)) that if A*¥ = 0 for
some positive integer k, then o(A) = {0}, so the characteristic polynomial of
Aispa(t) = t™ We can now prove the converse, and a little more. If 0(A4) =
{0}, then there is a unitary U and a strictly upper triangular T" such that A =
UTU™; the preceding exercise tells us that 7" = 0, so A" = UT"U* = 0.
Thus, the following are equivalent for A € M,,: (a) A is nilpotent; (b) A™ = 0;
and (c) o(4) = {0}.

2.4.3 The Cayley-Hamilton theorem The fact that every matrix satisfies its
own characteristic equation follows from Schur’s theorem and a simple obser-
vation about multiplication of triangular matrices with special patterns of zero
entries.

2.4.3.1 Lemma. Suppose that R = [r;;],T = [t;;] € M,, are upper triangular
and that r;; = 0,1 < ¢,5 < k < n, and tgyq1 41 = 0. Let § = [s;;] = RT.
Then s;; = 0,1 <¢,5 <k+1.

Proof: The hypotheses describe block matrices R and 7" of the form

Ok R12 111 112
R — T = T M,
{ 0 R22 ] ’ [ 0 T22 } ’ 1€ k

in which Ras, T71, and Ths are upper triangular and the first column of 75, is
zero. The product RT' is necessarily upper triangular. We must show that it
has a zero upper-left principal submatrix of size k 4 1. Partition 7oy = [0 Z]
to reveal its first column and perform a block multiplication

RT — |: Olel +R120 OkT12+R12[0 Z] :| _ |: O [0 RuZ] :l

0T11 + R220 0T12 + RQQ[O Z] 0 [0 RQQZ]

which reveals the desired zero upper-left principal submatrix of size k+1. [

2.4.3.2 Theorem. (Cayley—Hamilton). Let p 4 (¢) be the characteristic polyno-
mial of A € M,,. Thenpa(A) =0

Proof: Factor pa(t) = (t — M)t — Aa)---(t — \p) as in (1.2.6) and use
(2.3.1) to write A as A = UTU*, in which U is unitary, 7" is upper triangular,
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and the main diagonal entries of T are A1, ..., A,. Compute

pA(A) = pA(UTU*)ZUpA(T)U*

It suffices to show that p4(T") = 0. The upper left 1-by-1 block of T — A\ I is
0, and the 2, 2 entry of T — A2 is 0, so the preceding lemma ensures that the
upper left 2-by-2 principal submatrix of (T'— A1) (T — Ao1) is 0. Suppose the
upper left k-by-k principal submatrix of (T — A1) - -+ (T — A1) is zero. The
k+1,k+ 1entry of (T — Agy11) is 0, so invoking the lemma again, we know
that the upper left principal submatrix of (T'— A1) - - - (T'—Ap411) of size k+1
is 0. By induction, we conclude that ((T'— A1 1) -« (T — A1 D)(T =N 1) =
0.

O

Exercise. What is wrong with the following argument? “Since p4(A\;) = 0
for every eigenvalue \; of A € M,,, and since the eigenvalues of p4(A) are
pa(A1),...,pa(An), all eigenvalues of p4 (A) are 0. Therefore, pa(A) = 0.7
Give an explicit example to illustrate the fallacy in the argument.

Exercise. What is wrong with the following argument? “Since p4(t) = det(t1—|}
A), we have pg(A) = det(Al — A) = det(A — A) = det 0 = 0. Therefore,
pa(A) =02

The Cayley—Hamilton theorem is often paraphrased as “every square matrix
satisfies its own characteristic equation,” (1.2.3) but this must be understood
carefully: The scalar polynomial p 4 (¢) is first computed as p4 (¢) = det(¢I —
A), and one then forms the matrix p4(A) from the characteristic polynomial.

We have proved the Cayley—Hamilton theorem for matrices with complex
entries, and hence it must hold for matrices whose entries come from any sub-
field of the complex numbers (the reals or the rationals, for example). In fact,
the Cayley—Hamilton theorem is a completely formal result that holds for ma-
trices whose entries come from any field or, more generally, any commutative
ring. See Problem 3.

One important use of the Cayley—Hamilton theorem is to write powers A*
of A € M, for k > n, as linear combinations of I, A, A2, ..., A"~
2.4.3.3 Example. Let A = { _32 (1) } Then pa(t) = t2 — 3t + 2, s0 A% —
3A+2I = 0. Thus, A2 = 34 — 2I; A® = A(A?) = 34%2 — 24 = 3(34 —
21) —2A=T7A—61I; A* =7A% —6A = 154 — 141, and so on. We can also
express negative powers of the nonsingular matrix A as linear combinations of
Aand I. Write A> — 34+ 2] = 0as 2] = —A%? + 34 = A(-A + 3I),
or I = A[L(—A+3I)]. Thus, A~} = —1A 4 31 = [ A } A2 =



2.4 Some consequences of Schur’s triangularization theorem 129

(—3A+3D)? =342 -3A+91=1BA-21) - 3A+91=-3A4+7],
and so on.

2.4.3.4 Corollary. Suppose A € M, is nonsingular and let p4(t) = t" +
An_1t" 1+ +art+ag. Letq(t) = ;—Ol(t"_1 +an_ 1t" 2+ +ast+ar).
Then A=! = g(A) is a polynomial in A.

Proof: Writepa(A) =0as A(A" 1+a, A" 2+ +asA+arl) = —apl,
that is, Aq(A) = I. O

Exercise. If A, B € M,, are similar and ¢(t) is any given polynomial, show
that g(A) is similar to g(B), and that any polynomial equation satisfied by A
is satisfied by B. Give some thought to the converse: Satisfaction of the same
polynomial equations implies similarity—true or false?

2.4.3.5 Example.We have shown that each A € M, satisfies a polynomial
equation of degree n, for example, its characteristic equation. It is possible
for A € M, to satisfy a polynomial equation of degree less than n, however.
Consider

1 00
A=|10 1 1 | €eM;
0 01

The characteristic polynomial is p4 () = (¢ — 1) and indeed (A — I)® = 0.
But (A — I)? = 0 so A satisfies a polynomial equation of degree 2. There is
no polynomial h(t) = ¢ + ag of degree 1 such that h(A) = 0 since h(A) =
A+ apl #0forall ag € C.

Exercise. Suppose that a diagonalizable matrix A € M, has d < n distinct
eigenvalues A1, ..., Ag. Let q(t) = (t — A1) - -+ (¢t — Aq). Show that ¢(A4) = 0,
so A satisfies a polynomial equation of degree d. Why is there no polynomial
g(t) of degree strictly less than d such that g(A) = 0? Consider the matrix
in the preceding example to show that the minimum degree of a polynomial
equation satisfied by a nondiagonalizable matrix can be strictly larger than the
number of its distinct eigenvalues.

2.4.4 Sylvester’s theorem on linear matrix equations The equation AX —
X A = 0 associated with commutativity is a special case of the linear matrix
equation AX — X B = C, often called Sylvester’s equation. The following
theorem gives a necessary and sufficient condition for Sylvester’s equation to
have a unique solution X for every given C. It relies on the Cayley-Hamilton
theorem, and on the observation that if AX = X B, then A?X = A(AX) =
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A(XB) = (AX)B = (XB)B = XB? A3X = A(A’X) = A(XB?) =
(AX)B? = X B3, etc. Thus, with the usual understanding that A denotes the
identity matrix, we have

<zm: akAk> X = zm: apAFX = iakXBk =X (i WB’“)
k=0 k=0 k=0 k=0

that is, AX — X B = 0 implies that g(A)X — X g(B) = 0 for any polynomial
g(t).

2.4.4.1 Theorem. (Sylvester) Let A € M, and B € M,, be given. The
equation AX — X B = C has a unique solution X € M, ,, for each given
C € M, , ifandonly ifo(A)No(B) = @, that s, if and only if A and B have
no eigenvalue in common. In particular, if 0(A) N o(B) = @ then the only X
such that AX — XB =0is X = 0. If A and B are real, then AX — XB =C
has a unique solution X € M, ,,,(R) for each given C € M,, ,,,(R).

Proof: Consider the linear transformation 7' : M, ,,, — M, ,,, defined by
T(X) = AX — XB. In order to ensure that the equation 7'(X) = C has a
unique solution X for every given C € M, ,, it suffices to show that the only
solution of T(X) = 0is X = 0. (0.5) If AX — XB = 0, we know from
the preceding discussion that pp(A) X — Xpp(B) = 0. The Cayley-Hamilton
theorem ensures that pp(B) = 0, so pg(A)X = 0.

Let A1, ..., A, be the eigenvalues of B, so pp(t) = (t — A1) -+ (t — A\n)
and pg(4) = (A—XM\I)--- (A= \,I). If o(A) No(B) = & then each
factor A — \;[ is nonsingular, pg(A) is nonsingular, and the only solution of
pB(A)X = 0is X = 0. Conversely, if pg(A)X = 0 has a nontrivial solution,
then pp(A) must be nonsingular, some factor A — A;1 is singular, and some
A; is an eigenvalue of A.

If A and B are real, consider the linear transformation 7' : M, ,,(R) —
M,,m(R) defined by T(X) = AX — XB. The same argument shows that
the real matrix pp(A) is nonsingular if and only if 0(A) N o(B) = @ (even if
some of the eigenvalues \; of B are not real). |

Sylvester’s theorem is often used in the following form.
2.4.4.2 Corollary. Suppose that B,C' € M, are block diagonal and confor-
mally partitionedas A = A; @ --- P A and B = B; ® - - - @ By, and suppose
that o(B;) N o(C;) = @ whenever i # j. If A € M,, and AB = CA, then
A=A ® - -® Ay isblock diagonal conformal to B and C, and A; B; = C; A;
foreacht =1,... k.
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Proof: Partition A = [A;;] conformally to B and C. Then AB = C'A if and
only if A;; B; = C;A;;. If ¢ # j, then (2.4.4.1) ensures that A;; = 0. O

2.4.5 Uniqueness in Schur’s triangularization theorem For a given A €
M, the upper triangular form 7' described in (2.3.1) that can be achieved
by unitary similarity need not be unique. That is, different upper triangular
matrices with the same main diagonals can be unitarily similar to A. However,
if A has d distinct eigenvalues A1, ..., A4 in a prescribed order with respective
multiplicities ni,...,ng, and if we let A = A\ 1,, @ --- & \gl,,, then any
two upper triangular matrices 7" and 7" that are unitarily similar to A and have
the same main diagonal as A are related in a simple way: there is a block
diagonal unitary matrix W = W; @ --- @ Wy with each W, € M,,, such that
T =WTW*.

2.4.5.1 Theorem. Suppose that d,nq,...,ny are given positive integers with
d>2,letny+---+ng =n,andlet A = \I,, & D N\l LetT =
[T35]¢ ;=1 and T" = [T7};]¢,_, be upper triangular matrices that are partitioned
conformally to A and have the same main diagonal as A. Let a given W =
[W”]f j=1 € M, be partitioned conformally to A and suppose that TW =
WT'. Then W;; = 0if i > j, that is, W is block upper triangular conformal
to A. If W is unitary, then T/ = WTW*, W = W11 & - - - @ Wyy is block
diagonal, and each block W;; is unitary. Conversely, if W; € M, is unitary
foreachi =1,...,dand T}; = Wiﬂ’ij foralli,j =1,...,d,i < j, then
T is unitarily similar to 77 (via W = W1 & - - - @ Wy).

Proof: Begin with the identity WT = T'W. Because T and T are block
upper triangular, the d, 1 block of 7"W is T);,W4: and the d, 1 block of WT'
is Wq1Th1. Since o(Th,;) = {Aa} # {M} = o(Th1), (2.4.4.1) ensures that
Waq1 = 0 is the only solution to T, Wg1 = Wg1T11. If d = 2, we stop at this
point. If d > 2, then the d, 2 block of T'W is T ,Wy2, the d, 2 block of WT
is Wd1T12 + Wd2T22 = WdQTQQ, and Tédeg = WdQTQQ. Again, (2441)
ensures that Wyo = 0 since o(T);,;) = {Aa} # {2} = 0(Ts2). Proceeding in
this way across the d*" block row of T'WW = W T, we see that all of the blocks
Wai, ..., Wq,a—1 are zero. Now equate the (d — 1), k blocks of T'W = WT'
inturn for k = 1,...,d — 1 and conclude in the same way that they are all
zero. Working our way up the block rows of 7'W = WT, we conclude that
W;; = Oforall7 > j, which means that W is block upper triangular conformal
to A.

Now assume that W is unitary. Partition W = [ W X

0o W
from (2.1.10) that Wi, and W are unitary, and X = 0. Since W is also

} and conclude
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block upper triangular and unitary, an induction leads to the conclusion that
W=Win&- - & W
The converse assertion follows from a computation. |

Exercise. Suppose T' = [t;;],T" = [t};] € M,, are upper triangular and have
the same main diagonals, and suppose the main diagonal entries are distinct.
Explain why T  and 7" are unitarily similar if and only if there are 64, ... ,0,, €
R such that tj;, = ei(ef’ek*)t;k whenever £k > j. Describe the set of all
matrices that have the same main diagonal as the matrix 73 in Example 2.3.2
and are unitarily similar to it.

2.4.6 Every square matrix is block diagonalizable The following applica-
tion and extension of Schur’s theorem (2.3.1) is an important step toward the
Jordan canonical form, which we discuss in the next chapter.

2.4.6.1 Theorem. Let the distinct eigenvalues of A € M, be Ay,..., g,
with respective multiplicities nq,...,ng. Theorem (2.3.1) ensures that A is
unitarily similar to a d-by-d block upper triangular matrix 7" = [TZJ]‘Zi j=1 In
which each block Tj; is n;-by-n;, T;; = 0if i > j, and each diagonal block
T, is upper triangular with diagonal entries A;, that is, each T;; = A\ I,,, + R;
and R, € M, is strictly upper triangular. Then A is similar to

11 0

Too
(2.4.6.2)

If A € M,(R) and if all its eigenvalues are real, then the unitary similarity that

reduces A to the special upper triangular form 7" and the similarity matrix that
reduces T to the block diagonal form (2.4.6.2) may both be taken to be real.

Proof: Partition T as

[T Y
T g ]

in which Sy = [Tij]z‘{j:? Notice that the only eigenvalue of 777 is A1 and that
the eigenvalues of So are Ao, ..., Ag. Sylvester’s theorem (2.4.4.1) ensures
that the equation 777 X — XS = —Y has a solution X; use it to construct

0 I

M‘{ 0 I

Iy X } and its inverse M ! = [ Iy =X }
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Then
— In _X Tll Y In X
M 1 M = 1 1
o= [ TS ST
[Ty TuX—-XS+Y ] [T 0
N 0 So B 0 5o

If d = 2, this is the desired block diagonalization. If d > 2, repeat this reduc-
tion process to show that S5 is similar to Ty ¢ S3 in which S5 = [Tij];{jzg.
After d — 1 reductions, we find that T is similar to 771 @ - - - D Tyq.

If A is real and has real eigenvalues, then it is real orthogonally similar to
a real block upper triangular matrix of the form just considered. Each of the
reduction steps can be carried out with a real similarity. |

Exercise. Suppose that A € M,, is unitarily similar to a d-by-d block upper
triangular matrix T = [T;;]¢ ;_,. If any block T;; with j > i is nonzero, use
(2.2.2) to explain why 7' is not unitarily similar to 711 & - - - ® Tyq.

There are two extensions of the preceding theorem that, for commuting fam-
ilies and simultaneous (but not necessarily unitary) similarity, significantly re-
fine the block structure achieved in (2.3.3).
2.4.6.3 Theorem. Let 7 C M, be a commuting family, let Ay be any given
matrix in F, and suppose that Ay has d distinct eigenvalues A, ..., A4, with
respective multiplicities n1, . .., ng. Then there is a nonsingular S € M,, such
that (a) flo =S 1A40S =Ty ® - & Ty, in which each T; € M, is upper
triangular and all its diagonal entries are \;; and (b) for every A € F, S~tAS
is upper triangular and block diagonal conformal to A.

Proof: First use (2.4.6.1) to choose a nonsingular Sy such that S 1408y =
Ri®- - ® Ry = /10, in which each R; € M,, has ); as its only eigen-
value. Let S’al}'SO = {S(;IASO : A € F}, which is also a commuting
family. Partition any given B € Sy 'FSy as B = [Bij]¢;—,, conformal to
1210. Then [RZB”] = AoB = B/io = [B”R7L SO RiBij = Binj for all
i,7 = 1,...,d. Sylvester’s theorem (2.4.4.1) now ensures that B;; = 0 for
all i # j since R; and R; have no eigenvalues in common. Thus, S5 FS,
is a commuting family of block diagonal matrices that are all conformal to
Ap. Foreachi = 1,...,d, consider the family F; C M, consisting of the
i*" diagonal block of every matrix in Sy L FSy; notice that R; € F; for each
i =1,...,d. Each F; is a commuting family, so (2.3.3) ensures that there is a
unitary U; € M,,, such that U F;U; is an upper triangular family. The main
diagonal entries of U; R;U; are its eigenvalues, which are all equal to ;. Let
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U=U; & - & Uy and observe that S = SyU accomplishes the asserted
reduction, in which T; = U} R;U;. ]

2.4.6.4 Corollary. Let 7 C M,, be a commuting family. There is a nonsingu-
lar S € M,, such that, for every A € F, S~tAS is upper triangular and block
diagonal, and each diagonal block has exactly one eigenvalue.

Proof: 1f every matrix in F has only one eigenvalue, apply (2.3.3) and stop.
If some matrix in F has at least two distinct eigenvalues, let Ag € F be any
matrix that has the maximum number of distinct eigenvalues among all ma-
trices in F. Construct a simultaneous block diagonal upper triangularization
as in the preceding theorem, and observe that the size of every diagonal block
obtained is strictly smaller than the size of Aj. Associated with each diagonal
block of the reduced form of Ay is a commuting family. Among the mem-
bers of that family, either (a) each matrix has only one eigenvalue (no further
reduction required), or (b) some matrix has at least two distinct eigenvalues,
in which case we choose any matrix that has the maximum number of distinct
eigenvalues and reduce again to obtain a set of strictly smaller diagonal blocks.
Recursively repeat this reduction, which must terminate in finitely many steps,
until no member of any commuting family has more than one eigenvalue. [

2.4.7 Every square matrix is almost diagonalizable Another use of Schur’s
result is to make it clear that every matrix is “almost” diagonalizable in two
possible interpretations of the phrase. The first says that arbitrarily close to
a given matrix there is a diagonalizable matrix, and the second says that any
given matrix is similar to an upper triangular matrix whose off-diagonal entries
are arbitrarily small.

2.4.7.1 Theorem. Let A = [a;;] € M,. For each e > 0, there exists a
matrix A(e) = [a;;(€)] € M, that has n distinct eigenvalues (and is therefore
diagonalizable) and is such that 37", |a;; — a;;(€)]* < e.

Proof: Let U € M, be unitary and such that U* AU = T is upper triangular.
Let F = diag(e1,¢€2,...,¢n), in which &1, ..., &, are chosen so that |¢;| <
(i)l/zand so that t;; +€; # t;; + ¢; forall ¢ # j. (Reflect for a moment
to see that this can be done.) Then T+ E has n distinct eigenvalues: ¢17 +
€1y tpn + €pn, and so does A + UEU™*, which is similar to 7"+ E. Let
A(e) = A+ UEU*, sothat A — A(e) = —UEU™* and hence (2.2.2) ensures

that 3, - |aij — aij(e)> = X0, [eil* <n (£) =« .
Exercise. Show that the condition ), ; [a;; — aij(e) |? < €in (2.4.6) could be
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replaced by max; j |a;; — a;;(€)| < e. Hint: Apply the theorem with €* in
place of € and realize that, if a sum of squares is less than €2, each of the items
must be less than ¢ in absolute value.

2.4.7.2 Theorem. Let A € M,,. For each € > 0 there is a nonsingular matrix
S € M, such that S”' AS. = T, = [t;j(e)] is upper triangular and |¢;;(¢)| <
efor1<i<j<n.

Proof:  First apply Schur’s theorem to produce a unitary matrix U € M,
and an upper triangular matrix 7' € M,, such that U* AU = T. Define D,
= diag(l,a,a?, ..., " 1) for a nonzero scalar « and set ¢ = max;<; [ti;]-
Assume that € < 1, since it certainly suffices to prove the statement in this
case. If ¢t < 1, let Se = UD,, and, if t > 1, let Se = UD;;;D.. In either
case, the appropriate S, substantiates the claim of the theorem. If ¢ < 1,
for example, a calculation reveals that ¢;;(e) = t;;e '¢/ = t;;¢/~*, whose
absolute value is no more than €/ ~?, which is, in turn, no more than € if i < j.
If £ > 1, on the other hand, the similarity by D, ; simply preprocesses the
matrix, producing one in which all off-diagonal entries are no more than 1 in
absolute value. |

Exercise. Prove the following variant of (2.4.7.2): If A € M,, and ¢ > 0,
there is a nonsingular S, € M,, such that S;'AS, = T, = [t;;(€)] is upper
triangular and >, ; [tij(€)| < €. Hint: Apply (2.4.7) with [2/n(n — 1)]e in
place of e.

2.4.8 Commuting families and simultaneous triangularization We now usef}
the commuting families version (2.3.3) of Schur’s theorem to show that the
eigenvalues “add” and “multiply”—in some order—for commuting matrices.
2.4.8.1 Theorem. Suppose A, B € M, commute. Then there is an ordering
ai, ..., a, of the eigenvalues of A and an ordering /34, . . ., 8,, of the eigenval-
ues of B such that the eigenvalues of A+ B are a1 + 51, e+ G4, ..., an+ 05,
and the eigenvalues of AB are o1 3,, @205, ..., a,03,. In particular, o(A +
B) Co(A)+o(B)ando(AB) C o(A)o(B).

Proof: Since A and B commute, (2.3.3) ensures that there is a unitary U €
M,, such that U*AU = T = [t;;] and U*BU = R = [r;;] are both upper
triangular. The main diagonal entries (and hence also the eigenvalues) of the
upper triangular matrix T+ R = U*(A + B)U are t11 + 711, - - - s tun + Tnn;
these are the eigenvalues of A + B since A + B is similar to 7"+ R. The
main diagonal entries (and hence also the eigenvalues) of the upper triangular
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matrix TR = U*(AB)U are t11711, - - . , tunTnn; these are the eigenvalues of
AB, which is similar to T R. |

2.4.8.2 Example. Even when A and B commute, not every sum of their re-
spective eigenvalues need be an eigenvalue of A + B. Consider the diagonal

matrices
10 3 0
A[30] wa me [0

andrealize that 1+4 =5 ¢ {4,6} = 0(A + B). Thus o(A + B) is contained
in, but is not generally equal to, 0(A) + o(B) when A and B commute.
2.4.8.3 Example. If A and B do not commute, it is difficult to say how o (A +
B) isrelated to 0(A) and o(B). In particular, o (A + B) need not be contained
ino(A) + o(B). Let

0 1 0 0
A—[O 0] and B—[l 0}

Then o0(A + B) = {—1,1}, while 6(4) = o(B) = {0}.

2.4.8.4 Example. Is there a converse of (2.4.8.1)? If the eigenvalues of A and
B add, in some order, must A and B commute? The answer is no, even if the
eigenvalues of A and 5B add, in some order, for all scalars « and . This is
an interesting phenomenon, and the characterization of such pairs of matrices
is an unsolved problem! Consider the noncommuting matrices

01 0 0 0 0
A=1(10 0 -1 and B=|1 0 0

00 O 010
for which o(A) = o(B) = {0}. Moreover, poaipp(t) = t3, so o(ad +
bB) = {0} for all @, € C and the eigenvalues add. If A and B were
simultaneously upper triangularizable, the proof of (2.4.8.1) shows that the
eigenvalues of AB would be products, in some order, of the eigenvalues of A
and B. However, 0(AB) = {—1,0, 1} is not contained in 0 (A4) - o(B) = {0},
so A and B are not simultaneously triangularizable.
2.4.8.5 Corollary. Suppose that A, B € M,, commute, 0(A4) = {aq, ..., a4, }
ando(B) = {By,...,B4,} Ifa; # =3, forall i, j, then A+ B is nonsingular.

Exercise. Verify (2.4.8.5) using (2.4.8.1).

Exercise. Suppose T' = [t;;] and R = [r;;] are n-by-n upper triangular ma-
trices of the same size and let p(s,t) be a polynomial in two noncommuting
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variables, that is, any linear combination of words in two noncommuting vari-
ables. Explain why p(T, R) is upper triangular and its main diagonal entries
(its eigenvalues) are p(t11,711), - - -, P(tnns Tnn)-

For complex matrices, simultaneous triangularization and simultaneous uni-
tary triangularization are equivalent concepts.
2.4.8.6 Theorem. Let Aq,...,A,, € M, be given. There is a nonsingular
S € M, such that S~'A;S is upper triangular for all i = 1,...,m if and
only if there is a unitary U € M,, such that U* A;U is upper triangular for all
1=1,...,m.

Proof: Use (2.1.14) to write S = @R, in which @ is unitary and R is upper
triangular. Then T; = S~'A4;S = (QR) '4;(QR) = R~ YQ*A;Q)R is
upper triangular, so Q*A;Q = RT;R~! is upper triangular, as the product of
three upper triangular matrices. |

Simultaneous upper triangularizability of m matrices by similarity is com-
pletely characterized by the following theorem of McCoy. It involves a poly-
nomial p(t1,...,1t,,) in m noncommuting variables, which is a linear combi-
nation of products of powers of the variables. Since the variables are noncom-
muting, different powers of the same variables may occur in a given product
with products of powers of other variables in between. The key observation
is captured in the preceding exercise: if 71, ..., T, are upper triangular, then
sois p(Th, ..., T, ) and the main diagonals of T}, ..., T, and p(T}, ..., Tp,)
exhibit specific orderings of their eigenvalues. For each k = 1, ..., n, the k"
main diagonal entry of p(T, ..., T,,) (an eigenvalue of p(T1,...,T,,)) is the
same polynomial in the respective k' main diagonal entries of 71, . .., T),.
2.4.8.7 Theorem. (McCoy) Let m > 2 and let Ay,..., A,, € M, be given.
The following statements are equivalent:

(a) For every polynomial p(t1,...,¢y,) in m noncommuting variables and
every k.l =1,...,m, p(Ay,..., An)(AxAy — AgAy) is nilpotent.

(b) There is a unitary U € M,, such that U*A;U is upper triangular for each
i=1,...,m.

(c) There is an ordering )\gi), RPN )\gf ) of the eigenvalues of each of the matrices
A;, i = 1,...,m, such that for any polynomial p(t1,...,%,,) in m noncom-
muting variables, the eigenvalues of p(A1,...,A,,) are p()\gl), . )\Em)),
t=1,...,n.

Proof: (b) = (¢): Let T, = U*A,U = [tgf)] be upper triangular and let
/\gk) = tﬁ), cee )\;k) = ) Then the eigenvalues of p(Ay,..., Ay) =
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p(UTWU*,..., UT,,U*) = Up(T1,...,T,,)U* are the main diagonal entries
of p(Ty, . .., Tr), which are p(A) . Al™)
(¢) = (a) For any given polynomial p(¢1,...,t,) in m noncommuting vari-

ables consider the polynomials gi¢(t1, ..., tm) = p(t1, ..., tm) (tete — tetr),

k,¢ =1,...,minmnoncommuting variables. The eigenvalues of ¢ gAl, AR
are, according to (c), gee(A, .. A = p(AM ARG
)\EZ)/\EM) = p()\gl), cey )\Em)) -0=0foralli =1,...,n. Thus, each matrix

p(A1, ..., An) (A A — ApAy) is nilpotent. (2.4.2)

(a) = (b): Suppose (see the following lemma) that A4, ..., A,, have a com-

mon unit eigenvector x . Subject to this assumption, we proceed by induction

as in the proof of (2.3.3). Let U; be any unitary matrix that has x as its first
column. Use U; to deflate each A; in the same way:

,i=1,...,m.

)\(i) * -
-Ai :UfAlUl = (1) A 9Ai E]\4n,17 t=1,....m (2488)
Let p(t1,...,t,) be any given polynomial in m noncommuting variables.

Then (a) ensures that the matrix

U*p(Al7 ce ,Am)(AkAg — AgAk)U = p(.A1, e ,.Am)(.Ak.Ag - .AeAk)
(2.4.8.9)
is nilpotent for each k,¢ = 1,...,m. Partition each of the matrices (2.4.8.9)
conformally to (2.4.8.8) and observe that its 1,1 entry is zero and its lower
right block is p(fh, ce flm)(flkflg — fl@flk), which is necessarily nilpotent.

Thus, the matrices A, ..., A,, € M,_, inherit property (a) and hence (b)
follows by induction, as in (2.3.3). Ul

We know that commuting matrices always have a common eigenvector (1.3.19).j

If the matrices Ay, ..., A, in the preceding theorem commute, then the con-
dition (a) is trivially satisfied since p(A1, ..., Ap)(ArAe — AgAy) = 0 for all
k.0 = 1,...,m. The following lemma shows that the condition (a), weaker
than commutativity, is sufficient to ensure existence of a common eigenvector.
2.4.8.10 Lemma. Let A,,...,A,, € M, be given. Suppose that for every
polynomial p(t1,...,t,,) in m > 2 noncommuting variables and every k, { =
1,...,m, each of the matrices p(Ai,..., An)(ArAr — AgAy) is nilpotent.
Then for each given nonzero vector © € C”™ there is a polynomial ¢(t1, . . ., tm )l
in m noncommuting variables such that g(41, ..., A,,)z is a common eigen-
vector of Aq,..., A,,.

Proof: We consider only the case m = 2, which illustrates all the features
of the general case. Let A, B € M, let C = AB — BA, and assume that
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p(A, B)C is nilpotent for every polynomial p(s, t) in two noncommuting vari-
ables. Let x € C" be any given nonzero vector. We claim that there is a
polynomial ¢(s,t) in two noncommuting variables such that ¢(A, B)z is a
common eigenvector of A and B.

Begin with (1.1.9) and let g4 (¢) be a polynomial such that &, = g1(A)z is
an eigenvector of A: A&, = A\¢;.

Case I: Suppose Cp(B)¢&, = 0 for every polynomial p(t), that is,
ABp(B)¢, = BAp(B)¢&, for every polynomial p(t) (2.4.8.11)

Using this identity with p(¢) = 1 shows that AB{; = BAE,. Now proceed by
induction: Suppose AB*¢, = B* A¢, for some k > 1. Using (2.4.8.11) and
the induction hypothesis, we compute

AB"'¢, = AB-B'¢ = BA-B'¢, = B- AB"¢,
= B-BFAg = BFlAg,

We conclude that AB*¢, = B* A€, for every k > 1, and hence Ap(B)¢; =
P(B)AE, = p(B)XE, = Ap(B)E,) for every polynomial p(). Thus, p(B)¢,
is an eigenvector of A if it is nonzero. Use (1.1.9) again to choose a polynomial
g2(t) such that go(B)¢; = g2(B)g1(A)x is an eigenvector of B (necessarily
nonzero). Let g(s,t) = g2(t)g1(s). We have shown that q(A, B)x is a com-
mon eigenvector of A and B, as claimed.

Case II: Suppose there is some polynomial f;(¢) such that C'f;(B)£; # 0.
Use (1.1.9) to find a polynomial g;(¢) such that &, = ¢1(A)C f1(B)&; is an
eigenvector of A. If Cp(B)¢, = 0 for every polynomial p(t), then Case I
permits us to construct the desired common eigenvector; otherwise, let fo(¢)
be a polynomial such that C f2(B)&, # 0 and let g2(¢) be a polynomial such
that 5 = ¢2(A)C f2(B)&, is an eigenvector of A. Continue in this fashion to
construct a sequence of eigenvectors

& = qu1(A)Cfr1(B)E, 1, k=23, .. (2.4.8.12)

of A until either (i) Cp(B)&,, = 0 for every polynomial p(t), or (ii) k = n+ 1.
If (i) occurs for some k < n, Case I permits us to construct the desired common
eigenvector of A and B. If (i) is false for each k = 1, 2, ..., n, our construction
produces n + 1 vectors £, ..., §,,, ; that must be linearly dependent, so there
aren+1scalarscy, . .., cpq1, notall zero, such that c1 &1+ - ~+cpy1§, 11 = 0.
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Letr = min{i : ¢; # 0}. Then

—cée = Y il = Y cnai(ACH(B);
= Cr414r (A)Ofr (B)gr
n—1
+ Z Civ2qi+1(A)C fir1(B)Si 1 (2.4.8.13)

Using (2.4.8.12), the summand in (2.4.8.13) in which 7 = r can be expanded
to

Cr+2Qr+1 (A)Cfr+1 (B)QT (A)Cf7 (B)ér

In the same fashion, we can use (2.4.8.12) to expand each of the summands
in (2.48.13) with¢ = r + 1,7 + 2,...,n — 1 to an expression of the form
hi(A, B)Cf.(B)¢, in which each h;(A, B) is a polynomial in A and B. We
obtain in this way an identity of the form —c.§, = p(4, B)Cf.(B)&,, in
which p(s, t) is a polynomial in two noncommuting variables. This means that
fr(B)E, is an eigenvector of p(A, B)C associated with the nonzero eigenvalue
—c,, in contradiction to the hypothesis that p(A, B)C is nilpotent. This con-
tradiction shows that (i) is true for some k£ < n and hence A and B have a
common eigenvector of the asserted form. U

We have stated McCoy’s theorem (2.4.8.7) for complex matrices, but if we
restate (b) to assert only simultaneous similarity (not simultaneous unitary sim-
ilarity), then the theorem is valid for matrices and polynomials over any field
that contains the eigenvalues of all the matrices Ay, ..., A.,.

2.4.9 Continuity of eigenvalues Schur’s unitary triangularization theorem
can be used to prove a basic and widely useful fact: The eigenvalues of a
square real or complex matrix depend continuously on its entries. Both aspects
of Schur’s theorem—unitary and triangular—play key roles in the proof. The
following lemma encapsulates the fundamental principle involved.

2.4.9.1 Lemma. Let an infinite sequence of matrices Ay, As,... € M,, be
given and suppose limy_, ., Ay = A (entry-wise convergence). Then there is
an infinite sequence of positive integers k1 < ko < --- and unitary matrices
U, € M, fori =1,2,...such that (a) T; = U]:iAki Uy, is upper triangular
foralli =1,2,...;(b) U = lim; . Uy, exists and is unitary; (c) T" = U* AU
is upper triangular; and (d) lim; ., 13 =T

Proof: Using (2.3.1), for each k = 1,2,... let Uy € M, be unitary and
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such that U} AU}, is upper triangular. Lemma (2.1.8) ensures that there is an
infinite subsequence Uy, , Uk,, . .. and a unitary U such that Uy, — U as i —
oo. Then convergence of each of its three factors ensures that the product
T; = Uy, Ay, Uy, converges to a limit 7" = U* AU, which is upper triangular
because each T} is upper triangular. Ul

In the preceding argument, the main diagonal of each upper triangular ma-
trix 1,711, Ts, ... is a particular presentation (think of it as an n-vector) of
the eigenvalues of A, Ay, , Ay,, ..., respectively. The entry-wise convergence
T; — T ensures that among the up to n! different ways of presenting the eigen-
values of each of the matrices A, Ay, , Ay,, ... as an n-vector, there is at least
one presentation for each matrix such that the respective vectors of eigenval-
ues converge to a vector whose entries comprise all the eigenvalues of A. It
is in this sense, formalized in the following theorem, that the eigenvalues of a
square real or complex matrix depend continuously on its entries.
2.4.9.2 Theorem. Let an infinite sequence Ay, Ao, ... € M, be given and sup-
pose that limy, ., A = A (entry-wise convergence). Let A(A) = [A1(4) ... \.(A)]7
and A\(Ag) = [A1(Ag) ... A\ (Ax)]7T be given presentations of the eigenvalues
of A and Ay, respectively, for k = 1,2,.... Let I,, = { : 7 is a permutation
of {1,2,...,n}}. Then for each given ¢ > 0 there exists a positive integer
N = N(e) such that

min max {| Az (Ar) — Xi(A)|} < eforallk > N (24.9.3)

well, 1=1,...,n

Proof: 1If the assertion (2.4.9.3) is false, then there is some €9 > 0 and an
infinite sequence of positive integers k1 < ko < --- such that for every j =
1,2,... we have

max ‘)\,r(i)(Akj) — )\i(A)‘ > gg for every T € 11, (2.4.9.4)

i=1,...,n

However, (2.4.9.1) ensures that there is an infinite sub-subsequence k; <
kj, < kj, < ---, unitary matrices U, Uy, , Uy, ,..., and upper triangular
matrices T’ = U*AU and T, = U,jjp Akjp Uy, forp =1,2,... such that all of
the entries of T}, (in particular, the main diagonal entries) converge to the corre-
sponding entries of 7" as p — oco. Since the vectors of main diagonal entries of
T,Ty,T5, .. .are obtained, respectively, from the given presentations of eigen-
values A(A), A(Ag;, ), A(A,, ), . .. by permuting their entries, the entry-wise
convergence we have observed contradicts (2.4.9.4) and proves the theorem.

O
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2.4.10 Eigenvalues of a rank one perturbation It is often useful to know
that any one eigenvalue of a matrix can be shifted arbitrarily by a rank one
perturbation, without disturbing the rest of the eigenvalues.

2.4.10.1 Theorem (A. Brauer) Suppose A € M,, has eigenvalues A\, Ao, ..., Ayl
and let = be a nonzero vector such that Ax = Az. Then for any v € C" the
eigenvalues of A + zv* are A + v*x, Ao, ..., Ay,

Proof: Let{ =/ ||z|,and let U = [{ ug ... u,] be unitary. Then the proof
of (2.3.1) shows that

Ak
*AU =
Ut AU [ )X }
in which A; € M,,_ has eigenvalues Ao, ..., A,. Also,
[ & [E4[P
usT 0
Urzv*U = v*U = . [ v vrug - vru, ]
L urx 0
[ ll=llvte K ] [ vt K
- 0 0| 0 0
Therefore,
A+v'r %k
* A * —
U (A+ zv)U { 0 A, ]
has eigenvalues A + v*x, Aa, ..., Ap. |

For a different approach to this result, see (1.2.8).

2.4.11 The complete principle of biorthogonality The principle of biorthog-ii

onality says that left and right eigenvectors corresponding to different eigen-

values are orthogonal; see (1.4.7). We now address all the possibilities for left

and right eigenvectors.

2.4.11.1 Theorem. Let A € M, unit vectors z,y € C", and A\, u € C be

given.

@ If Az = Az, y* A = py*,and XA # p, theny*z = 0. LetU = [z yus ... u,] €

M, be unitary. Then
Ak Kk

U'AU=| 0 u 0 , Ap_o€ M, o (2.4.11.2)

0 * An72
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(b) Suppose that Az = Az, y*A = Ay*,andy*x = 0. LetU = [z y us ... uy,] €}}
M, be unitary. Then

M S ¢
UAU=10 X 0 |, ApoeM, (2.4.11.3)
0 * An72

and the algebraic multiplicity of A is at least two.

(c) Suppose that Az = Az, y*A = Ay*, and y*z # 0. Let S = [z S1] € M,
in which the columns of S; are any given basis for the orthogonal comple-
ment of y. Then S is nonsingular, the first column of S~ is a nonzero scalar
multiple of y, and S~! AS has the block form

[ g\ A,?,l } , Ap1 €M, (2.4.11.4)
If the geometric multiplicity of A is one, then its algebraic multiplicity is also
one. Conversely, if A is similar to a block matrix of the form (2.4.11.4), then
it has a non-orthogonal pair of left and right eigenvectors associated with the
eigenvalue \.

(d) Suppose that Ax = Az, y*A = A\y*, and x = y (such an x is called a
normal eigenvector). Let U = [z Uy] € M, be unitary. Then U* AU has the
block form (2.4.11.4).

Proof: (a) Compared with the reduction in (2.3.1), the extra zeroes in the

second row of (2.4.11.2) come from the left eigenvector: y* Au; = py*u; =0

fori=3,...,n.

(b) The zero pattern in (2.4.11.3) is the same as that in (2.4.11.2), and for the

same reason. For the assertion about the algebraic multiplicity, see Problem 14

in (1.2).

(c) See (1.4.7) and (1.4.12). If the algebraic multiplicity of A for a matrix of

the form (2.4.11.4) is at least two, then A is an eigenvalue of A, _;. Then A

has geometric multiplicity at least one as an eigenvalue of A,,_;, which means

it has geometric multiplicity at least two as an eigenvalue of A.

(d) Compared with the reduction in (2.3.1), the extra zeroes in the first row of

(2.4.11.4) appear because x is also a left eigenvector: z*AU; = Az*U; = 0.
O

Problems

1. Suppose A = [a,;] € M,, has n distinct eigenvalues. Use (2.4.9.2) to show
that there is an ¢ > 0 such that every B = [b;;] € M, with 331", |a;; —
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bij|> < € has n distinct eigenvalues. Conclude that the set of matrices with
distinct eigenvalues is an open subset of M,,.

2. Why is the rank of an upper triangular matrix at least as large as the number
of its nonzero main diagonal entries? Let A = [a;;] € M,,, and suppose A has
exactly £ > 1 nonzero eigenvalues A1, ..., \y. Write A = UTU*, in which
U is unitary and T' = [t;;] is upper triangular. Show that rank A > k, with
equality if A is diagonalizable. Explain why

k k n n k
IDNP<EDY NP =Yl <k DY [P =k agl
=1 =1 =1 =1

ij=1
and conclude that rank A > |tr A|?/(tr A* A).

3. Our proof of the Cayley—Hamilton theorem (2.4.3.2) relies on the fact that
complex matrices have eigenvalues, but the definition (1.2.3) of the character-
istic polynomial does not involve eigenvalues. The Cayley-Hamilton theorem
is valid for matrices whose entries come from any field. Indeed, it is valid for
matrices whose entries come from a commutative ring with unit, examples of
which are the ring of integers modulo some integer k£ (which is a field if and
only if k is prime) and the ring of polynomials in one or more formal indeter-
minants with complex coefficients. Provide details for the following proof that
any A € M, satisfies the identity p4(A) = 0. The proof is valid for A over a
commutative ring with unit.

(a) Start with the fundamental identity (¢ —A)[adj(t]—A)] = det(t]—A)I =
pa(t)I (0.8.2) and write

paA®)] = It" + Tap_1t" ' + Ta, ot" 2+ -+ Tagt + Iay (2.4.12)

a polynomial in ¢ of degree n with matrix coefficients; each coefficient is the
identity matrix.

(b) Explain why adj(tI — A) is a matrix whose entries are polynomials in ¢ of
degree at most n — 1, and hence it can be written as

adj(tl — A) = A, _1t" 14 Ay ot" 2 4 Art + Ag (2.4.13)

in which each coefficient Ay, is an n-by-n matrix whose entries are polynomial
functions of the entries of A and Ag = (—1)" ! adj A.
(c) Use (2.4.13) and compute the product (¢ — A)[adj(t] — A)] as

Ap 1t + (Ap_o — AA, " 4o (Ag — AANE — AAy (2.4.14)
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(d) Match the coefficients of (2.4.12) and (2.4.14) to obtain n + 1 equations

Apr = 1
An—2 - AAn—l = ap11
(2.4.15)
AO - AA1 = a1]
—AAy = aol

(e) For each k = 1,...,n, multiply the k' equation in (2.4.15) by A"+ +1,
add all n 4 1 equations, and obtain the Cayley-Hamilton theorem 0 = p4(A).
(f) Foreach k = 1,...,n — 1, multiply the £*" equation in (2.4.15) by A"k,
add only the first n equations, and obtain the identity

adjA= (—1)" (A" +a, A"+ daAta ) (24.16)

which expresses adj A as an explicit polynomial in A.
(g) Use (2.4.15) to show that the matrix coefficients in the right-hand side of
(2.4.13)are A,,_1 = I and

Ap_p1 = AF + an—lAk71 +-+ a7z—k+1A + an_pd (2.4.17)
fork=1,2,...,n — 1, so they are actually polynomials in A.

4. Let A, B € M, and suppose A commutes with B. Explain why B com-
mutes with adj A, and why adj A commutes with adj B. If A is nonsingular,
deduce that B commutes with A~

5. Consider the matrices { 8 o } and explain why there can be non—diagonalizablel
matrices arbitrarily close to a given diagonalizable matrix. Use Problem 1 to
explain why this cannot happen if the given matrix has distinct eigenvalues.

6. Show that for

1 00 -2 1 2
A=10 2 0 and B=| -1 -2 -1
0 0 3 1 1 1

o(aA + bB) = {a — 2b,2a — 2b,3a + b} for all scalars a,b € C, but A and
B are not simultaneously similar to upper triangular matrices. o (AB) =?

7. Use the criterion in Problem 6 in (2.3) to show that the two matrices in
Example (2.4.8.6) cannot be simultaneously upper triangularized. Apply the
same test to the two matrices in Problem 6.

8. An observation in the spirit of McCoy’s theorem (2.4.8.7) can sometimes be
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useful in showing that two matrices are not unitarily similar. Let p(t, s) be a
polynomial with complex coefficients in two noncommuting variables, and let
A, B € M, be unitarily similar with A = UBU™* for some unitary U € M,,.
Explain why p(A, A*) = Up(B, B*)U*. Conclude that if A and B are uni-
tarily similar, then trp(A, A*) = trp(B, B*) for every complex polynomial
p(t, s) in two noncommuting variables. How is this related to Specht’s theorem
(2.2.6)?

9. Let p(t) = t" + ap_1t""1 + -+ + a1t + ag be a given monic polynomial
of degree n with zeroes A1, Ao, ..., An. Let s, = A¥ + A5 ... 4 \F denote
the kth moments of the zeroes, k = 0,1, 2,... (take p, = n). Provide details
for the following proof of Newton's identities

kan—k T An—k+1H  Qp—kt2fg + - F Q1 fly_q + Hy = 0 (2418)
fork=1,2,...,n—1and

aopy, + A1fg41 +oet Qp—1py -1 + Mtk = 0 (2419)

for k = 0,1,2,.... First show that if [¢| > R = max{|\;| : ¢ = 1,...,n},
then (t — A\;) ™' =t~ + X\t=2 4+ A?t73 4 .- and hence

n
FO=>t=X)"=ntT bt gt P+ for [t >R
i=1
Now show that p’(¢) = p(t) f(¢) and compare coefficients. Newton’s identities
show that the first n moments of the zeroes of a monic polynomial of degree
n uniquely determine its coefficients. See Problem 18 in (3.3) for a matrix-
analytic approach to Newton’s identities.

10. Show that A, B € M, have the same characteristic polynomials, and hence
the same eigenvalues, if and only if tr A*¥ = tr B* forall k = 1,2,...,n.
Deduce that A is nilpotent if and only if tr A* = 0 forall k = 1,2,...,n.

11. Let A, B € M, be given and consider their commutator C = AB — BA.
Show that (a) tr C' = 0. (b) Consider A = [ ? 8 ] and B = [ 8 é ] and
show that a commutator need not be nilpotent; that is, a commutator can have
some nonzero eigenvalues, but their sum must be zero. (c) If rankC' < 1,
show that C' is nilpotent. Hint: Problem 2. (d) If rank C' = 0, explain why A
and B are simultaneously unitarily triangularizable. (¢) Suppose rank C' = 1
and provide details for the following sketch of a proof that A and B are simul-
taneously triangularizable by similarity (Laffey’s theorem): We may assume
that A is singular (replace A by A — AI if necessary). If the null space of A
is B-invariant, then it is a common nontrivial invariant subspace, so A and B
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are simultaneously similar to a block matrix of the form (1.3.17). If the null
space of A is not B-invariant, let x # 0 be such that Ax = 0 and ABx # 0.
Then Cx = ABz so there is a z # 0 such that C = ABzz”. For any y,
(:Ty)ABx = Cy = ABy — BAy, BAy = AB(y — (2Ty)x), and hence
range BA C range AB C range A, range A is B-invariant, and A and B are
simultaneously similar to a block matrix of the form (1.3.17). Now assume that
a=[% de]oB=]% B2 AuwBu € Ml <k < n,and

_ A11B11 — B11An X
C = 0 AnoBos — B Aoy } has rank 1. At least one of the

diagonal blocks of C' is zero, so we may invoke (2.3.3). If one diagonal block
has rank 1 and size greater than one, repeat the reduction. A 1-by-1 diagonal
block cannot have rank 1.

12. Let A, B € M,, and let C = AB— BA. (a) If C commutes with A, explain
why tr C* = tr(C*~1(AB — BA)) = tr(AC*~'B — C*"1BA) = 0 for all
k =2,...,n. Deduce Jacobson’s Lemma from Problem 10: C'is nilpotent if it
commutes with either A or B. (b) If n = 2, show that C' commutes with both A
and B if and only if A commutes with B. Hint: Explain why we may assume
that A and B are upper triangular and C' is strictly upper triangular. (c) If A
is diagonalizable, show that A commutes with C' if and only if A commutes
with B. Hint: If A = SAS™', A = ML, @ - @ A\gl,,, and \; # A; if
i#j,letC=S5"1CSand B = S"'BS. If A commutes with C then C is
block diagonal conformal to A. But C = AB — BA has zero diagonal blocks,
so C = 0. (d) A and B are said to quasi-commute if they both commute with
their commutator C'. If A and B quasi-commute and p(s, t) is any polynomial
in two noncommuting variables, show that p(A4, B) commutes with C' and use
(a) to show that p(A, B)C is nilpotent. (e) If A and B quasi-commute, use
McCoy’s theorem (2.4.8.7) to show that A and B are simultaneously unitarily
triangularizable.

13. Provide details for the following alternative proof of Sylvester’s theorem
(2.4.4.1) on the linear matrix equation AX — X B = C": Suppose A € M,, and
B € M,, have no eigenvalues in common. Consider the linear transforma-
tions 71, 15 : My, ., — My, defined by T7(X) = AX and T5(X) = XB.
Show that 77 and T> commute, and deduce from (2.4.8.1) that the eigenvalues
of T — Ty — T are differences of eigenvalues of 77 and T5. Argue that A
is an eigenvalue of 77 if and only if there is a nonzero X € M,, ,, such that
AX — AX = 0, which can happen if and only if A is an eigenvalue of A (and
every nonzero column of X is a corresponding eigenvector). The spectra of T
and A are therefore the same, and similarly for 75 and B. Thus, T is nonsin-
gular if A and B have no eigenvalues in common. If z is an eigenvector of A
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corresponding to the eigenvalue A and y is a left eigenvector of B correspond-
ing to the eigenvalue p, consider X = zy™*, show that T'(X) = (A — p) X, and
conclude that the spectrum of T" consists of all possible differences of eigen-
values of A and B.

14. Let A € M,, and suppose rank A = r. Provide details to show that A is
unitarily similar to an upper triangular matrix whose first » rows are linearly
independent and whose last n — r rows are zero. Suppose A has k nonzero
eigenvalues. Begin by using (2.3.1) to write A = UT'U* in which U is unitary,
T = [ %1 (Z is upper triangular, the diagonal entries of By € M, are
the nonzero eigenvalues of A, the diagonal entries of Cy € M,,_j are zero,
C, = [ 8 ’%2 }, and Ay € M,,__1. If A5 = 0 or if A5 is nonsingular, stop.
If not, repeat the reduction.

15. Let A, B € M,, and consider the polynomial in two complex variables
defined by pa p(s,t) = det(tB — sA). (a) Suppose that A and B are simul-
taneously triangularizable, with A = SAS~!, B = SBS~!, A and B upper
triangular, diag A = (a1,...,q,), and diagB = (84,...,53,,). Show that
pa,p(s,t) =det(tB —sA) =[], (tB; — sa;). (b) Now suppose that A and
B commute. Deduce that

pa(B,A) =TI, (8;A — a;B) = S(TT'_1 (B;A — a;B))S ™!

Explain why the ¢, ¢ entry of the upper triangular matrix 8,4 — ;B is zero.

(c) Use Lemma 2.4.1 to show that p4 g(B, A) = 0 if A and B commute. Ex-
plain why this identity is a two-variable generalization of the Cayley-Hamilton
theorem. Hint: What is p4 ;(1,¢) and why is p4 ;(I, A) = 0? (d) Suppose
A,B € M, commute. For n = 2, show that ps (B, A) = (det B)A? —
(tr(Aadj B))AB+(det A)B?. Forn = 3, show thatps p(B, A) = (det B) 4>}
(tr(Aadj B))A%B + (tr(Badj A))AB? — (det A)B3. What are these iden-
tities for B = I? (e) Calculate det(tB — sA) for the matrices in Examples
2.4.8.3 and 2.4.8.4; discuss. (f) Why did we assume commutativity in (b) but

not in (a)?

16. Let \ be an eigenvalue of A = [ ° Z } € Ms. (a) Explain why p =

a + d — X is an eigenvalue of A; (b) Explain why (A — AI)(A — ul) = (A —
ul)(A — AI) = 0; (c) Deduce that any nonzero column of [ ‘. A d b A ] is
an eigenvector of A associated with p, and any nonzero row is the conjugate
transpose of a left eigenvector associated with A; (d) Deduce that any nonzero
column of | * - d A\ b “ ] is an eigenvector of A associated with ;1 and any
nonzero row is the conjugate transpose of a left eigenvector associated with .

See Problem 21 in (3.3) for a generalization.
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17. Let A, B € M, be given and let
S(A, B) =span{I, A, B, A>, AB, BA, B*>, A3, A’B, .. .}

denote the subalgebra of M,, generated by all powers and products of A and B.
Then S(A, B) is a subspace of M, so dim S(A, B) < n?. Consider n = 2,
A= [ 8 (1) }, and B = A”'; show in this case that dim S(A, B) = n?. Use
the Cayley-Hamilton theorem to show that dim S(A, I) < n. Gerstenhaber’s
theorem says that if A, B € M,, commute, then dim S(A, B) < n.

18. Suppose that A = [ AOH 1‘3;; } € M,, A1 € Mp,1 <k <n,Ay €
M,, .. Show that A is nilpotent if and only if both A1; and A5 are nilpotent.

19. Suppose that A = [ AOH ﬁ;i } € M,,B = [ Bo“ g;j ] € M,,
Ai1,B11 € My,1 < k < n,Ass, By € M, _;. Show that A and B are si-
multaneously upper triangularizable if and only if both (a) A;; and By, are si-
multaneously upper triangularizable, and (b) Ass and Bgs are simultaneously
upper triangularizable. Hint: If A and B are simultaneously upper triangu-
larizable and p(s, t) is any polynomial in two noncommuting variables, then
p(A, B)(AB — BA) is nilpotent. (2.4.8.7). Explain why p(A;;, Bi; ) (A Bii —
By; A;;) is nilpotent for i = 1, 2.

20. Suppose A, B € M, and AB =0,s0C = AB—BA = —BA. Letp(s, 1)
be a polynomial in two noncommuting variables. (a) If p(0,0) = 0, show that
Ap(A, B)B = 0 and hence (p(A, B)C)? = 0. (b) Show that C? = 0. (c) Use
(2.4.8.7) to show that A and B are simultaneously upper triangularizable. (d)
Are [ -3 } and [ > } simultaneously upper triangularizable?

21. Let A € M, have eigenvalues Ay, . . ., \,,. The matrix K = [tr A+ —2]2._ ]
is the moment matrix associated with A. We always take A° = I, so tr A® =

n. Show that K = VTV, in which V € M,, is the Vandermonde matrix
(0.9.11.1) whose " row is [\i7* X571 ... AT 5 = 1,...,n. Explain
why det K = (det V) = [],_;(\; — A\i)?; this product is the discriminant
of A. Conclude that the eigenvalues of A are distinct if and only if its moment
matrix is nonsingular. Explain why K (and hence the discriminant of A) is
invariant under similarity of A.

22. Suppose that A € M, has d distinct eigenvalues A1, ..., A\; with respective
multiplicities v ..., vq. The matrix K,, = [tr A" 2] _, is the moment
matrix of order m associated with A, m = 1,2,...; if m < n, it is a lead-
ing principal submatrix of the moment matrix K in the preceding problem.
Let v§-m) = (1} )\? . )\gn*l]T,j = 1,...,n and form the m-by-d matrix



150 Unitary similarity and unitary equivalence

Vi = o™ o{™ ... 0l™]. Let D = diag(v1,...,v4) € My. Show that:
(a) V;,, has row rank m if m < d and has column rank d if m > d. (b) K, =
VmDVrz;' Hint: K, = [Zi:l V’f’\;jj_Q]zT‘?j:l = 22:1 Vkvl(cm) (Ul(cm))T- (©
If1 < p < ¢q, K, is a leading principal submatrix of K. (d) K is nonsingular.
(e) rank K,,, = dif m > d. Hint: rank V,,, = rank D = d = rank K,,, < d;
K4 nonsingular = rank K,,, > d. (f) d = max{m > 1 : K,, is nonsingular}
but K, can be singular for some p < d. (g) K11, Ky, ..., Kqq1 are all sin-
gular but K is nonsingular. (h) K,, = K, the moment matrix in the preceding

problem. Thus, rank K is exactly the number of distinct eigenvalues of A.

23. Suppose that T' = [t;;] € M, is upper triangular. Show that adj 7" = [7;;]
is upper triangular and has main diagonal entries 7;; = [ | i tis-

24. Let A € M, have eigenvalues A1, ..., A,. Show that the eigenvalues of
adjAare [[,,; Aj,i=1,...,n.

25. Let A, B € M5 and suppose A1, A2 are the eigenvalues of A. (a) Show that
A is unitarily similar to [ AOI x } inwhichx > 0and 22 = tr AA*— |\ |2 —
|A2|2. (b) Show that A is unitarily similar to B if and only if tr A = tr B,
tr A% = tr B2, and tr AA* = tr BB*. Hint: Problem 10.

26. Let B € M, and C € My, be given. Show that BCp(BC) =
Bp(CB)C for any polynomial p(t).

27. Let A € M, be given. (a) If A= BC and B,CT € M, , use (2.4.3.2) to
show that there is a polynomial ¢(t) of degree at most k+1 such that g(A) = 0.
Hint: Take p(t) = pop(t) in the preceding problem.

28. Suppose A € M, is singular and let » = rank A. Show that there is a
polynomial p(t) of degree at most r + 1 such that p(A) = 0. Hint: (0.4.6(¢)).

29. Let A € M, and suppose x,y € C™ are nonzero vectors such that Ax =
Az and y* A = Ay*. If X is a simple eigenvalue of A, show that A — AT + kay*
is nonsingular for all k # 0.

30. There is a systematic approach to the calculations illustrated in (2.4.3.3).
Let A € M, be given and suppose that p(t) is a polynomial of degree greater
than n. Use the Euclidean algorithm (polynomial long division) to express
p(t) = h(t)pa(t) + r(t), in which the degree of r(t) is strictly less than n
(possibly zero). Explain why p(A) = r(A).

31. Use (2.4.3.2) to prove that if all the eigenvalues of A € M, are zero, then
A™ = 0. Hint: What is p4(t) in this case?

Further Readings and Notes. See [RadRos] for a detailed exposition of si-
multaneous triangularization. Theorem (2.4.8.7) and its generalizations were
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proved by N. McCoy, On the Characteristic Roots of Matric Polynomials, Bull.
Amer. Math. Soc. 42 (1936) 592—600. Our proof for (2.4.8.7) is adapted from
M. P. Drazin, J. W. Dungey, and K. W. Gruenberg, Some Theorems on Com-
mutative Matrices, J. Lond. Math. Soc. 26 (1951) 221-228, which contains a
proof of (2.4.8.10) in the general case m > 2. The relationship between eigen-
values and linear combinations is discussed in T. Motzkin and O. Taussky,
Pairs of Matrices with Property L, Trans. Amer. Math. Soc. 73 (1952) 108—
114. A pair A, B € M,, such that 0(aA+bB) = {ac; +08;, : j=1,...,n}
for all a,b € C is said to have property L; the condition (2.4.8.7(c)) is called
property P. Property P implies property L, but not conversely. Property L is
not fully understood, although it is known that a pair of normal matrices with
property L must commute and must therefore be simultaneously unitarily di-
agonalizable.

2.5 Normal matrices

The class of normal matrices, which arises naturally in the context of uni-
tary similarity, is important throughout matrix analysis; it includes the unitary,
Hermitian, skew-Hermitian, real orthogonal, real symmetric, and real skew-
symmetric matrices.

2.5.1 Definition. A matrix A € M, is normal if A*A = AA*, thatis, if A
commutes with its conjugate transpose.

Exercise. If A € M, is normal and o € C, show that oA is normal. The class
of normal matrices of a given size is closed under multiplication by complex
scalars.

Exercise. If A € M, is normal, and if B is unitarily similar to A, show that B
is normal. The class of normal matrices of a given size is closed under unitary
similarity.

Exercise. If A € M,, and B € M,, are normal, show that A® B € M, 1, is

normal. The class of normal matrices is closed under direct sums.

Exercise. If A € M,, and B € M,,, andif A® B € M,,;,, is normal, show

that A and B are normal.

Exercise. Show that [ b Z ] is normal for all a,b € C.

Exercise. Show that every unitary matrix is normal.

Exercise. Show that every Hermitian or skew-Hermitian matrix is normal.
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. in/4
Exercise. Verify that A = { _63,, P

of A is unitary, Hermitian, or skew-Hermitian.

} is normal, but no scalar multiple

Exercise. Explain why every diagonal matrix is normal. If a diagonal matrix
is Hermitian, why must it be real?

Exercise. Show that each of the classes of unitary, Hermitian, and skew-Hermitian]j
matrices is closed under unitary similarity. If A is unitary and |o| = 1, show
that aA is unitary. If A is Hermitian and « is real, show that @A is Hermitian.

If A is skew-Hermitian and « is real, show that oA is skew-Hermitian.

Exercise. Show that a Hermitian matrix must have real main diagonal entries
and a skew-Hermitian matrix must have pure imaginary main diagonal entries.
What are the main diagonal entries of a real skew-symmetric matrix?

Exercise. Review the proof of (1.3.7) and conclude that A € M, is unitarily
diagonalizable if and only if there is a set of n orthonormal vectors in C", each
of which is an eigenvector of A.

There is something special about certain zero blocks in a normal matrix.

2.5.2 Lemma. Suppose A € M, is partitioned as

| A Ap
A_{ 0 AzJ

in which A1; and Ass are square. Then A is normal if and only if A;; and Ags
are normal, and A5 = 0. A block upper triangular matrix is normal if and
only if each of its off-diagonal blocks is zero and each of its diagonal blocks
is normal; in particular, an upper triangular matrix is normal if and only if it is
diagonal.

Proof: 1f Ay and Agp are normal and Ajo = 0, then A = Ay @ Agg is a
direct sum of normal matrices, so it is normal. Conversely, if A is normal, then

X A1 A + AAl, K } [ AT A1 X }
AA* = = =A*A
* * * *
so A7 A1 = A1 A}, + A2 AT,, which implies that
tr ATlAll = tI‘(AuATl + A12A>{2)

= tI‘(AllAikl) + tI‘(AlgATQ) = tI‘(AiklAll) + tI‘(AlgATQ)

and hence tr(A;2A%,) = 0. Since tr(A;2A47,) is the sum of squares of the
absolute values of the entries of A5 (0.2.5.1), it follows that A1, = 0. Then
A= A1 ® Ays isnormal, so A1 and Aoy are normal.
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Suppose B = [Bij]f;j:l € M, is normal and block upper triangular, that

is, By € My, fori =1,...,kand B;; = 0if ¢ > j7). Partition it as

[ Bn X
B—{o B}

in which X = [Bjs ... Biy]and B = [Bijw,j:z is block upper triangular.
Then X = 0 and B is normal, so a finite induction permits us to conclude
that B is block diagonal. For the converse, we have observed in a preceding
exercise that a direct sum of normal matrices is normal. U

Exercise. Let A € M,, be normal and let o € {1,...,n} be a given index set.
If A, @°] = 0, show that A[af, o] = 0.

We next catalog the most fundamental facts about normal matrices. The
equivalence of (a) and (b) in the following theorem is often called the spectral
theorem for normal matrices.

2.5.3 Theorem. Let A = [a;;] € M, have eigenvalues Aq, ..., A,. The fol-
lowing statements are equivalent:

(a) A isnormal,

(b) A is unitarily diagonalizable;

(€) X231 lag > = 30, [Aif*; and

(d) There is an orthonormal set of n eigenvectors of A.

Proof: Use (2.3.1) to write A = UTU*, in which U = [u; ... w,] is unitary
and T’ = [t;;] € M,, is upper triangular.

If A is normal, then so is 7" (as is every matrix that is unitarily similar to
A). The preceding lemma ensures that 7" is actually a diagonal matrix, so A is
unitarily diagonalizable.

If there is a unitary V such that A = VAV* and A = diag(A1,..., A\n),
then tr A*A = tr A*A by (2.2.2), which is the assertion in (c).

The diagonal entries of T" are A1, ..., A\, in some order, and hence tr A*A =
tr 7T = 3500 [ Nl® + 20, [ty Thus, (c) implies that 77 [t;;]* = 0,

so T is diagonal. The factorization A = UTU* is equivalent to the identity
AU = UT, which says that Au; = t;u; for eachi = 1,...,n. Thus, each
column of U (an orthonormal set) is an eigenvector of A.

Finally, an orthonormal set is linearly independent, so (d) ensures that A is
diagonalizable and that a diagonalizing similarity can be chosen with ortho-
normal columns (1.3.7). This means that A is unitarily similar to a diagonal
(and hence normal) matrix, so A is normal. |
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A representation of a normal matrix A € M, as A = UAU*, in which U is
unitary and A is diagonal, is called a spectral decomposition of A.

Exercise. Explain why a normal matrix is nondefective, that is, the geometric
multiplicity of every eigenvalue is the same as its algebraic multiplicity.

Exercise. If A € M, is normal, show that x € C" is a right eigenvector of 4
corresponding to the eigenvalue A of 4 if and only if x is a left eigenvector of
A corresponding to \; that is, Az = Az is equivalent to 2* A = Ax* if A is
normal. Hint: Normalize x and write A = UAU* with x as the first column of
U. Then what is A*? A*xz? See Problem 20 for another proof.

Exercise. If A € M, is normal, and if x and y are eigenvectors of A corre-
sponding to distinct eigenvalues, use the preceding exercise and the principle
of biorthogonality to show that x and y are orthogonal.

Once the distinct eigenvalues Ay, ..., Ay of a normal matrix A € M,, are
known, it can be unitarily diagonalized via the following conceptual prescrip-
tion: For each eigenspace {x € C" : Ax = Az}, determine a basis and
orthonormalize it (use the Gram—Schmidt procedure, for example) to obtain
an orthonormal basis. The eigenspaces are mutually orthogonal and the di-
mension of each eigenspace is equal to the multiplicity of the corresponding
eigenvalue (normality of A is the reason for both), so the union of these bases
is an orthonormal basis for C”. Arraying these basis vectors as the columns of
a matrix U produces a unitary matrix such that U* AU is diagonal.

However, an eigenspace always has more than one orthonormal basis (Why?),J]
so the diagonalizing unitary matrix constructed in the preceding conceptual
prescription is never unique. If X,Y € M, ; have orthonormal columns
(X*X = Iy = YY), and if range X = rangeY’, then each column of
X is a linear combination of the columns of Y, that is, X = Y G for some
G € Mg. Then I, = X*X = (YG)*(YG) = G*(Y*Y)G = G*G, s0 G
must be unitary. This observation gives a geometric interpretation for the first
part of the following uniqueness theorem.

2.5.4 Theorem. Let A € M, be normal and have distinct eigenvalues A1, ..., Az
with respective multiplicities nq,...,nqg. Let A = M1, & --- & \al,,, and
suppose that U € M, is unitary and A = UAU*. (a) A = VAV™* for some
unitary V' € M, if and only if there are unitary matrices Wy, ..., Wy with
each W; € M,,, suchthat U = V(IW; @ - - - & Wy). (b) Two normal matrices

are unitarily similar if and only if they have the same eigenvalues.
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Proof: (a)IfUAU* = VAV*,then AU*V = U*V A, so W = U*V is unitary
and commutes with A; (2.4.4.2) ensures that W is block diagonal conformal to
A. Conversely, if U = VW and W = W, @ - -- @ Wy with each W; € M,,,,
then W commutes with A and UAU* = VIWAW*V* = VAWW*V* =
VAV*. (b) If B = VAV* for some unitary V, then (UV*)B(UV*)* =
(UVHYVAV*(UV*)* = UAU* = A. Conversely, if B is similar to A, then
they have the same eigenvalues; if B is unitarily similar to a normal matrix,
then it is normal. U

We next note that commuting normal matrices may be simultaneously uni-
tarily diagonalized.

2.5.5 Theorem. Let N C M, be a nonempty family of normal matrices.
Then N is a commuting family if and only if it is a simultaneously unitar-
ily diagonalizable family. For any given Ay € N and for any given ordering
A1, ..., Ay of the eigenvalues of Ay, there is a unitary U € M, such that
U*AoU = diag(A1, ..., A\y) and U*BU is diagonal for every B € N.

Exercise. Use (2.3.3) and the fact that a triangular normal matrix must be di-
agonal to prove (2.5.5). The final assertion about A follows as in the proof of
(1.3.21), since every permutation matrix is unitary.

Application of (2.5.3) to the special case of Hermitian matrices yields a
fundamental result called the spectral theorem for Hermitian matrices.

2.5.6 Theorem. If A € M, is Hermitian, then (a) the eigenvalues A1, ..., A,
of A are real; (b) A is unitarily diagonalizable; and (c) there is a unitary U €
M,, such that A = UAU™, in which A = diag(\1,...,\,). If A € M, (R) is
symmetric, then A has real eigenvalues and is real orthogonally diagonalizable.

Proof: A diagonal Hermitian matrix must have real diagonal entries, so (a)
follows from (b) and the fact that the set of Hermitian matrices is closed under
unitary similarity. Statement (b) follows from (2.5.3) because Hermitian matri-
ces are normal. Statement (c) restates (b) and incorporates the information that
the diagonal entries of A are necessarily the eigenvalues of A. If A € M,,(R)
is symmetric, then it is Hermitian, but since it is real, has real eigenvalues, and
is nondefective, all calculations necessary to diagonalize A (determine each
eigenspace and find an orthonormal basis of it) can take place over the real
field. O

Exercise. Modify the proof of Theorem 2.5.4 to show that if A is real symmet-
ric and U, V are real orthogonal, then the matrices W7, ..., W; may be taken
to be real orthogonal.
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In contrast to the discussion of diagonalizability in Chapter 1, there is no
reason to assume distinctness of eigenvalues in (2.5.4) and (2.5.6), and diago-
nalizability need not be assumed in (2.5.5). A full linearly independent set of
eigenvectors (in fact, an orthonormal set) is structurally guaranteed by normal-
ity. This is one reason why Hermitian and normal matrices are so important
and have such pleasant properties.

We conclude with a discussion of real normal matrices. Such matrices can
be diagonalized by a complex unitary similarity, but what special form can they
can be put into by a real orthogonal similarity? Since a real normal matrix can
have non-real eigenvalues, it might not be possible to diagonalize it with a real
similarity. On the other hand, any real matrix can be put into a special block
upper triangular form by a real orthogonal similarity (2.3.4), and this suggests
what to do if the matrix is also normal. Our proof uses (2.3.4) in the same way
that (2.3.1) was used in the proof of (2.5.4).

Exercise. Let x € C™ be given and write * = u + 4v, in which u,v € R".
Show that « is orthogonal to Z if and only if u is orthogonal to v and ||u||, =

[[0]]-

2.5.7 Theorem. Suppose that A € M, (R) has p complex conjugate pairs of
non-real eigenvalues

A = ay +ib1, \1 = ay —iby, ..., Ny = ap + iby, Ay = a, —ib, (2.5.8)

in which all a;,b; € R and all b; > 0, and, if 2p < n, an additional n — 2p

real eigenvalues /i, ..., fi,,_o,. If A is normal, then there is a real orthogonal
Q € M, (R) such that

Ay 0
QTAQ = (2.5.9)
0 An—p

is real and block diagonal, and each diagonal block is either 1-by-1 or 2-by-
2. There are n — 2p real blocks of the form [u;], one for each of the real

eigenvalues py, ..., ft,,_o,. There are p real blocks of the form
[ 4 bj } a;,b; € R,b; >0 (2.5.10)
—bj a;

one for each complex conjugate pair of non-real eigenvalues \;, \; = a; +ib;.
The p 2-by-2 blocks and the n — 2p 1-by-1 blocks may appear in the block
diagonal of (2.5.9) in any prescribed order. Any matrix of the form (2.5.9) is
normal. Two real normal matrices are real orthogonally similar if and only if
they have the same eigenvalues.
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Proof: Follow the proof of (2.3.4). Every deflation involving a real eigenvalue
is achieved with a real orthogonal similarity. For a conjugate pair of non-real
eigenvalues \j, \; = a; + ib; with associated eigenvectors z; and Z;, the
deflation is achieved with a real orthogonal similarity that yields a block of
the form (2.5.10) provided that x; and Z; are orthogonal and normalized so
that Ha:]H; = ||uJ||§ + ||11]H§ = 2 (u; and v; are then real orthogonal unit
vectors, per the preceding exercise). Since A is normal, a previous exercise
ensures that z; and Z; are indeed orthogonal, and there is no loss of generality
to assume that ||z Hg = 2. Invoking (2.5.2), we use normality of A once again
to conclude that every off-diagonal block in (2.3.5) is zero. For the converse,
a computation reveals that any matrix of the form (2.5.10) is normal and has
eigenvalues a; £ ib;. The final assertion follows from our construction: the
diagonal blocks in (2.5.9) are completely determined by the eigenvalues of the
real normal matrix A. O

As a consequence of this theorem for real normal matrices, we can deduce
real canonical forms for real matrices that are symmetric, skew-symmetric, or
real orthogonal.

2.5.11 Corollary. Let A € M, (R). Then
(a) A= AT ifand only if there is a real orthogonal Q € M, (R) such that

A1 0
QTAQ = - ,all \; € R (2.5.12)
0 An
The parameters Ay, ..., A, are the eigenvalues of A. Two real sym-

metric matrices are real orthogonally similar if and only if they have
the same eigenvalues.
(b) A = —AT if and only if there is a real orthogonal @ € M, (R) such

that
0p— 0
TAQ=| " 2.5.1
QrAQ=| " @5.13)

in which

~ 0 b 0 b

A= ... P

ECECII S

and all b; € R are nonzero. The nonzero eigenvalues of A are £iby, . .., =ib, JJ

Two real skew-symmetric matrices are real orthogonally similar if and
only if they have the same eigenvalues.



158 Unitary similarity and unitary equivalence

(c) AAT = [ if and only if there is a real orthogonal Q@ € M, (R) such

that
A, _ 0
T _ n—2p .
Q" AQ = { o i } (2.5.14)
in which A,,_o, = diag(£1,...,+1) € M,,_2,(R) and
Q- co-sé)l sin 64 co§0p sin 6, 0<b <7
—sinf; cosb; —sinf, cosb,

The eigenvalues of A are the diagonal entries of A,,_o, together with
e01 . e Two real orthogonal matrices are real orthogonally
similar if and only if they have the same eigenvalues.

Proof: In each case, the hypothesis guarantees that A is real and normal, so
it can be written in the form (2.5.9). If A = AT, then there can be no 2-by-2
diagonal blocks. If A = — AT, then every 1-by-1 diagonal block is zero and
every 2-by-2 diagonal block has a zero main diagonal. If AAT = I, then each
1-by-1 block must be [+1] and each 2-by-2 block has determinant 41, so each
a? + b? = 1 and so we may write each a; = cos 6;,|b;| = sinf;, that is,
Qj + ij = €izej. ]

If one has a family of commuting real normal matrices, they might not be

simultaneously real orthogonally diagonalizable, but they can all be brought
simultaneously into the block diagonal form (2.5.9).

ai az

Exercise. Let A} = [ fgl b1 ] and A; = [ flfQ b ] Show that A;

commutes with A, for all a1, as, 1,02 € C.

Exercise. Let A = [ _ab Z } and A = >61 )?2 in which a, b, \{, Ay € C
and b # 0. Show that A commutes with A if and only if \; = As.

2.5.15 Theorem. Let A/ C M, (R) be a commuting family of real normal
matrices. Suppose that the non-real eigenvalues of a given Ay € N are
AL, A, )\p,ip, in which \; = a; +4b; withall a;,b; € Rand b; > 0. Let
H1s - - s Hip o, b the teal eigenvalues of Ag. Then:

(a) There is a single real orthogonal matrix @ such that Q7 AQ has the block
diagonal form (2.5.9) for each A € A and

QTAOQ = diag(:ula s ’lu’n—2p) & [ —aé1 Zi } -0 [ —agp ZZ; ]

(b) Let @ be as in (a) and consider a given index set v = {j,j + 1} with
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0
Hjt+1

1 < j < n—2p, for which (QT AoQ)[y] = { %
(QT AQ)[v] is a diagonal matrix for every A € N.
(c) Let @ be as in (a) and consider a given index sety = {n —2p+2j—1,n—
2p + 25} with 1 < j < p. Then for each A € N, (QTAQ)[y] = [ Y Z ]
for some a,b € R (b = 0 is possible).

}. If pu; # pjiq, then

Proof: Use (2.3.6) to reduce every member of A to the form (2.3.5) via one
real orthogonal similarity (). The argument in the proof of (2.5.7) shows that
they have the form (2.5.9). If necessary, a final simultaneous permutation sim-
ilarity achieves the desired presentation of Q7A@ and preserves the block
diagonal structure of Q7N Q. The assertions in (b) and (c) about the common
block form of all the matrices in Q7N @ follow from commutativity and the
two preceding exercises. |

A matrix identity of the form AX = X B is known as an intertwining re-
lation. A familiar intertwining relation is the commutativity equation AB =
BA; other examples are AB = BAT, AB = BA, and AB = BA*. In (2.4.4)
we made use of the important fact that if AX = XB and A, B € M,, then
p(A)X = Xp(B) for any polynomial p(t).

A fundamental principle worth keeping in mind is that if AX = X B and if
there is something special about the structure of A and B, then there is likely
to be something special about the structure of X. One may be able to discover
what that special structure is by replacing A and B by canonical forms and
studying the resulting intertwining relation involving the canonical forms and
a transformed X.

If A and B are normal (either complex or real) and satisfy an intertwining
relation, the Fuglede-Putnam theorem says that A* and B* satisfy the same
intertwining relation. The key to understanding this result is the scalar case: if
a,b € C, then ab = 0 if and only if ab = 0.

2.5.16 Theorem (Fuglede-Putnam). Let A € M,, and B € M,, be normal
and let X € M, ,, be given. Then AX = X B ifand only if A*X = X B*.

Proof: Let A = UAU* and B = VMV™ be spectral decompositions in
which A = diag(\1,...,\,) and M = diag(pq, ..., i,,). Let U*XV =
[;;]. Then AX = XB <= UAU*X = XVMV* <= AU'XV) =
(U XVIM <= Né&;; = &§py foralli,j <= &;(A —p;) = 0 for
alli,j <= &;(Ni—p;) =0foralli,j <= X\¢;; = §,;n; for all
i,j <= AU*XV)=(U*XV)M <— UAU*X = XVMV* —
A*X = X B*. |
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The preceding two theorems lead to a useful representation for normal ma-
trices that commute with their transpose or, equivalently, with their complex
conjugate.

Exercise. If A € M, explain why AA = AA if and only if AA is real.

Exercise. Let A = { Y Z } € Ms be given. Explain why: (a) A is non-
singular if and only if A = c{ % A },c #0,ando® + 8% = 1. (b) Ais

«

singular and nonzero if and only A is a nonzero scalar multiple of [ ! i i }
or its complex conjugate.

2.5.17 Theorem. Let A € M,, be normal. The following three statements are
equivalent:

(a) AA = AA;

(b) ATA = AAT; and

(c) There is a real orthogonal Q such that QT AQ is a direct sum of blocks,
each of which is either a zero block or a nonzero scalar multiple of

0 1 a b 1 1 —i
(1, [—1 0}’[—b a}’[—i 1]"“[2' 1 ] a,b€C,
(2.5.18)
in which a # 0 # band a? + b* = 1.
Conversely, if A is real orthogonally similar to a direct sum of complex scalar

multiples of blocks of the form (2.5.18), then A is normal and AA = AA.

Proof: Equivalence of (a) and (b) follows from the preceding theorem: AA =
AAifand only if ATA = (A)*A = A(A)* = AAT,

Suppose that AA = AA and write A = B + iC, in which B, C € M,,(R).
Then B = (A + A)/2 and C = (A — A)/2i are real, normal, and commute
because the normal matrices A and A commute. Suppose that B has 3 complex
conjugate pairs of non-real nonzero eigenvalues and that C has v complex
conjugate pairs of non-real nonzero eigenvalues. If 3 < =, (2.5.15) ensures
that there is a real orthogonal () such that

QTBQ = AB@Bl@"'@Bﬁ@Bl@'“@BVﬂB
QTCQ = Ac®Ci® - ®Cs0Cs1 @ ®C,
in which Ag, Ac € M,,_o, are real diagonal, each of the 2-by-2 real blocks

Biy,...,Bg,C4,...,C, has the form (2.5.10), and Bj = p;I> for some real
p; foreach j = 1,...,7—f. Then QT AQ = Q" (B+iC)Q is the direct sum

of the complex diagonal matrix Ap + iA¢ and blocks of the form { _ab b }

a
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for some complex a,b (a = 0 and/or b = 0 are possible). A similar argument
reaches the same conclusion if 3 = « or 8 > ~. Any nonzero 1-by-1 direct
summand of Q7 AQ is a nonzero scalar multiple of the first block in (2.5.18);
any 2-by-2 direct summand of Q7 AQ in which a = 0 and b # 0 is a nonzero
scalar multiple of the second block; any nonsingular 2-by-2 direct summand
of QT AQ in which a # 0 # b is a nonzero scalar multiple of the third block;
and any singular nonzero 2-by-2 direct summand of Q7' AQ is a nonzero scalar
multiple of the fourth block or its complex conjugate. O

Two special cases of the preceding theorem play an important role in the
next section: unitary matrices that are either symmetric or skew-symmetric.

Exercise. Show that: the first two blocks in (2.5.18) are unitary; the third block
is complex orthogonal but not unitary; the fourth and fifths blocks are neither
unitary nor complex orthogonal.

2.5.18 Corollary. Let U € M,, be unitary. If U = U7, then there are real
scalars 61, ...,0,, € R and areal orthogonal @ € M, (R) such that

it 0
U=Q QT (2.5.19.1)
0 efn
IfU = —UT, then n is even and there are real scalars 61, . . ., 0n/2 € Randa

real orthogonal Q € M,,(R) such that
; 0 1 ; 0 1
_ i01 o 00 T
U—Q(e { 1 0}@ de { 1 0 })Q (2.5.19.2)

Conversely, any matrix of the form (2.5.19.1) is unitary and symmetric; any
matrix of the form (2.5.19.2) is unitary and skew symmetric.

Proof: Suppose that U is symmetric. In the representation described in the
preceding theorem, only symmetric unitary blocks can appear, so Q7UQ is a
direct sum of blocks of the form ¢[1], in which |c| = 1.

Now suppose that U is skew symmetric. In the representation described in
the preceding theorem, only unitary skew-symmetric blocks can appear, so the
only blocks that can occur are of the form c{ 9 (1) } in which |¢|] = 1. In
particular, n must be even. |

Problems

1. Show that A € M, is normal if and only if (Az)*(Az) = (A*z)*(A*x)
forall z € C”, that is, ||Az|, = ||A*z]|, forallz € C".
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2. Show that a normal matrix is unitary if and only if all its eigenvalues have
absolute value 1.

3. Show that a normal matrix is Hermitian if and only if all its eigenvalues are
real.

4. Show that a normal matrix is skew-Hermitian if and only if all its eigenval-
ues are pure imaginary (have real part equal to 0).

5. If A € M, is skew Hermitian (respectively Hermitian), show that i4 is
Hermitian (respectively skew Hermitian).

6. Show that A € M, is normal if and only if it commutes with some normal
matrix with distinct eigenvalues.

7. Consider matrices A € M,, of the form A = B~!B* for a nonsingular
B € M, as in (2.1.9). (a) Show that A is unitary if and only if B is normal.
(b) If B has the form B = HN H, in which N is normal and H is Hermitian
(and both are nonsingular), show that A is similar to a unitary matrix.

8. Write A € M,, as A = H(A) 4+ iK(A) in which H(A) and K(A) are
Hermitian. Show that A is normal if and only if H(A) and K (A) commute.

9. Write A € M,, as A = H(A) + iK(A) in which H(A) and K(A) are
Hermitian. (0.2.5) If every eigenvector of H(A) is an eigenvector of K (A),

show that A is normal. What about the converse? Consider A = | ', ! }

10. Suppose A, B € M,, are both normal. If A and B commute, show that
AB and A £+ B are all normal. What about the converse? Verify that A =
{ LT }, B = [ 7o }, AB, and BA are all normal, but A and B do not
commute.

11. For any complex number z € C, show that there are #, 7 € R such that
z = ez and |z| = €' 2. Notice that [e?’] € M; is a unitary matrix. What do
diagonal unitary matrices U € M,, look like?

12. Generalize Problem 11 to show that if A = diag(\1,...,\,) € M, then
there are diagonal unitary matrices U and V such that A = UA = AU and
|A| = diag(|A1], ..., | n]) = VA=AV,

13. Use Problem 12 to show that A € M, is normal if and only if there is a
unitary V' € M,, such that A* = AV

14. Let A € M,,(R) be given. Explain why A is normal and all its eigenvalues
are real if and only if A is symmetric.
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15. Show that two normal matrices are similar if and only if they have the
same characteristic polynomial. Is this true if we omit the assumption that

both matrices are normal? Consider [ 8 8 ] and [ 8 é ]

16. If U,V,A € M, and U,V are unitary, show that UAU* and VAV™* are
unitarily similar. Deduce that two normal matrices are similar if and only if
they are unitarily similar. Give an example of two diagonalizable matrices that
are similar but not unitarily similar.

17. If A € M,, is normal and p(t) is a given polynomial, use (2.5.1) to show
that p(A) is normal. Give another proof of this fact using (2.5.4).

18. If A € M,, and there is nonzero polynomial p(¢) such that p(A) is normal,

does it follow that A is normal? Hint: Consider A = { g (1) } and AZ2.

19. Let A € M,, and a € C be given. Show that A is normal if and only if
A+ al is normal.

20. Let A € M, be normal and suppose x € C" is a right eigenvector of
A corresponding to the eigenvalue A. Use Problems 1 and 19 to show that
x is a left eigenvector of A corresponding to the same eigenvalue . Hint:
(A = AD)z]|, = [[(A = AD)"x],.

21. Suppose A € M, is normal. Use the preceding problem to show that
Az = 0 if and only if A*z = 0, that is, the null space of A is the same as
that of A*. Consider B = { 8 } } to show that the null space of a non-
normal matrix B need not be the same as the null space B*, even if B is
diagonalizable.

22. Use (2.5.6) to show that the characteristic polynomial of a complex Her-
mitian matrix has real coefficients.

23. Show that [ i i } and [ Z fl ] are both symmetric, but one is normal
and the other is not. This is an important difference between real symmetric
matrices and complex symmetric matrices.

24. If A € M, is both normal and nilpotent, show that A = 0.

25. Suppose A € M, and B € M, are normal and let X € M, ,, be
given. Explain why B is normal and deduce that AX = X B if and only if
A*X = XBT. Hint: (2.5.16)

26. Let A € M, be given. (a) If there is a polynomial p(t) such that A* =
p(A), show that A € M, is normal. (b) If A is normal, show that there is
a polynomial p(¢) of degree at most n — 1 such that A* = p(A). (c) If A
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is real and normal, show that there is a polynomial p(t) with real coefficients
and degree at most n — 1 such that AT = p(A). (d) If A is normal, show that
there is a polynomial p(t) with real coefficients and degree at most 2n — 1 such
that A* = p(A). (e) If A is normal and B € M, is normal, show that there
is a polynomial p(t) of degree at most n + m — 1 such that A* = p(A) and
B* = p(B). (f) If A is normal and B € M,, is normal, show that there is a
polynomial p(t) with real coefficients and degree at most 2n + 2m — 1 such
that A* = p(A) and B* = p(B). (g) Use (e) to prove (2.5.16). (h) Use (f)
to prove the assertion in Problem 25. Hint: These are all classical polynomial
interpolation problems. Look carefully at (0.9.11.4).

27. Let A, B € M, , be given. (a) If AB* and B* A are both normal, show
that BA*A = AA*B. Hint: (2.5.16). (AB*)A = A(B*A). (b) Suppose
that n = m. Prove that AA is normal (such a matrix is called congruence
normal) if and only if AA*AT = ATA*A. Hint: AA*AT = A(AA)T and
ATA*A = (AA)* A.

28. Let Hermitian matrices A, B € M, be given and assume that AB is
normal. (a) Why is BA normal? (b) Show that A commutes with B2 and
B commutes with A%, Hint: (AB)A = A(BA). (2.5.16). (c) If there is a
polynomial p(t) such that either A = p(A?) or B = p(B?), show that A com-
mutes with B and AB is actually Hermitian. (d) Explain why the condition
in (c) is met if either A or B has the property that whenever A is a nonzero
eigenvalue, then —\ is not also an eigenvalue. For example, if either A or B
has all nonnegative eigenvalues, this condition is met. (d) Discuss the example

a=[03]B=% 0]

29. Let A = [ “ Z ] € M, and assume that bc # 0. (a) Show that A is

normal if and only if there is some 6 € R such that ¢ = ¢?band a — d =
eb(a — d)/b. In particular, if A is normal it is necessary that |c| = |b]. (b)
If A is real, deduce from part (a) that it is normal if and only if either ¢ = b
(A= ATyorc= —banda = d (AAT = (a® +b*)Iand A = —AT ifa = 0).

30. Show that a given A € M, is normal if and only if (Az)*(Ay) =
(A*z)*(A*y) for all z,y € C™, that is, for all z and y, the angle between
Ax and Ay is the same as the angle between A*xz and A*y. Compare with
Problem 1. What does this condition say if we take x = e; and y = e; (the
standard Euclidean basis vectors)? If (Ae;)*(Ae;) = (A*e;)*(A*e;) for all
i,7=1,...,n, show that A is normal.

31. Let A € M,(R) be a real normal matrix, that is, AAT = AT A. If AAT
has n distinct eigenvalues, show that A is symmetric. Hint: Use (2.5.7).
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32. If A € M3(R) isreal orthogonal, observe that A has either one or three real
eigenvalues. If it has a positive determinant, use (2.5.11) to show that it is or-
thogonally similar to the direct sum of [1] € M; and a plane rotation. Discuss
the geometrical interpretation of this as a rotation by an angle 6 around some
fixed axis passing through the origin in R3. This is part of Euler’s theorem in
mechanics: Every motion of a rigid body is the composition of a translation
and a rotation about some axis.

33. If ¥ C M, is a commuting family of normal matrices, show that there
exists a single Hermitian matrix B such that for each A, € F there is a
polynomial p,,(t) of degree at most n — 1 such that A, = p,(B). Notice
that B is fixed for all of F but the polynomial may depend on the element of
F. Hint: Let U € M, be a unitary matrix that simultaneously diagonalizes
every member of F, let B = Udiag(1,2,...,n)U*, let A, = UA,U* with
A, = diag()\ga), ..., A "and take p,(t) to be the Lagrange interpolation
polynomial such that p, (k) = )\,(;X), k=1,2,...,n.

34. Let A € M,,. We say that x is a normal eigenvector of A ifitis both a right
and left eigenvector of A (necessarily associated with the same eigenvalue). (a)
If = is a normal eigenvector of A associated with an eigenvalue A, show that
A is unitarily similar to [A\] @& Ay, in which A; € M,,_; is upper triangular.
(b) Show that A is normal if and only if every eigenvector of A is a normal
eigenvector. Hint: Let U; € M, be a unitary matrix whose first column is an
eigenvector of A and of A*. Inspect the first row of U; AU; in the proof of
(2.3.1) and continue.

35. Let z,y € C" be given. Show that zz* = yy* if and only if there
is some real # such that x = e*%y. Hint: If xa* = yy* and x,, # O then
xj = (yp/xp)y; forallj =1,... n.

36. For any A € M, show that [ ;‘4* f } € Mo, is normal. Thus, any

square matrix can be a principal submatrix of a normal matrix. Can any square
matrix be a principal submatrix of a Hermitian matrix? of a unitary matrix?

*
a x

37. Letn > 2 and suppose A = { v B ] € M, is normal with B €
M,_y and z,y € C"~'. (a) Show that ||z|, = ||y||, and z2* — yy* =
BB* — B*B. (b) Explain why rank(FF* — F*F) # 1 for every square
complex matrix F'. Hint: Problem 14 in (1.3). (c) Explain why there are two
mutually exclusive possibilities: Either (i) the principal submatrix B is normal
or (ii) rank(BB* — B*B) = 2. (d) Explain why B is normal if and only
if z = ¢y for some real §. Hint: Problem 35. (e) Discuss the example

B=[0 3 ]e=-vV2 1 y=01 —v2T.a=1-V3
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38. Let A € M,, and let C = AA* — A*A. Explain why C is Hermitian.
Conclude that C' is nilpotent if and only if C' = 0. Use Problem 12 in (2.4) to
prove that A is normal if and only if it commutes with C'.

39. Suppose that U € M, is unitary, so all its eigenvalues have modulus
one. (a) If U is symmetric, show that its eigenvalues uniquely determine its
representation (2.5.19.1), up to permutation of the diagonal entries. (b) If U
is skew symmetric, explain how the scalars e’ in (2.5.19.2) are related to its
eigenvalues. Why must the eigenvalues of U occur in £ pairs? Show that
the eigenvalues of U uniquely determine its representation (2.5.19.2), up to
permutation of direct summands.

40. Let A = [ 0 0| € My inwhich B = | !, | | Verify that 4
commutes with A7, A commutes with 4, but A does not commute with A*,

that is, A is not normal.

41. Let z € C™ be nonzero and write z = xz+1iy with x, y € R". (a) Show that
the following three statements are equivalent: (1) {z, z} is linearly dependent;
(2) {z,y} is linearly dependent; (3) There is a unit vector v € R"™ and a
nonzero ¢ € C such that z = cu. (b) Show that the following are equivalent:
(1) {2, z} is linearly independent; (2) {z, y} is linearly independent; (3) There
are real orthonormal vectors v, w € R™ such that span{z,z} = span{v, w}
(over C).

42. For A € M,, with eigenvalues A1, ..., \,, the function A(A) = tr A*A —

S, |Ai|? is called the defect from normality. The identity (2.3.2a) ensures

that A(A) > 0 and 2.5.3(c) tells us that A is normal if and only if A(A) = 0.

Let A, B € M, suppose A, B, and AB are all normal, and let \;(AB), \;(BA), i =}
1,...,n be the eigenvalues of AB and BA, respectively. Provide details for

the following computation:

> IN(BA)P Y [N(AB)]* = tr ((AB)*(AB))
i=1 =1

= tr(B*"A"AB) =tr (A*"B*BA) =tr ((BA)*(BA))
Now explain why B A is normal.

43. Suppose A € M,, is normal. Show that the main diagonal entries of A
are its eigenvalues if and only if A is a diagonal matrix. If n = 2 and one of
the main diagonal entries of A is an eigenvalue of A, explain why A must be a
diagonal matrix.
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44. (a) Show that A € M,, is Hermitian if and only if tr A2 = tr A*A. (b)
Show that Hermitian matrices A, B € M,, commute if and only if tr(AB)? =
tr(A%2B?). Hint: tr(A?B?) = tr((AB)(AB)*).

45. Let N C M, (R) be a commuting family of real symmetric matrices.
Show that there is a single real orthogonal matrix Q such that Q7 AQ is diag-
onal for every A € .

46. Use (2.3.1) to show that any non-real eigenvalues of a real matrix must
occur in complex conjugate pairs. Hint: If A € M,(R) and T = U*AU is
upper triangular, then T = UT AU is unitarily similar to A and hence to T, so
the sets of main diagonal entries of 7" and 7" are identical.

47. Suppose A € M, is normal and has eigenvalues A1, ..., \,,. Show that:
(a) adj A is normal and has eigenvalues H#i Aj,i =1,...,n. (b)adjAis
Hermitian if A is Hermitian. (c) adj A has positive (respectively, nonnegative)
eigenvalues if A has positive (respectively, nonnegative) eigenvalues. (c) adj A
is unitary if A is unitary.

48. Let A € M, be normal, suppose rank A = r, and suppose the first r rows
of A are linearly independent. Let A = UAU™, in which A = A; & 0,,_,
and A; € M, is a nonsingular diagonal matrix. Partition A = [A;;]7,_, and
U = [Uy]7 j—, conformal to A. (a) Show that [A11 A1a] = Ui AUy Usy]
and conclude that U;; is nonsingular. (b) Explain why every normal matrix is
rank principal. (0.7.6) (c¢) Consider [ 8 } ] and explain why the hypothesis

of normality in (b) may not be weakened to diagonalizability.

49. Suppose A € M, is upper triangular and diagonalizable. Show that it can
be diagonalized via an upper triangular similarity. Hint: If A = SAS™!, let
S = RQ be an R(Q factorization. Then R~ ' AR is normal.

50. The reversal matrix K, (0.9.5.1) is real symmetric. Check that it is also
real orthogonal, and explain why its eigenvalues can only be £1. Check that
tr K,, = 0if nis even and tr K,, = 1 if n is odd. Explain why: if n is even,
the eigenvalues of K, are +1, each with multiplicity n/2; if n is odd, the
eigenvalues of K, are +1 with multiplicity (n+1)/2 and —1 with multiplicity

(n—1)/2.

51. Let A € M,, be normal, let A = UAU™* be a spectral decomposition in
which A = diag(\1,...,\,), let z € C™ be any given unit vector, and let
¢ = [¢;] = Uz. Explain why z*Az = > | |¢;]2A\;, why the 2* Az lies in
the convex hull of the eigenvalues of A, and why each complex number in the
convex hull of the eigenvalues of A equals z* Az for some unit vector z. Thus,
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if A is normal, * Az # 0 for every unit vector x if and only if 0 is not in the
convex hull of the eigenvalues of A.

52. Let A, B € M,, be nonsingular. The matrix C = ABA !B~ is the
multiplicative commutator of A and B. Explain why C' = I if and only if A
commutes with B. Suppose that A and C are normal and 0 is not in the convex
hull of the eigenvalues of B. Provide details for the following sketch of a proof
that A commutes with C'if and only if A commutes with B (this is the Marcus-
Thompson theorem): Let A = UAU* and C = UMU™ be spectral decom-
positions in which A = diag(Aq,...,A,) and M = diag(pq,...,u,). Let
B =U*BU = [B;;]. Thenall 8;; # 0and M = U*CU = ABA~'B~" =
MB = ABA~! = u,8;, = 8;; = M = I = C = I. Compare with Problem
12(c) in (2.4).

53. Let U,V € M, be unitary and suppose that all of the eigenvalues of V' lie
on an open arc of the unit circle of length 7; such a matrix is called a cramped
unitary matrix. Let C = UV U*V* be the multiplicative commutator of U and
V. Use the preceding problem to prove Frobenius’s theorem: U commutes
with C if and only if U commutes with V.

54.1f A, B € M,, are normal, show that: (a) The null space of A is orthogonal
to the range of A. (b) The null space of A is contained in the null space of B
if and only if the range of A contains the range of B.

55. Verify the following improvement of (2.2.8) for normal matrices: If A, B €
M,, are normal, then A is unitarily similar to BB if and only if tr A* = trB* & =J}
1,2,...,n. Hint: Problem 15, and Problem 10 in (2.4).

56. Let A € M,, and an integer k > 2 be given, and let w = €27/ (*+1) Show
that A¥ = A* if and only if A is normal and its spectrum is contained in the
set {0,1,w,w? ..., w*}. If AF = A* and A is nonsingular, explain why it is
unitary. Hint: Problem 26.

57. Let A € M, be given. Use (2.5.17) to show that A is normal and symmet-
ric if and only if there is a real orthogonal @) € M, and a diagonal A € M,
such that A = QAQ”. Hint: Which of the blocks in (2.5.18) are symmetric?

58. Let A € M,, be normal. Then AA = 0 if and only if AAT = ATA = 0.
(a) Use (2.5.17) to prove this. (b) Provide details for an alternative proof:
AA=0=0=A"AA = AA*A = AATA =0 = (ATA)*(ATA) =0 =
ATA =0(0.25.1).

Further readings. For a discussion of 89 characterizations of normality, see
R. Grone, C. Johnson, E. Sa, and H. Wolkowicz, Normal Matrices, Linear Al-
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gebra Appl. 87 (1987) 213-225 as well as L. Elsner and Kh. Tkramov, Normal
Matrices: An Update, Linear Algebra Appl. 285 (1998) 291-303.

2.6 Unitary equivalence and the singular value decomposition

Suppose that a given matrix A is the basis representation of a linear transfor-
mation 7" : V' — V on an n-dimensional complex vector space, with respect
to a given orthonormal basis. A unitary similarity A — U AU™* corresponds to
changing the basis from the given one to another orthonormal basis; the unitary
matrix U is the change of basis matrix.

IfT : Vi — V5 is a linear transformation from an n-dimensional com-
plex vector space into an m-dimensional one, and if A € M,, ,, is its basis
representation with respect to given orthonormal bases of V; and V5, then the
unitary equivalence A — U AW™ corresponds to changing the bases of V' and
W from the given ones to other orthonormal bases.

A unitary equivalence A — U AV involves two unitary matrices that can be
selected independently. This additional flexibility permits us to achieve some
reductions to special forms that are unattainable with unitary similarity.

In order to ensure that we can reduce A, B € M, to upper triangular form
by the same unitary similarity, some condition (commutativity, for example)
must be imposed on them. However, we can reduce any two given matrices to
upper triangular form by the same unitary equivalence.

2.6.1 Theorem. Let A, B € M,,. There are unitary V,W € M, such that
A = VT,W*, B = VIgW?*, and Ty, Tp are upper triangular. If B is
nonsingular, the main diagonal entries of 7'y 17, are the eigenvalues of B~ A.

Proof: Suppose that B is nonsingular, and use (2.3.1) to write B4 =
UTU*, in which U is unitary and T is upper triangular. Then use the QR
factorization (2.1.14) to write BU = @R, in which @ is unitary and R is up-
per triangular. Then A = BUTU* = Q(RT)U*, RT is upper triangular, and
B = QRU*. Moreover, the eigenvalues of B~'A = UR'Q*QRIU* =
UTU* are the main diagonal entries of 7.

If both A and B are singular, there is a § > 0 such that B, = B + ¢l is
nonsingular whenever 0 < € < 4. (1.2.17) For any ¢ satisfying this constraint,
we have shown that there are unitary V., W, € M, such that V> AW, and
V> BW, are both upper triangular. Choose a sequence of nonzero scalars €y,
such that e, — 0 and both limy_,, Vz = V and limy_, . W. = W exist; each
of the limits V' and W is unitary. (2.1.8) Then each of limy_,., VAW, =
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V*AW =Ty and limy_.oo V2 BW, = V*BW = T is upper triangular. We
conclude that A = VT 4W™* and B = VIgW™*, as asserted. O

There is also a real version of this theorem, which uses the following fact.

Exercise. Suppose that A, B € M, A is upper triangular, and B is upper
quasi-triangular. Show that AB is upper quasi-triangular conformal to B.

2.6.2 Theorem. Let A, B € M, (R). There are real orthogonal V,W € M,
suchthat A = VT, W7T, B = VTgW?™, Ty is real and upper quasi-triangular,
and T'p is real and upper triangular.

Proof: If B is nonsingular, one uses (2.3.4) to write B~'A = UTUT, in
which U is real orthogonal and T is real and upper quasi-triangular. Use
(2.1.14(d)) to write BU = @QR, in which @ is real orthogonal and R is real
and upper triangular. Then RU is upper quasi-triangular, A = Q(RT)U”, and
B = QRUT. If both A and B are singular, one can use a real version of the
limit argument in the preceding proof. |

Although only square matrices that are normal can be diagonalized by uni-
tary similarity, any complex matrix can be diagonalized by unitary equiva-
lence.

2.6.3 Theorem (Singular Value Decomposition). Let A € M, ,,, be given,
let ¢ = min{m, n}, and suppose rank A = r.

(a) There are unitary matrices V' € M,, and W € M,,, and a square diagonal
matrix

g1 0

(2.6.3.1)
such that A = VEW™, in which £ = 3, if m = n,

E=[%, 0]€Myuifm>n,and¥ = [ g } € Mym ifn>m

0
(2.6.3.2)
(b) The parameters o1, . . . , o, are the positive square roots of the decreasingly
ordered nonzero eigenvalues of AA*, which are the same as the decreasingly
ordered nonzero eigenvalues of A* A.

Proof: First suppose that m = n. The Hermitian matrices AA* € M,, and
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A*A € M, have the same eigenvalues (1.3.22), so they are unitarily similar
(2.5.4(d)) and hence there is a unitary U such that A*A = U(AA*)U*. Then

(UA)*(UA) = A*U*UA = A*A = UAA*U* = (UA)(UA)*

so UA is normal. Let \; = |A\;]e?,... A, = |\,|e?" be the eigenvalues

of UA, ordered so that |[A1| > --- > |\,|. Then r = rank A = rank U A is

the number of nonzero eigenvalues of the normal matrix U 4, so |\,;| > 0 and

Ari1 = -+ = An. Let A = diag(Aq, ..., \n), let D = diag(e®, ... eif),

let ¥, = diag(|\1],...,]An]), and let X be a unitary matrix such that UA =
XAX*. Then Disunitaryand A = U*XAX* =U* XY, DX* = (U*X)X,(DX*)}}
exhibits the desired factorization, in which V' = U* X and W = X D* are uni-
tary,and o; = [\, 5 =1,...,n.

Now suppose that m > n. Then r < n, so the null space of A has dimension
m —1r > m —n. Let {x1,...,2,,_,} be any set of orthonormal vectors in
the null space of A, let Xo = [z1 ,... Tm-n] € My m—n, and let X =
[X1 X5] € M, be unitary, that is, extend the given orthonormal set to a basis
of C™. Then AX = [AX; AX,] = [AX; 0] and AX; € M,,. Using the
preceding case, write AX; = VX, W*, in which V, W € M,, are unitary and
Y4 isasin (2.6.3.1). This gives

A= [AX, 0)X* = [VE,W* 0]X* = V[S, 0] ({ mg Y } X*)
which is a factorization of the asserted form.

If n > m, apply the preceding case to A*.

Using the factorization A = VXW™*, notice that rank A = rank X since
V and W are nonsingular. But rank ¥ equals the number of nonzero (and
hence positive) diagonal entries of X, as asserted. Now compute AA* =
VIW*WXTV* = VEXTV*, which is unitarily similar to XX, If n = m,
then UX7 = ¥2 = diag(o7,...,0%). If m > n, then X7 = [, 0][%, 0" =]
Eg + 0, = Eg. Finally, if n > m, then

[ on =[5 02

0 0 Op—m
In each case, the nonzero eigenvalues of AA* are 02, ..., 02, as asserted.  []
The diagonal entries of the matrix 3 in (2.6.3) (that is, the scalars 01, ..., o)}

are the singular values of A. The multiplicity of a singular value o of A is the
multiplicity of o2 as an eigenvalue of AA* or, equivalently, of A* A. The rank
of A is equal to the number of its nonzero singular values, while it is not less
than (and can be greater than) the number of its nonzero eigenvalues.
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The singular values of A are uniquely determined by the eigenvalues of
A* A (equivalently, by the eigenvalues of AA*), so the diagonal factor X in
the singular value decomposition of A is determined up to permutation of its
diagonal entries; a conventional choice that makes > unique is to require that
the singular values be arranged in non-increasing order, but other choices are
possible. The following theorem gives a precise formulation of the assertion
that the singular values of a matrix depend continuously on its entries.

2.6.4 Theorem. Let an infinite sequence A;, As, ... € M, ., be given, sup-
pose that limy_, ., Ax = A (entry-wise convergence), and let ¢ = min{m, n}.
Letoi(A) > -+ > 04(A)and o1 (Ax) > - -+ > 04(Ax) be the non-increasinglyl]
ordered singular values of A and Ay, respectively, for K = 1,2,.... Then
lim; o 0;(Ar) = 0;(A) foreachi =1,...,q.

Proof: 1f the assertion of the theorem is false, then there is some g > 0 and
an infinite sequence of positive integers k; < ko < --- such that for every
j=1,2,... we have

_max |loi(Ar,) — 0i(A)] > eo (2.6.4.1)
i=1,...,q

Foreachj =1,2,... let Ak]. = Vi, Xy, W,:j, in which Vi, € M,, and Wy, €
My, are unitary and X, € M, ., is the nonnegative diagonal matrix such that
diag Xy, = [01(Ag,) ... 0q(Ag,)]". Lemma (2.1.8) ensures that there is an
infinite sub-subsequence k;, < kj;, < --- and unitary matrices V" and W such
that limy_, oo ijz =V and limy_ o Wk” = W. Then

e Py, = Fli»rgo V’;;eA’W Wiy, = <Fli>rgo V*> (hm A) <1)lg£10 W) - V*AWI

{— o0 £L—o00

exists and is a nonnegative diagonal matrix with non-increasingly ordered di-
agonal entries; we denote it by 3 and observe that A = VX W™*, Uniqueness
of the singular values of A ensures that diag & = [01(A) ... o4(A4)]T, con-
tradicts (2.6.4.1), and proves the theorem. |

The unitary factors in a singular value decomposition are never unique. For
example, if A = VW™, we may replace V by —V and W by —W. The
following theorem describes in an explicit and very useful fashion how, given
one pair of unitary factors, all possible pairs of unitary factors can be obtained.

2.6.5 Theorem. Let A € M, ,,, be given with rank A = r. Let sy > .- >
sq > 0 be the decreasingly ordered distinct positive singular values of A, with
respective multiplicities n1, . .., ngq. Let A = VW™ be a given singular value
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decomposition with ¥ as in (2.6.3.1) or (2.6.3.2), so that 2T'% = s3I, @+ - - @
$20,, @0, and X7 = s3I, & - - ® s3], D0y, (one or both of the zero
direct summands are absent if A has full rank). Let Ve M,and W € M,,
be given unitary matrices. Then A = VW * if and only if there are unitary
matrices Uy € M,,,,...,Uq € M,,, V € M,_,,and W € M,,_, such that

V=VU,® - aUidV)andW =WU, &---®Us & W) (2.6.5.1)

If A is real and the factors V, W, V, W are real orthogonal, then the matrices
Uy,..., Uy, V, W may be taken to be real orthogonal.

Proof: The Hermitian matrix A* A is represented as A*A = (VIW*)*(VEW™) =]}
WETSW* and also as A*A = WEXTSW*. Theorem 2.5.4 ensures that there

are unitary matrices Wy, ..., Wy, Wy with W; € M,,, fori =1,...,d such

that W = WW, @@ Wyg@® Wyi1). Wealso have AA* = VEXTV* =
VERTV* so (2.5.4) again tells us that there are unitary matrices V7, ..., Vg, Vd+1l
withV; € M,,, fori=1,...,d such that V = Vi@ - ®Vy®Vyqq). Since

A = VEW* = VEW*, we have ¥ = (V*V)S(W*W), that is, s;1,,, =

i

Vi(silp, )W fori = 1,...,d+ 1, or VW = I,, foreachi = 1,...,d,

which means that V; = W, for each ¢ = 1,...,d. The final assertion about a
real A follows from the preceding argument and the exercise following Theo-
rem 2.5.6. |

The singular value decomposition is a very important tool in matrix analy-
sis, with myriad applications in engineering, numerical computation, statistics,
image compression, and many other areas; for more details see Chapter 7.

We close this chapter with two application of the preceding uniqueness theo-
rem: singular value decompositions of symmetric or skew-symmetric matrices
can be chosen to be unitary congruences, and a real matrix has a singular value
decomposition in which all three factors are real.

2.6.6 Corollary. Let A € M, and let r = rank A.

(a) (L. Autonne) A = AT if and only if there is a unitary U € M,, and a
nonnegative diagonal matrix 3 such that A = UXU”. The diagonal entries of
Y are the singular values of A.

(b) If A = — AT, then r is even and there is a unitary U € M,, and positive
real scalars s1, . .., 8,/ such that

A:U({ 0 = } @...@[ % } @onr> UT (2.6.6.1)
—S1 O 757‘/2 O

The nonzero singular values of A are sy, s1,. .., 5,2, 8,/2. Conversely, any
matrix of the form (2.6.6.1) is skew symmetric.
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Proof: Let sy, ..., sy be the distinct positive singular values of A, with respec-
tive multiplicities n1,...,ng, and let A = VW™ be a given singular value
decomposition in which ¥ = s11,,, ®---® sql,, B0p—, and V,W € M,, are
unitary; the zero block is missing if A is nonsingular.

(a) We have VEIW* = A = AT = WXV = WXV*, so the preceding theo-
rem ensures that there are unitary matrices Uy = U1 ®- - - UzD Vand Uy =
U @---®Uy W, inwhich U; € M,,,i=1,...,d,such that V. = WUy
and W = VUy, thatis, Uy = W*V and Uy = V*W = UL,. In particular,
U;=U ]T forj =1,...,d, thatis, each U, is unitary and symmetric. Corollary
(2.5.19) tells us that there are real orthogonal matrices (); and real parameters
ng), . ,9;32 such that U; = Q) diag(e“’g]), . .767’95”‘1.7?) T,j=1,...,d For
eachj =1,...,d, let R = Q; diag(eie(lj)/z, cee 6!'953;/2)QJT and let R =
Ri® - -®&Ry®I,_,. Then R is symmetric and unitary and Uy X = RXR, so
A=WVT =vVUySVT = VRIRVT = (VR)S(VR)T is a factorization
of the asserted form.

(b) Starting with the identity VEW* = —WXV7T = —WXV* and proceed-
ing exactly as in (a), we have V = WUy, W = —V Uy, thatis, Uy = W*V
and Uy = —V*W = —Uy,. In particular, U; = —U] for j = 1,...,d, that
is, each U; is unitary and skew symmetric. Corollary (2.5.19) ensures that, for
each j = 1,...,d, n; is even and there are real orthogonal matrices ¢); and

0 (jj) /2 such that

o [ 0 1 w? | 0 1
UJ:QJ(GQIJ [—1 0}@---@6”"/ {—1 ODQ?

Define the real orthogonal matrix QQ = Q1 @ - -+ ® Qg P I,,_, and the skew-
symmetric matrices

E) 0 1 i) 0 1 .
szezelj |:_1 O:|@...@69"j/2|:_1 O:|,j1,...,d

real parameters ng ), ..

Let S = S1® - @ Sq® 0p_r. Then Uy = QSQTE = QSZQ7, so
A= -WxVT = VUySVT = vQSETVvT = (VQ)SZ(VQ)T is a
factorization of the asserted form and rank A = nq + - - - + ng is even. ]

2.6.7 Corollary. Let A € M, ,,(R) and suppose that rank A = 7. Then
A= PXQ", in which P € M, (R) and Q € M,,(R) are real orthogonal and
Y € M, »(R) is nonnegative diagonal and has the form (2.6.3.1) or (2.6.3.2).

Proof:  Using the notation of (2.6.4), let A = VW™ be a given singular
value decomposition. We have VEW* = A = A = VEW* and (2.6.4) en-
sures that there are unitary matrices Uy = Uy & --- dU; BV € M, and
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Uy =U1 @ ®Us ® W € M,, such that V = VUy and W = WUy
Then Uy = V*V = VTV and Uy = WTW are unitary and symmetric,
so V, W, and each U; is unitary and symmetric. Corollary (2.5.18) tells us

that there are real orthogonal matrices Q1, ..., @4, @y, @y and real parame-
j . () 9@ .

ters 0,(5) such that U; = Q; diag(e®?’ et Ti=1,...,dU; =

. . (d+1) ;9(d+1) . L p(d+2) - (d+2)

Qy diag(e®t .. ..e"" QL and Uy, = Qyy diag(e® ... ,e0m—r

(G 0()
Foreachj =1,...,d,let R; = Q; diag(ezegmﬂ, et /Q)Q;F; let Ry =

() p(d+1) o a(d)
Qp diag(e® /2, . 0= /)QT and let Ry, = Qyy diag(e® /2. ..

Finally,let Ry = R, ®- - " ORy®Ryand Ry = R1®--- D Rqg® Ry, Then
Ry and Ry are symmetric and unitary, Ry,' = R}, = Ry, Ry} = R}y, =
Ry, R, = Uy, R%, = Uy, and RyX Ry = %, so

A = VEW* =VUyS(WUw)* = VRLS(WRE)*
= (VRy)(RyERw)(WRw)* = (VRy)S(W Ry)*

We conclude the argument by observing that V = VUy = VR, and W =
WUw = WR%,,s0 VRy = VR}, = VRy and WRy, = WR;V = WRw.
That is, both V' Ry and W Ry are unitary and real, so they are both real or-
thogonal. |

Problems

1. Let A € M, ,,, with n > m. Show that A has full column rank if and only
if all of its singular values are positive.

2. Suppose that A, B € M, ,,, can be simultaneously diagonalized by unitary
equivalence, that is, suppose that there are unitary matrices V' € M, and W €
M, such that each of VAW = A and V*BW = M is a diagonal matrix
(0.9.1). Show that both AB* and B* A are normal.

3. Let A,B € M, be given. Show that AB* and B*A are both normal
if and only if there are unitary matrices X € M,, and Y € M, such that
A= XYY", B = XAY*, ¥, A € M, are diagonal, and ¥ € M, ,,, has
the form (2.6.3.1,2). Hint: We may assume that A = ¥ (write A = VW™,
so ©B* and B*Y, are normal, B = V*BW) and n < m (if n > m, consider
B* and A*). If ¥B* and B*Y, are normal, then ¥X7 B = BXTY (Problem
27 in (2.5)). Let s1,..., sq be the distinct and decreasingly ordered singular
values of A, write 2, = s11,,, @ --- @ sql,,,, partition B = [B(!) B())
with B e M, and partition B = [Bij}?,jzl conformally to X,. Then
227B = BETY = $2BM = B{VS? and £2B® = 0. If s4 > 0, then
B® =0, B") = By & --- @& Byg, and every B;; is normal. If s4 = 0, then

lors |

i0(d+2) /o
,efm=r/ )Q:'V%/I
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B® = [ 5 } in which C' is ng-by-(m — n), BY) = By; @ - - - & Bag, and
each By1,...,B4_1,4—1 is normal; replace each normal B;; with its spectral
decomposition and replace [Byy C] with its singular value decomposition.

4. Let A, B € M, ,, be given. (a) Show that AB* and B*A are both Her-
mitian if and only if there are unitary matrices X € M,, and Y € M,, such
that A = XYY*, B = XAY*, 3, A € M, ,,(R) are diagonal, and X has the
form (2.6.3.1,2). (b) If A and B are real, show that ABT and B A are both
real symmetric if and only if there are real orthogonal matrices X € M, (R)
and Y € M,,(R) such that A = XXY7, B = XAYT, 5, A € M,,.n(R)
are diagonal, and ¥ has the form (2.6.3.1,2). (c) In both (a) and (b), show
that A can be chosen to have nonnegative diagonal entries if and only if all the
eigenvalues of AB* and B* A are nonnegative.

5. Let A € M, ,,, be given and write A = B+iC, in which B,C € M,, ,,(R).
Show that there are real orthogonal matrices X € M, (R) and Y € M,,(R)
such that A = XAY 7 and A € M,, ,,,(C) is diagonal if and only if both BCT
and C” B are real symmetric.

6. Let A € M, be given and let A = QR be a QR factorization (2.1.14). (a)
Explain why QR is normal if and only if RQ) is normal. (b) Show that A is
normal if and only if ) and R* can be simultaneously diagonalized by unitary
equivalence.

7. Show that two complex matrices of the same size are unitarily equivalent if
and only if they have the same singular values.

8. Let A € M, , and B € My, ,, be given. Use the singular value decomposi-
tion to show that rank AB < min{rank A,rank B}. Hint: Let A = VIIW*.
Thenrank AB = rank XW* B, and XWW* B has at most rank A nonzero rows.

9. Let A € M, be given. Suppose rank A = r, form ¥; = diag(oy,...,0,)
from its decreasingly ordered positive singular values, and let ¥ = ¥, $0,,_,...
Suppose W € M,, is unitary and A*A = WX2W*. Show that there is a uni-
tary V. € M, such that A = VEW™*. Hint: Let D = ¥y & I,,_,, show
that (AWD-YHY*(AWD~') = I, ® 0,,_,, and conclude that AWD~! =
[Vi 0p n—r], in which V; has orthonormal columns. Let V' = [V} V3] be uni-
tary.

10. Let A, B € M,, be given, let oy > --- > o, > 0 be the singular values of
A, and let X = diag(o, . .., 0y,). Show that the following three statements are
equivalent: (a) A*A = B*B. (b) There are unitary matrices W, X, Y € M,
such that A = XXW* and B = YXW™*. (c) There is a unitary U € M,, such
that A = UB.
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11. Let A € M,, ,, and anormal B € M,, be given. Show that A* A commutes
with B if and only if there are unitary matrices V' € M,, and W € M,,, and
diagonal matrices ¥ € M, ,, and A € M,,, such that A = VEW™ and
B = WAW?*. Hint: (2.5.5) and Problem 9.

12. Let A € M, have a singular value decomposition A = VW™, in which
Y = diag(o1,...,0n) and o1 > - -+ > oy, (a) Show that adj A has a singular
value decomposition adj A = X*SY in which X = (det W)(adjW), Y =
(det V)(adj V'), and S = diag(s1,. .., sn), in which each s; = [[,,; 0. (b)
Use (a) to explain why adj A = 0 ifrank A < n — 2. (¢) Ifrank A =n — 1
and v,,w, € C™ are the last columns of V' and W, respectively, show that
adjA =0y -0, 1%w,v", in which det(VW*) = ¢?, 6 € R.

n’

13. Let A € M, and let A = VW™ be a singular value decomposition.
(a) Show that A is unitary if and only if ¥ = I. (b) Show that A is a scalar
multiple of a unitary matrix if and only if Az is orthogonal to Ay whenever
xz,y € C™ are orthogonal. Hint: It suffices to consider only the case in which
A=3X.

14. Suppose A € M, is normal and has spectral decomposition A = UAU™,
in which U is unitary, A = diag(\1, ..., \,) = diag(e?1|\], ..., e |\,|),

and the eigenvalues are ordered so that |[A\;| > - -+ > |\,|. Let D = diag(e®", ...

and ¥ = diag(|]A1],...,]An]). Explain why A = (UD)XU* is a singular
value decomposition of A and why the singular values of A are exactly the
absolute values of its eigenvalues.

15. Let A = [a;;] € M, have eigenvalues Aq, ..., A, ordered so that [A;]| >
- > |\,| and singular values o1, ..., 0, ordered so that oy > -+ > o,

Show that: (a) )27, |ai;[> = tr A*A =30 07 0) 0, 07 > 30 [N

with equality if and only if A is normal. (¢) o; = |\;| foralli = 1,...,n if
and only if A is normal. (d) If |a;;| = o; foralli = 1,... n, then A is diago-
nal. (e) If A is normal and |a;;| = |A;| foralli = 1,...,n, then A is diagonal.
Hint: Problem 42 in (4.5).

16. Let U,V € M, be unitary. (a) Show that there are always unitary X,Y €
M, and a diagonal unitary D € M,, suchthat U = XDY and V = Y*DX*.
(b) Explain why the unitary equivalence map A — UAV = XDY AY*DX*
on M, is the composition of a unitary similarity, a diagonal unitary congru-
ence, and a unitary similarity. Hint: Problem 3.

17. Let A € M, .. Use the singular value decomposition to explain why
rank A = rank AA* = rank A* A.

18. Let A € M, be idempotent and suppose that rank A = r. (a) Show

el
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that A is unitarily similar to [ X } (Problem 5 in (1.1)) (b) Let X =
VXW™ be a singular value decomposition. Show that A is unitarily similar to

{ IOT Of_r ] via V' @ W, and hence the singular values of A are the diagonal

entries of (I, + ¥X7) & 0,,_,; let 01, . .., o, be the singular values of A that
are greater than 1. (c) Show that A is unitarily similar to 0,,—,_g & I,_g5 @

1 (o7 -1/ 1 (o2 —1)t/?
(1 et ea ] @],

19. LetU = | [t {22 | € My be unitary with Uyy € My, Uzo € My,
and k < {. Let 01(X) > 02(X) > --- denote the non-increasingly ordered
singular values of a matrix X. Show that

Ui(Ull) = Ui(UQQ) and O'i(Ulg) = O'i(Ugl) = (1—0’?(U11))1/2,i = 1,. . .,k‘

ando;(Ue) =1, i=k+1,...,¢ Inparticular, | det Uy | = | det Uss| and
det U12U7, = det Us;Usay. Explain why these results imply Lemma 2.1.10.
Hint: Write out the identities U*U = I and UU* = I as block matrices and
use (1322) UllUfl + U12U1*2 =1= U11U1*1 =1- U12Uf2 = U?(Ull) =
1-— U?(UlQ).

20. Let A € M, be symmetric. Suppose that the special singular value decom-
position in Corollary (2.6.6a) is known if A is nonsingular. Provide complete
details for the following two approaches to showing that it is valid even if A
is singular. (a) Consider A, = A + ¢I; use (2.1.8) and (2.6.4). (b) Let the
columns of U; € M,, , be an orthonormal basis for the null space of A and let
U = [Uy Us] € M, be unitary. Let UT AU = [A;;]7 ;_, (partitioned confor-
mally to U). Explain why A;;, Ao, and Ag; are zero matrices, while Ay is
nonsingular and symmetric.

21. Let A, B € M,, be symmetric. Show that AB is normal if and only if there
is a unitary U € M,, such that A = UXU”T, B = UAUT, ¥, A € M,, are
diagonal, and the diagonal entries of ¥ are nonnegative. Hint: (cf. Problem
3) If AB = AB* is normal, then (AB)T = BA = B*A is normal. We
may take A = X (use (2.6.6a) to write A = UXU7”, so ©B is normal and
B = U*BU is symmetric). If ©B and BY. are normal and B is symmetric,
then 2B = B2 (Problem 27 in (2.5)). Write ¥ = s11,,, & -+ & sql,,,
in which s; > -+ > s4 > 0 and partition B = [By;]{;_, conformally to ¥.
Then X2B = BX2 = B = By, @ - -- ® Byg and each By; is symmetric; B;;
is also normal if s; > 0. If s; > 0, replace B;; with QiAiQiT, in which Q;
is real orthogonal and A; is diagonal (Problem 56 in (2.5)); if s4 = 0, replace
Bgq with the special singular value decomposition in (2.6.6a).

22. Let A,B € M, be symmetric. (a) Show that AB is Hermitian if and
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only if there is a unitary U € M,, suchthat A = UXSU”, B=UAUT,3,A €
M,,(R) are diagonal, and the diagonal entries of 3 are nonnegative. (b) Show
that AB is Hermitian and has nonnegative eigenvalues if and only if there is
a unitary U € M,, such that A = USUT, B = UAUT, ¥,A € M,(R) are
diagonal, and the diagonal entries of ¥ and A are nonnegative.

23. Let A € M, be given. Suppose that rank A = r > 1 and A% = 0.
Provide details for the following outline of a proof that A is unitarily similar
to

01{3 H@“-@m«[g H@Onfzr (2.6.8)

in which oy > --- > o, > 0 are the positive singular values of A. (a)
range A C nullspace A and hence 2r < n. (b) Let the columns of Uy €
M, ,—r be an orthonormal basis for the null space of A*, so Uy A = 0. Let
U = [U; U] € M, be unitary. Explain why the columns of U; € M,, , are an
orthonormal basis for the range of A and AU; = 0. (¢c) U*AU = [ 8 g ],
in which B € M, ,,_, andrank B = r. (d) B = V[3, 0, ,,—2,|W*, in which
V € M, and W € M,,_, are unitary, and ¥, = diag(oy,...,0,). (e) Let
Z =V @&W. Then Z*(U*AU)Z = { 0 = } @ 0,,_o,,which is similar to
(2.6.8) via a permutation matrix.

24. Let A € M, be given. Suppose that rank A = 7 > 1 and AA = 0.
Provide details for the following outline of a proof that A is unitarily congruent
to (2.6.8), in which 01 > --- > o, > 0 are the positive singular values of A.
(a) range A C nullspace A and hence 2r < n. (b) Let the columns of Uy €
M, ,,—r be an orthonormal basis for the null space of AT so U2T A=0. Let
U = [U; Us] € M, be unitary. Explain why the columns of U; € M,, , are an
orthonormal basis for the range of A and AU; = 0. (c) UTAU = [ 8 103 ],
in which B € M,.,,_, andrank B = r. (d) B = V[Z, 0, ,,—2,|W*, in which
V € M, and W € M,,_, are unitary, and ¥, = diag(o1,...,0,). (e) Let
Z =V oW, Then 27(UTAU)Z = | § % | @ 0y-s,, which is unitarily
congruent to (2.6.8) via a permutation matrix.
25. Let A € M,, and suppose that rank A = r < n. Letoy > --- > 0, >0
be the positive singular values of A and let ¥, = diag(oy,..., o). Show that
there is a unitary U € M,,, K € M,,and L € M, ,_, such that
5. K XL
0  Opr
Hint: Let A = VW™ be a singular value decomposition with > = 3,.®0,,_.,
write A = VE(WV)V*, and partition WV = | [ { |.

A=U [ } U*, KK*+LL =1, 2.6.9)
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26. Let A € M, suppose that 1 < rank A = r < n, and consider the
representation (2.6.9). Show that: (a) A is normal if and only if L = 0 and
Y, K=K, Hint: L=0= M =0 = K isunitary. (b) A% = 0 ifand only
if K = 0 (in which case LL* = I.). (c) A% = 0 if and only if A is unitarily
similar to the direct sum (2.6.8). Hint: Proceed as in Problem 23(c).

Further Readings and Notes. The special singular value decomposition (2.6.6a)j
for complex symmetric matrices was published by L. Autonne in 1915; it has
been rediscovered many times since then. Autonne’s proof used a version
of the uniqueness theorem (2.6.4), but his approach required that the matrix
be nonsingular; Problem 20 shows how to deduce the singular case from the
nonsingular case. See Section 3.0 of [HJ] for a history of the singular value de-
composition, including an account of Autonne’s contributions. The principle
in Problem 10 (A*A = B*B if and only if A = U B for some unitary U) has
many applications and generalizations; see R. Horn and I. Olkin, When Does
A*A = B*B and Why Does One Want to Know?, Amer. Math. Monthly 103
(1996) 470-482.
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