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Epigraph

“Quantum time evolution is trivial”*
D. Huse

Notes available online  http://physics.bu.edu/~asp/

Google: Polkovnikov

* taken out of context



Outline

« Quantum versus classical description of dynamics. Determinism
and uncertainty. Coherent states, duality of particle and wave
classical limits.

« Phase space representation of quantum mechanics through the
Wigner function. Weyl ordering of operators, Moyal product.

« Quantum Liouville equation for the density matrix in the Wigner
representation. Semiclassical limit (truncated Wigner
approximation).

« Path integral representation of the evolution. Connection to
Keldysh techniques. Causality of semiclassical description.

. Beyond semiclassical approximation: quantum jumps and quantum
noise.

. Examples.
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From single particle physics to many particle physics.

: Need to solve Newton’s equation (fully
deterministic given initial conditions)

Single particle

mx = f(x,t) = x(t+0t) = F(x(¢),x(),1)

Many particles

mijéi — f(xl""’xn’t) —
(1 + 1) = F (5, (0), X, 53 (0, (),)

Instead of one differential equation need to solve n differential
equations, not a big deal!” The only uncertainty comes from
potentially unknown initial conditions. Chaos impedes our ability to
make long time accurate deterministic predictions.



: Need to solve Schrodinger equation.

10y(x,t)=Hy(x,t) = w(x,t+0t) = Fly(x,t)]

Exponentially I|arge Hilbert space. - M |
© CIRE iC
Wumbers:
N mr " v =qge  M=200,n=100.
- : = = =
Fermions: "M =)t H
(M-I-I”l-l)! 81
; = N, =10
Bosons: "= D)t q

QM gives fundamentally probabilistic description of evolution. In complex
systems we deal with combination of quantum-mechanical and

probabilistic uncertainty.



Expansion of quantum dynamics around classical limit.

Classical (saddle point) limit:

(i) Newtonian equations for particles,

(i1) Gross-Pitaevskii equations for matter waves,

(ii1) Maxwell equations for classical e/m waves and charged particles,
(iv) Bloch equations for classical rotators, etc.

Questions:

What shall we do with equations of motion?
What shall we do with initial conditions?
What shall we do with observables?

Challenge :

How to reconcile exponential complexity of quantum many body
systems and power law complexity of classical systems?



Coherent states. Dual classical corpuscular and wave limits.
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Bose-Hubbard Hamiltonian, and classical (Gross-Pitaevskii)
equations of motion.
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Phase space operators

Canonical
commutation relations

Classical limit -
Poisson brackets

Classical limit —
Equations of motion

Hamiltonian dynamics.

Particle limit
X, p
[x, p]=in

h—0
{x, p}=1

x={x,H}=p
p=Ap,H}=-0V

Newton’s equations

Wave limit

v, W
v, y']=1

[y |°—> 0
{W’ l)”*}c :1

ihy ={y, H}. =

h? )
-——y+Uly[ v
2m

GP equations



Particle-wave duality in Bose-Einstein distribution
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Superfluid-Insulator transition as an example of particle-wave
duality. (M. Greiner et. al., 2002 ).

Classical phase in
terms of waves.

Quantum phase transition

Classical phase in
terms of particles.




Classically the ground state has a uniform density and
a uniform phase.

U :
H=-2J ,-COS((PJ_(PJH)JF?Z,-”? W, z\/VTJGXIO[MDJ-]

Q
1 );;1‘1 1
. ~, Y :
However, number and phase are conjugate variables.

They do not commute: [N,@|=i — ONSp=1

There Is a competition between the interaction leading to
localization and tunneling leading to phase coherence.



How can we connect classical and quantum description?

Wigner function and Weyl ordering.

W(x, p) = [dE y*(x=E12y(x+E12) "

G.S. of a harmonic

, 2 ;;ﬁ g = th I
oscillator:

y !
W (zo,po) = 2 exp [—‘—ﬂ — = _.
do = h/2aq

Wigner function can be interpreted as a quasi probability distribution.
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Example: Harmonic oscillator:

. dp = w-‘fﬁe_;fjf v,

2 y
L) o

202 242| qo = h/2aq

I-'T'T(J’ﬂ-ﬁﬂ} = 2exp

e

_ ¥ pz ]
Wx’ ,T :2€X — - ’
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Expectation value of product of operators, Moyal product.

(ff\l(é\,p)> § =2 JZ (x,p) W= P/

f/z\,é;/ﬁ)tﬁ/cg/ﬂ (x//o/
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Cohereat §€44€
N

l>\c>1 e & /O>

wiye/= 2 exp [20v->1" ]

N _21¥°
Vacwum state  A=0 Wy ¢)=2e
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Bopp operators for coherent states

A+ 7‘-1_5 _ytz\*_/.(;a_—
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Summary of phase space methods

Wigner-Weyl quantization:

(06 7)) = [ L0 (o oW () [ (007.67)) = [ dwdy @, (w0 W (9 )

Moyal product (basic multiplication rule)

(lefzz)w —Q,, exp{—i%A}QZW W Q,89,), =0, exp{%Ac}QZW

— — e. - _ _ R
A Z a a Ac _ Z a a __ 8 _ a
op,, ax 8x0, op,, l ~ 0y, Oy, Oy, oy,
),(t' =x+1 h Q)& =y + 1 0
Bopp operators — — = *
(basic representation) 2 Op 2 0y
D=p iha §&+_W*—1 O
2 Ox 2 Oy




Phase space methods and quantum dynamics

Von Neumann equation for the density matrix

Ap=lrg)=Ho-pH
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Sketch of the path integral derivation of the time evolution.
(Very similar to Keldysh formalism)

(ﬁ(ﬁ . f)> = 1T [ﬁ 1 ez/hf{; ﬂ(’f_)d*—ﬁ(ﬁ.r T, t)ﬁ—z’/ﬁf; ?:tf(*r)d*r]

N
Tt/ Bl HT)dr [[ /7 ar A7 = /N and . = ids
i=1
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Exact Feynman path-integral representation of the evolution

t \
. | o dpry(T) ~. x_
bf,h — /'; dT .I'flbi’]'_) Pf, — H(.I'ﬁb(?‘j.j}fﬂg}(?'j.T]

dT

(Qp,x. 1)) = [[{f:n{fpnngjm ro) //DJ T )Dp(7)DE(T ) Dny(T)

i [ L Op(T) Ox(T) n(T) o ()
{:};p{gﬁ dr | &(7) 5 —n(T) o + Hyw (( ) + 5 cx(T) + 5 .T)
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{ [
4 - S0 G0 ipnén /F
Wo(po, xo) = [ffc‘lﬂ <J'D 5 Ty T j> gtPoso/

() ¢ § § P&
.__.[_{..-'(.I'.j}_ ?LII p— / “L T+ E T — E exp _?

Wigner function and Weyl oredring emerg automatically from the
boundary terms at T = 0 and t=t. No special assumptions are
needed. For details of the derivation see: A.P. arXiv:0905.3384,
Phys. Rev. A, vol. 68 (5), 053604 (2003).

(3. p.t)




Coherent state representation:
E!(J' I”lg ?,_ ) J_ [f} J,_‘ L-l; ﬁ’f[l T}tf‘i"{ }{ 4' T ?LII f.fe’ﬁ f[-]t H[T}fﬂ?':|

Same idea but now insert coherent states

] :r 1) ) 1)) f/rh odig Woltho. 10 //D: ) Dn(7m)Dn*(7)

9 n*
pr{/ dt [r; '[’r}af - Ij{T]{ s —|— i Hw ( (7)) + ”(;}.-q,-’r'*'(’r} -+ i }T _.
0

fi?’r

T

} Quy (P (), D™ (1), 1).

v Is the classical Gross-Pitaevskii field, n is the quantum field.




(Qp,x.1)) [[fhmfpnﬁg (po,xo) //D: T)Dp(T)DE(T)Dn(T)

i [ - Op(T) Ox(T) n(T) o ()
U:{P{Eﬁ dr | &(7) p — 7 T) o + Hw (;J( ) + 5 (7)) + 5

Recover semiclassical approximation by expanding action to
the linear order in quantum fields:

OHw(p.x.7) ., OHw(p.x.7)

[

dp(T) S Ox(T)

J
—
T —
.
T

_‘I

Then functional integration is trivial: we are getting é-function
constraints enforcing classical equations of motion:



OHw (p, . T ?

—{Hwi(p. z.7).p}.

da ; {fJ‘,_r} , r'_}.r(?‘:}

5 = {J' Hn} . 5T = {J_fl. Hn} s Y

dr dt OHw (p,x.7) o
- x_ = —{Hw(p.x, 7). x}.
Op(T)

Once again semiclassical — truncated Wigner — approximation

-._53 r,p,t), //fhmfjmnn po. 10w (g (). palt). t).

The same story happens in the coherent state basis: integrating
over the quantum field in the leading order enforces Gross-
Pitaevskii equations on the classical fileds:

L O , OHw
ih— - = {4, Hi )} =
ot c

'-. 'Iﬁ.*
o4 ;



Non-equal time correlations functions (sketch)

1€y
(Q4(t1)Qa(t2) )y = / { I,_ ; <4ff{f1] +¢/2

—i/h f:f H(7r)dr

: . B 2 gy
53—1(3-\1”:fl}'llrc‘“ﬁff’l H(r)dr

xS (. p,ta)e

t ‘p(ty) — na(t
plt1) — H,f’r2> exp [—% (p(:ﬁl]_;-{fi] 4 Spt) - x| L})]

x(t) —> x(t) +ox,  plt) — pt)+op,

“r -”I.i' : E e [E1 g / /
W, ﬂl (ﬁ r1. "K’ji’l / / S f 2-@5;:16::.*1; ﬁﬂ?.Eéph fitindry ﬁ'ﬂ'liiff(tl} 4 u.":fi-ji'(?tlj . ”ffz}

ih 0
2 dop(ty)

) ) - X ! Iﬂﬁ ‘- ~ ¢ = =7 -
Wio(8a, 6p) = *0rop/h (f T 908 ) 0(0p)o(ox)  (ty) — w(ty) +
2 dop

Recover Bopp operators (also automatically). Same for coherent states.



Beyond truncated Wigner approximation (TWA)

Up,x.t), //fffnffji'nuﬂ P0, 20 //Df ) Dp(7)DE(T) D7)
op(t) dr(T nr) (1)
LK]]{EA u”r[;ﬁ[’r} 5- —(7) E}T + Hw ( (7)) + 5 cx(T) + 5 .T)

. ¢
— Hw (}J(T] — ”{T].;r{’r] — L’(;r}.'r) } Qw (x(t), p(t). 1),

2 2
Expand action to the third order in quantum fields (no corrections to
TWA in harmonic theories)

(r.p.t)) //fh”u’p”ﬂg 0. Po) //DI

Op(T . OH 1 1 s PV (z) O
pr{ﬁﬁ u’*r{ (7)—5- + (T }{}J_( TDTE (T ]03‘_{,}_1 Qw (x(t),p(t).1).




- t 31/ : t 931/
i o O°Vi(r i o, OV (r
exp (—f dr&d ()= | .]> ~14+— [ dréd(r)= | .3] + ...
0 =+ LA\T)

- £ explind L & [G{r)] = 15{11;:}3
e ( — )| = ——=¢
o> $) = 30a3 "\ 3\ a3

Note that a plays the role of the correction to the conjugate momentum =
quantum jump

i BBoVie) o
Y [rodpeWW 1 — g 0 _ 1
.00~ [ [ deodpoWaton.o) (1= [ argz B S Y o e, 0.0

More generally

153 (2, p,1) }—//ffir{]ffp{]ng (po. o)
| /*‘ . h? o3V (z) O /*‘ M PV (x) 0°
T332z 2 D (7) Op(T)? 0 IR Ox(7)> dp(7)°

h JSV( Y9 BV(x) 6°
/ {“lr / {"7 2 31' 22 f_}l{ ) U]'P(*l) L)‘I(TE}S U}IJ{TQ)E' - ) W (I(f) j!(f} ?LJ




Quantum corrections emerge as a nonlinear response to
infinitesimal jumps in classical phase space variables.

Each jump carries a factor of Q2.

Jumps do not affect short time behavior, i.e. TWA is
asymptotically exact at short times.

Equivalent representation through stochastic quantum jumps

, 1“ f 1,._ //rf:g{fiu[rn[r i'u jl{}}

C 31 : - T
{”n ((t), p(t).t) + 4 d U.n[?' ) /ffri‘r}({J {’-’(f}-f*(f)-f-f‘% = (VL ”}}

1!-

| B@d=o [ an@ic=o. [ ¢n@dc=o [ ¢r@d-1

X X 0



Proof of equivalence

)) ~ //ff;rmfpgﬂg (0, po)

_ 03V o ﬁ o
Qw (x(t), p(t),1) + Z; mi ) /ffﬁfz(ﬁmw {éf-‘(f}-f!(?‘)-f-ﬁm = ¢V ”}}
N Y are I t). plt).t.0pi| . 3,
Qu [.;rr{.’f.). p(t),t,0p; =& f’jf’_\.ﬂ:} ~ Qu [z(t), p(t). t] + - (;ﬁil( )., 0pi EVAT
7
POw [2(1). ) P Ow | ;| w
L1970 [2(t), p(t), t, Opi] QYA 1 0°Qw [a(2), P{ ).t. ””"*"]gf"m+f‘.)(f_\.«r4f3}.

2 50s) 1“? 6 o) f"é.
Integrating over & gives desired non-linear response.
Possible choices of F:

56 —2) —3(E+2)—25(E+1)+25(E+ 1)




Many-particle generalization

)~ //n’:ﬂmfpgﬂg (po.xo)

(i

iﬂ(:rpfj; -::'-//n’mgdpgi-‘[-h(mg.pg)
PV ()
= F., 5.
1+ Z//Hff%m ) g dxgda. iy (&)

m a(a, j

Fﬂ&ﬂ'(é) — 1*— (Eji - {',&) e‘*’ﬂﬁ? H fi{&m.)-
s 227 \ 3

M=y

2 1) ¢, .
SO —(£24£2)/2 Y
Fonp(€) = o~ 188 24, [T dtém).

M=, 3

alpy o (E2HE3+E2) /2
Fapy(&) = (”T H ) (Em)-

mo, 3,7y

T.p.t)
/ 1 A 0%V (x) 0 N
312272 D q0x30x~ Opa(T)0ps(T)0py(T) 7 )

P a (75 )=¢



Coherent states. Same story

EEZ fo}w//ff-tmff o Wolto, 1)

| o ,_
(1 - ﬁ / Z I [ i (7) di(T )r)t.g(* )i}f,.'?(T) - “.{j.] ) Qw (P(t), P7(1), 1)

11kl

Bose Hubbard model

ET?‘J‘%//(ITE[}J{DHQHUEQ)




Examples

- p? mw? 9

Ho= ~— + = 4 H =Hog — \i
0 Y 9 0
q T —_— 1 _IE fﬁlqﬂg L s '.-i-
bo(x) = ¢ ag = //2muw

2

i . o L : 'H _ JETD f)g
W (;E.‘D. f}{]} = /{fé n',:""*(;t‘ﬂ -+ éfﬁ)f,:’l‘(.rﬂ — E;’IQJEEPU&L; L—9 exp [— 5 = :|

2aj Qq{%

Classical equations of motion

L= e+, ==L a0 = Amw?(1 — cos(w(t)))
dt dt m

_ Po .
x(t) = za(t) + xo cos(wt) A sin(wt)

s



Po
mw

x(t) = za(t) + xo cos(wt) A sin(wt)

(#(t)) = zq(t) (@%) = 22(t) = 23(t) + ag

ih 0
(#(t)i(t')) = (-’*-‘d“} + 0 cos(t) + - sin(wt) + 5 a;"p)

X ( eilt) + xgcos(wt’) + L0 sin(wt’) + E sin(w(t' — f})

e (s

= 2aq(t)za(t) + ag cos(w(t — ")) + iad sin(w(t —t)).

<:?:{1‘) v(t) + : B(t)a(l J> ra(t)za(t’) + al cos(w(t —t'))

(E(H)aE) — 2(8)3(1) = 2iad sin(w(t —t)).



More complicated example: sine-Gordon (Frenkel-Kontorova) model

dx i
X / (712(2) + (0:d(x))? — 2V cos(3(x))

A i .i'&.i'.? 1 - A 9 - T -
H=) 5 T 5.2(% — di41)" — Veos(5¢;)
j i -

Assume initially V=0 and the system is in the ground state

o i ‘HDF
&1 {Ug ng = Hej{p 50y 2{73‘”3‘2

o =1/\/2w, wq = 2sin(q/2)



Semiclassical approximation (TWA) need to solve

2o,
fdt2

— {-:’.J".}'_|_1 —|— -:’_J"J-I:_]_ — 2.‘,&) —_— ﬂ;_[kf_}&'ill[k]]f-"}}
First quantum correction — have a quantum jump proportional to

v3.jr = —V(7:) 3% sin( 3¢, (7))

So the parameter 8 plays the role of

Take V' (t) = 0.1tanh(0.2¢) so that we can compare with
linear response (usual perturbation theory). Note that for f2<8rn
the cosine potential is relevant (non-perturbative).



<COS B¢ >

Illustration: Sine-Grodon model, £ plays the role of I

H =

0.10

0.08 -

0.06 -

0.04 -

0.02 -

0.00 -

— TWA

- - ==1" Correction
————— Linear Respons

------

[ = 2\ —Tonks

10

[ E(axgp) +=T1° ~ cos(Bp)

0.4

0.2 1

0.1 1

0.0

V() =0.1tanh (0.2 ?)

1 ====1% Correction
0.3+

Semiclassical

————— Linear Response

10



Coherent states

Initial coherent state

Es_‘Ts_*Ls_*Tfﬁ—l}

Expand the initial coherent state in the Fock basis, trivially evolve each term in time
and re-sum

(1(t)) = VN exp [N(e7"" —1)]
Collapse at t~2n/UN, revival at t~2n/U

Corresponds to the experiments by M. Greiner et.al. (2002)



M. Greiner, O. Mandel, T. W. Hansch and |. Bloch, Nature 419, 51-54

@)(e) = ™11/~ e 2)

Column density (a.u.)




Semiclassical picture (classical limit, N—ow, U—>0, UN=const)

i [ i EIT ' ’ ‘ ‘I__;'_
Hw (%, ) = S [P (112 = 2) +
O (t) i 5 |

. = U(|w(t)]" = 1)(t
—— = Ul = 1)()

| iUNt 1
— ;'T\'T — : - T/
volt) =V E"”‘p[ 1+l ﬁ;l} Pl 7y
[J2¢42 i{UNt iUt
) = 0= (1= 5 ~ s o)



Semiclassical expansion reproduces expansion of exact
quantum result in series in 1/N: y, up to 1/N?, y, up to 1/N4

1.0

0 1 2 3 4 S 6

Semiclassics accurately reproduces collapse but not revival.



Turning on interactions in a system of interacting bosons
7 U(t) ~++ 250
— —IZ ( I’ Vit1 + 1 T+l j) + 5 z.'fja,.*j-(e__-'*j h; —1)

U(t) = Uy tanh(st)

— VN exp(id)|?

Wi H 2 exp [

Choose N=1 (per site), J=1, U,=1. Follow energy in the system.



Energy

-1.5

Eight sites

-1.61

-1.7 1

-1.8 -

-1.9-

o = 0.5

Exact
TWA
TWA + correction




Energy

2D lattice 32x32 sites

3.2~

B4

-3.6 1

-3.8 1

og=O= =0 =000 0= 0=«
- ae o alemQn ol ol)e =

o
ﬁr‘B’-
Uﬂ — —— T\\WA
—u— T\\/A + correction
1 Bt 2 3




Dicke model (many-level Landau-Zener problem)

Consider A(t)=-o6t. Start in the with spin pointing up and no bosons.

W (b*, b, Sy Sy. S2) A 27208 ._li_‘,e‘“ =H/S5(S, - S)

b (

=\ -

FUT [\ JJ_I_ ~.,_;2‘-1

1S 2

2 _ I p«s.

ot 1;2‘-.

Classical limit: have exact solution b(t)=0, S,(t)=S, S,(t)=S,(t)=0.
Quantum mechanically expect that at 6—0 — adiabatically follow the

ground state: (g*é> _9231 §;" "S,



The problem can be solved analytically using adiabatic invariants:
A. Altland, V. Gurarie, T. Kriecherbauer, AP, PRA 79, 042703 (2009) , A.P. Itin, P. Torma, arXiv:0901.4778.
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Almost perfect agreement with the exact result in the whole range of o



Key points of this lecture. 1) Hamiltonian dynamics.

Phase space operators

Canonical
commutation relations

Classical limit -
Poisson brackets

Classical limit —
Equations of motion

Particle limit
X, p
[x, p]l=ih

h—0
{x, p}=1

x={x,H}=p
p={p.H}=-0V

Newton’s equations

Wave limit
v,y
[y, v']=1

[y |°—> 0
{W’ l)”*}c :1

ihy ={y, H}. =

h? )
-——y+Uly[ v
2m

GP equations



2) Phase space representation of QM (naturally emerges
from Feynman path interal)

Wigner-Weyl quantization:

) -

L
, . Q0
Wolpo,xo) = [ffai{:r <-f'0 — | P

Q, (x, W (x,p) | (Q7,57)) = [ dyedy 'y (v W wv)

[
” FAPEA s ."I.
0 _|_ r“*_> {_tipl_lfl_n fi

2 2

[ . [ 'i
Owlx.p.t) = / dé& <.r -+ % EE{:.F.;). ?‘:} €T — :3> exp {—%]
Bopp operators: )'5 — x4+ lﬁi o 4 1 0
generate Weyl symbol. 20 =y 20 *
Provide natural interpretation P 4
of commutation relations h O . 1 0
through jumps in the classical l} =p— j — QQJF =y —

phase space 2 Ox 2 59”



3) Representation of quantum dynamics. Semiclassical approximation:

.._53 T, p.t) //{hqj{fj?n”n po. 10w (g (). palt). t).

Quantum corrections: nonlinear response or stochastic quantum
jumps with non-positive probability.

, 1“ f 1,._ //rf:g{fiu[rn[r i'u jl{}}

. Al - . Y arens
{”n( 0.5+ =Y L [ P& [a(0).plt). 1.0 = £V }}

These methods are very useful to analyze various quantum
(coherent) dynamical problems with initial conditions. Many
applications to cold atoms. Open new possibilities.





