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1. Introduction

Flow plumes play an important role in fluid mechanics with applications including
different parts of the Earth, industry and the environment. In these note we will be
concerned with compositional plumes. A compositional plume is here defined as uni-
directional flow of a fluid in a column of finite thickness rising in another fluid of
different composition and much larger length scale.

After briefly summerising the relevance of such plumes to different parts of the earth,
we investigate the general properties of these plumes and we will not consider any
detailed study of any one particular application. Also, we will restrict our analysis to
plumes with sharp boundaries so that the material transported by the plume flow is
compositionally very different from that of the surrounding fluid. This allows us to
bring out the main properties of the dynamics more clearly.

The relevance of plumes to industry is mainly in metallurgical applications (Copley et
al. 1970, Huppert 1990. Plumes are very important for studying the earth. Their first
application to earth includes mantle convection (Morgan 1971, Loper and Stacey
1983, Ribe and Christensen 1994, White and McKenzie 19995, Steinberger 2000).
Here they are believed to explain the flows between the plates (Zhao 2004) and also
the powerful flows associated with hotspots and volcanic eruptions (Sleep 1990,
Duncan 1991, Nolet et al. 2007) as well as in material transport (e.g. basalt) in the
mantle (Hauri et al. 1994, Bonneville et al. 2006). The plume flows are also related to
the reversals of the geomagnetic field (Loper and McCartney 1983, Larson and Olson
1991).

Spreading Plume

crust & %,
lithespheric mantle g ;
Old Plume/
asthenosphere Hot Spot
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Figure 1. A schematic representation of Earth regions (with core standing for both fluid outer and solid
inner cores) and hotspot types.
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Figure 2. A schematic representation of mantle plumes and hotspots distribution
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Figure 3. Schematic representation of a plume rising through the mantle to cause a volcanic eruption at
an active hotspot.

In the late seventies, Loper and Roberts revived the suggestion first made by
Verhoogen (1961) that the solidification of the outer core fluid to form the solid inner
core released latent heat that contributed to the energy source for powering the
geomagnetic field of the earth. Loper and Roberts (1978) and Roberts and Loper
(1978) developed a theory for the solidification process at the inner-outer core
boundary. Although the temperature at the inner core surface is much higher than at
the top of the outer core, the solidification takes place at the inner core boundary due
to the increased pressure with depth. The fluid outer core is an alloy composed mainly
of the heavy component of molten iron and lighter elements which are believed to
include sulphur, oxygen, nitrogen, hydrogen etc. The heavy iron component of the
outer core fluid alloy solidifies first thus forming a thin layer on the surface of the
inner core of mixed solid crystals (mainly of iron) and fluid other components. This
layer of mixture of solid and fluid is called a mushy layer. Such a layer has been
investigated in detail by Hills et al. (1983) in a fundamental paper on this subject.

The solidification process releases latent heat giving rise to a heat flux out of the layer
and into the fluid core. Such release of energy has implications on fluid motions in the
core and the regeneration of the geomagnetic field by dynamo action (Loper 1978,
Loper and Roberts 1979, 1981).

The mushy layer has been studied recently by many researchers because of its
relevance to Earth and industry. The reader is directed to reviews for further
references (Loper 1987, Worster 1997).

The process of solidification continues with time and it has been shown that when
such a layer increases to a certain level the top-heavy situation created by the
solidification of the heavy component (so the mushy layer has lighter fluid compared
to the overlying alloy), it becomes unstable (Worster 1992). The instability of the
mushy layer takes the form of thin filaments of light fluid rising through the outer
core fluid. These filaments are compositional plumes transporting the light fluid
components from the mushy layer through the outer fluid core alloy. The instability
of the plumes rising into the outer core may result in the break-up of these plumes into
blobs that stir the outer fluid core producing small-scale motions which may produce
helicity and « —effect thus contributing to the geodynamo (Moffatt 1989, Moffatt and
Loper, 1994).

It is then clear that there is considerable geophysical interest in compositional plumes.
This indicates a need to understand the basic properties of compositional plumes.
Rather than study a particular situation with a particular application, we will embark
on studying the basic dynamical properties of compositional plumes. The effects of
magnetic fields and rotation acting separately or together on the plume will also be
examined.

The process of the formation of the mushy layer and the instabilities associated with it

are illustrated using the famous aqueous ammonium Chloride (NH4+H,0) solution,
first used by Copley et. al. (1970) and later by Huppert (1990) and others. When such
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a solution prepared at 50 °C with a concentration of 28% by weight and placed on a
ice-cold surface, the mushy layer can be seen to develop and when it is thick enough,
instability appears and plumes rise into the melt. The plumes themselves are
sometimes seen to disintegrate. Such a process may also be considered a form of
instability. This provided the motivation for the study of the stability of these
compositional plumes under laboratory and geophysical conditions (Eltayeb and
Loper, 1991,1994, 1997, Eltayeb and Hamza 1998, Classen et al. 1999, Eltayeb 1999,
Eltayeb et. al. 2004,2005, Eltayeb 2006).

Figure 4. Aqueous ammonium chloride solution (Huppert, 1990).
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Figure 5. Aqueous ammonium Chloride solution (Eltayeb and Loper, 1991).

2.Formulation

Consider a column of light material of thickness 2X rising in a two-component,
electrically conducting and less buoyant fluid of infinite extent. Both fluids possess
the same kinematic viscosity, v, thermal diffusivity, «, magnetic diffusivity, . The

material diffusion is negligible. The equation of state of the system has the form

pl po=1-a(l -Ty) - B(C-Cp) (2.1)
in which 5 is the density, T is the temperature, C is the concentration of light
material, « is the coefficient of thermal expansion, g the coefficient of
compositional expansion and a subscript denotes a reference value. The other
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equations of the system are, respectively, those of linear momentum, heat, induction,
material diffusion, continuity and Gauss' law:

Po0/0F +(i-V)ii+20xi | =-Vp + fov VA + 4 'VxBxB-pgz (2.2)

oT 1ot +@-VT =&V2T (2.3)
OB/ of =V x(axB)+7nVB (2.4)
oC /ot +u-VC =0 (2.5)
V-i=0, V-B=0 (2.6)

Here i is the velocity, p the pressure, B the magnetic induction, T the temperature,

t the time, o the angular velocity, x the magnetic permeability, g the uniform

gravitational acceleration and z is a unit vector in the direction opposite to that of the
gravity. Note here that we have used a tilde to refer to dimensional variables.

We intend to investigate a solution of these equations in the form of a uni-directional
flow rising vertically (i.e. in a direction opposite to that of gravity) in a column of
finite thickness surrounded by in infinite fluid having the same material properties.
The first step is to cast the equations into dimensionless form. To do this, we note that
the system (2.2)-(2.6) allows a static solution in which the flow, temperature and
magnetic induction are

i=0, B=B,, T =y7+T,, C =C, (2.7)
where 7 is the coordinate measured vertically upwards, B is a constant and the
pressure is governed by

VP =-0zp, [1-ay7 | (2.8)
This solution can be used to identify the characteristic units of the relevant variables.

It transpires that the appropriate length scale for the problem is the salt finger length
scale defined by

L =(vklayg )1/4 (2.9)
We take the difference between the concentrations of the column and surrounding
fluid, C, , as the characteristic unit of concentration of light material. Our interest lies

in motions due to this difference in concentration and for this reason we take a unit of
velocity, U , as

U= ﬂ(fd (g 1(/0{;/1/)ll2 (2.10)
and in order to maintain a balance between compositional buoyancy and temperature
stratification, we take AC /& as a unit of temperature. Finally, the unit of pressure is
taken as 5,8C, (9 3vx/a7)1/4 and that of magnetic induction is |B,|. The appropriate
time scale for the instabilities is the convective time scale

te =L /U =v/pCgL (2.11)
The dimensionless equations can now be written as:
R E+m)><u =-Vp +V2u+Q—C(B-V)B+(C —Co+T -Ty —iji (2.12)
Dt omR pC
oRDT /Dt +u-z=V7T (2.13)
omROB/ ot =0RVx(uxB)+VB (2.14)
DC/Dt=0 (2.15)
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V-u=0, V-B=0 (2.16)
Here the variables without a tilde are dimensionless and we used the mobile operator
RE£+u.V (2.17)
The equations (2.12)-(2.16) involve five dimensionless numbers : the Prandtl number,
o, the magnetic Prandtl number, o,,, R ( measure of compositional buoyancy), the
Taylor number, Ta (which is a measure of rotation), and the Chandrasekhar number,
Qc (‘which is a measure of the magnetic filed). They are defined by
2 2
2|w|L? B,| L’
o=¥ o =Y RrR=2% Ta:( E J =7, Qe B L (2.18)
K n 14 14 uovn

As we are interested in plume flows, we assume solutions of the form

u(x,y,z,t)=0+w(x)z+eu' (x,y,z,t) (2.19)
pP(X,y,z,t)=pp +p‘)(x)+ng(x,y,z,t) (2.20)
T (x,y,2,t)=Tp +T (x)+&T T(x,y,z,t) (2.21)
B(x,y,z,t)=Bg+omResb! (x,y,2,t) (2.22)
C(x,y,z,t)=C0+C_(x)+aCT(x,y,z,t) (2.23)

where
(z _EO)+(Z _20)2 +QC|B|21
20R 20, R

The variables with subscript 'b' refer to the state (2.7) while the variables with an
‘overbar' constitute a mean state driven by thermal and viscous diffusions and those
with a dagger superscript correspond to perturbations of small amplitude .

The unit vectors along the magnetic field and rotation are assumed of the form

P, =Py — 0

11,4220 pon
oR

A

0=(0w,e), B,=(0B,,B,) (2.25)
in which
o+ =1, Bi+BZ=1 (2.26)
Note that both rotation vector and magnetic induction have no components in the
x —direction. This is because non-zero components for a basic state depending on X

only is associated with difficulties that complicate the situation and we will not dwell
on them here.

We now substitute from equations (2.19)-(2.23) into equations (2.12)-(2.16) to obtain
equations involving both mean state variable and fluctuating variables. If we neglect

all terms proportional to & or smaller, and take the mean of the equations we obtain

the mean state equations as

b__

v (x) (2.27)
dw - =
i -T =C (2.28)
d}'; W =0 (2.29)
dx

Equations (2.28) and (2.29) can be combined in
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d¥y

X2

—-iY =iC, Y =T —-iw (2.30)

The basic state equation for C is automatically satisfied (because the material

diffusion has been neglected). It is then left to us to choose the form of C . We will
deal with this later.

If we subtract equations (2.27)-(2.29) from equations (2.12)-(2.16) after using (2.19)-

(2.24) and neglecting terms proportional to &*, we obtain the linearised perturbation
equations of the problem as

vau'+Qc (ﬁo -V)bJr +(CT+T T)i—VpJr —réxu’

t t (2.31)
=R 6L+W8L+(uT-§)DVV2
ot 0z
0 N ort _oart o o+
VT '—u'-z=0R —+W_—+(u -X)DT (2.32)
ot oz
- b’ .
V2" +(Bo.V)u' =R {?_ DW (x-bT)z:l (2.33)
t t
T wr o (2.34)
ot 0z
vau'=0 v-b'=0 (2.35)

We are now required to solve the equations (2.27)-(2.30) for the basic state after the

form of C has been prescribed and then examine the stability of the basic state
solution using equations (2.31)-(2.35) together with the appropriate boundary
conditions.

A good understanding of the dynamics of plumes is perhaps acquired by first studying
an idealised model and then improving it gradually. This will help us to understand
the dynamical significance of the various factors affecting the dynamics of the
plumes.

3. The Cartesian plume

Consider a Cartesian system of coordinates O (x,y,z) in which Oz is vertically
upwards and Ox,0Oy are horizontal. Assume a top-hat profile for the basic state
concentration of light material.
_ 1 |x|<x,
C-C,= ) (3.1)
0 if [x|>x,
This represents a column of light material, of dimensionless thickness 2x,, rising in

an infinite less buoyant fluid (see Figure 6). This model is called the "Cartesian
Plume" for convenience.

The column is bounded by two vertical interfaces at x ==+x, across which the
concentration of light material C experiences sudden jumps. This is not a very
realistic form of basic concentration profile but it is a very good approximation to
plume carrying material of a very different nature from its surroundings. The two

Eltayeb_Thedynamics of plumes_trieste_20-24july2009 Page 10 of 42 5 July 2009



vertical interfaces remain material surfaces and the boundary conditions at every

interface are:
Q) continuity of velocity
(i) continuity of magnetic field
(iii)  continuity of linear momentum
(iv)  continuity of temperature
(V) continuity of heat flux
(vi)  continuity of magnetic flux
(vii)  the interface is a material surface

N

— e e e s S e - - - - =
1

Qi

>
o
=

Figure 6. The geometry of the model. The plume is contained between the two discontinuous vertical

lines at X = £X,, shown here for X, =0.5.

3.1 The basic state of the Cartesian plume

The basic state equations (2.30) and (2.27) can easily be solved subject to the

conditions that Y ,dY /dx , to get
v ( )z{e‘kxo cosh(kx ) -1,
—exp(—k |x[)sinh(kx ),
and
M:m{ e o sin(kx ) /K,
Fexp(—k |x[)sinh(kx,)/k,
where
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k =(@+i)/2 (3.4)
The solution (3.2) and (3.3) is illustrated in Figure 7. We see that the pressure
which is non-zero only when the rotation vector is inclined to the vertical is an
odd function of x while the flow and temperature are both evenin x .

The flow is oscillatory and this has an effect on the flow within the plume. If the
plume is wide, the flow within the plume can slow down in the middle of the
plume or even reverse direction. This has the effect on the material transport
which can decrease for certain thicknesses of the plume.

0.2
0.4 |

I
-0.2 t ‘ }
5-4-3-2-1 01 2 3 4 5 5-4-3-2-1 0 1 2 3 45 -10 -5 0 5 10

0.2

0

Figure 7. The profiles of the basic state of the Cartesian plume variables VV,T_, p for 3 different

plume thickness. Note the reverse flow when X, =5.0

The basic state (3.2) is associated with material, heat and buoyancy fluxes
governing the transport of light material upwards and heat downwards resulting in

atotal flux, F, . These fluxes are defined by

~ 1 o0 ~ ~ ~ ~ 1 o0 ~ ~ ~ ~ ~ ~
Fo = LW (C-C,)dA, F, :Ij—ww (T-T,)dA, F, =aF, +pF, (35)
where the integrals are taken over a specified area and L is a measure of the

horizontal length of the interfaces. We wuse the characteristic units of
14

ﬂz(fdz (g K° /va373)1/4, ﬁ(fdz(galcs /vys) : ﬂz(fdz (g ax’® /va3y3)1/4 of heat,
respectively, material and buoyancy fluxes to get the expressions
1w — 1o —
= :ELOVVCdx, F, =ELOVVde, F, =F, +F, (3.6)

Using the expressions (3.2) and (3.1) in (3.6) we obtain
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F =€{1—exoﬁ [cos(xoﬁ)min(xoﬁﬂ} 3.7)

F, :%xoe‘xoﬁsin(xox/i)+¥{—l+e‘wE [cos(xo«/i)drsin(xox/ﬁ)}}
(3.8)
= =%x0e‘x°ﬁsin(xox/i)drl—f{l—e‘“ﬁ [cos(xoﬁ)ﬁin(xo\/ﬁ)}} (3.9)

w Fr
=
35
- i
o
2
2 m
L i
x
<
®)
w
T i
L Fg
o
0
w
X -
T Fex

_04 1 1 1 1 1 1 1 1 1

0 1 2 3 4 5 6 7 8 9 10

Figure 8. The profiles of the fluxes of the basic state of the Cartesian plume.

The dependence of these fluxes on the thickness of the plume is illustrated in
Figure 8. We find that the material diffusion increases from 0 at x,=0 to a

maximum value of 0.36883 at x,= 2.21102 and then decreases to a local
minimum of 0.35291 at x ,=4.44103 and increases again to 0.35358 at x,= 6.72
before it decreases slowly to a limiting value of V214 as X, — . The negative
heat flux decreases from 0 at x, =0 to a minimum of -0.28277 at x,= 2.632
before it increases to a maximum of -0.26408 at x,= 4.913 and then decreases

gradually to -3/2 /16 as X, = . The total buoyancy, F;, which is the sum of
the material and heat fluxes also oscillates as x, increases. It increases from 0 to a
maximum of 0.12893 at x,= 1.221 and then decreases to 0.08048 at x,= 2.99
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before it increases to a local maximum of 0.08905 at x,= 5.116 and then
decreases to a local minimum of 0.08835 at x,=7.35 before it increases slowly to

a limiting value of /2 /16 as X, —> . The ratio, F, = |FH /Fm| behaves in a way
similar to the buoyancy flux; it acquires two local maxima of 0.77718, 0.75103 at
X, = 2.886, 7.264, respective, separated by a local minimum of 0.74786 at x ,=
5.052 and approaches the value 0.74999 as x, — oo. This shows that the material

flux always exceeds the numerical value of the heat flux resulting in a positive
buoyancy flux for all x,=0. This result will have a profound result on the
stability of the plume flow, as we shall see later. It is interesting to note that the
normalised buoyancy flux, F;, , also vanishes for x,=0 and increases to a

maximum of 0.13926 at x, =0.66 before it decaysto 0 as x, — .

3.2 The stability of the Cartesian plume

It is of interest to examine the stability of the plume flow obtained above. The
stability problem has been discussed in detail by Eltayeb and Loper (1994). Here
we will give the main points of the analysis.

Eltayeb and Loper found that instability sets in for all non-zero values of the
forcing parameter R . They then adopted an expansion in the small parameter R
in order to examine the linear stability of the plume.
The stability of the system is examined by assuming that the surface at x =x, is
given a small harmonic disturbance of the form

X =X, +eexp[Qt +i(my —nz)]+cc, (3.10)
in which c.c. stands for the 'complex conjugate’. Here Q is the growth rate and
(m,n) are the wavenumber components in the y,z plane. The disturbance (3.10)

will propagate into the infinite fluid so that
{u‘r, pT,T T,C ‘r}

(3.11)
={u(x),=inp(x),T (x),C (x)}exp[Qt +i (my —nz)]+cc
and the interface at x =—x, will be disturbed to take the form
X =—X, +neexp[Qt +i(my —nz)]+cc, (3.12)

where 7 is an amplitude factor to be found.
The stability analysis will determine a dispersion relation for the growth rate
Q as a function of the wavenumbers m,n , and the parameters x ;,o,7 .

Let us consider the simple case in which the magnetic field and rotation are
both absent first in order to explain the stability analysis in some detail.

3.2.1 Standard Cartesian plume

Suppose that @ =B, =b" =0 so that there is no magnetic field and no rotation. We

find it convenient to define
u=(—inu,-nv.w), (3.13)
and express the perturbation equations in component form:
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Au—Dp =RQu (3.14)

AV +mp =RQv (3.15)
AW +T +C +n’p =R [ Qw —inw b | (3.16)
AT -w =oR [QT —inT‘u] (3.17)
QC =0 (3.18)
Du+mv +w =0 (3.19)
Here we have defined
D=dd—,A=D2—m2—n2,fz=Q—invv(x) (3.20)
X
Using equations (3.14)-(3.16) and (3.19), we derive the useful relation
Ap -T =2Rinw U . (3.22)

The boundary conditions can be stated as (see Eltayeb and Loper, 1991)
Huvw,T,p>0 as |[x|>om,

(i)u,v,w,T,p,DT arecontinuous across X ==x,,
(iii) (Dw),, =2n(C(x )>ﬂ0 ,
(iv) —inu(x,) = Q—inw (x,).
where the angular brackets in (3.22),(iii) denotes the jump defined by
(X)) =X (a=0)-X (a+0). (3.23)
Now that we have transformed the equations and boundary conditions in the form of

ordinary differential equations with appropriate boundary conditions, we use the small
parameter, R, in an expansion scheme:

f(xt)=3f (x1)R", Q=Y QR (3.24)
s=0 s=1

in which f(x,t) stands for any of the perturbation variables and x is the position

vector. The difference in the exponent of R from that in the expansion (4.17) used
originally by Eltayeb and Loper (1991) is to accommodate the different time scale
used here while preserving the notation for Q.

(3.22)

The method of solution now proceeds by using the anstaz (3.24) into the equations
(3.14)-(3.21) and the boundary conditions (3.22) and then equating the coefficients of
the different powers of R to zero to obtain a hierarchy of systems of equations which
can be solved seriatim. The standard Cartesian plume requires consideration of the
first two such problems in order to close the eigenvalue problem. We shall now
consider these two problems, but before we do that we note that equation (3.18)
implies that

C =0, (3.25)
everywhere.
Problem 0
The coefficients of R° give the system
AW, +T,+n%p, =0, (3.26)
AT,-w, =0, (3.27)
Ap,-T,=0, (3.28)
Au,—-Dp, =0, (3.29)
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Av,+mp, =0, (3.30)

Du,+mv,+w,=0. (3.31)

This set of equations splits into two subsets. One subset is composed of equations
(3.26)-(3.28), the other contains the rest of equations. The former set can be solved
first. However, before we proceed to solve the equations, we note an important
observation. The first set of equations involves the variables w,,T,,p, and the

equations governing this subset contain only even derivatives. This means that the
solutions of this set fall into two uncoupled categories of even and odd solutions in
X . When we examine the second subset of equations, we find that v, has the same

parity as w,,T,, p, while u, has a different parity. This means that one category is
associated with w,,T,, p,.v, even and u, odd. This will be referred to as the even
solution or the varicose mode. The other solution is associated with odd w ,, T, p,.V,
and even u, and will be referred to as the odd solution or the sinuous (or meandering)
mode.

Sinuous ( meandering) mode

|
R O B N W
T

|
N
T

Lo
H

Varicose mode

n(y.z.t)

!

-0.6

-0.2

X0

Figure 9. The profiles of the plume interfaces for the two types of solutions of the perturbation
equations

The consequence of the parity property is that the two interfaces are either in-phase
corresponding to the sinuous mode in which case
or out-of-phase giving a varicose mode and then
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n=-1 (3.33)
The two forms of undulations are illustrated in figure 9.
The significance of the parity property is that we can solve the problem in the semi-
infinite interval [0,o) using the parity conditions at x =0 and the boundary
conditionsat x =x,. We find that

when 0<X <X, :
{WO'TO’ pO’VO}
cosh [;ij ]; for varicose mode (3.34)

i

3
=STA 8 4R -2 e
~ J{’ e '} sinh[/ljx]; for sinuous mode

3 e, [SINA[ 24X ]; - for varicose mode
to = ,Z_;Aj;tje | {cosh [/1jx ]; for sinuous mode (3.35)
and when x >Xx,:
{WO’TO’ pO’VO}
_ ZSZA,- {/lf,ﬂ,-z,,uj 4 }e’“ {cc_)sh[;txo]; for v_aricose mode , (3.36)
= sinh [Ax,]; for sinuous mode
3 _,, [cosh[ 4;x, ] for varicose mode
to= _,Z_;‘Aj/%je | {sinh [4x,];  forsinuous mode (337
where ,
7
aary) [2;1; +3n7]’ (339
M+ +n? =0, 4 :(yj+m2+n2)1/2 (3.39)

The expression for the growth rate is obtained from the boundary condition (3.22),(iv)
as

Ql — 1 3 —24; X,
LW (X )2 =D A A0 (3.40)
In 2 j=1

The solution of problem 0 is now complete. The growth rate Q,, as in (3.40), is

purely imaginary indicating that the disturbance is neutral at this degree of
approximation. In order to determine the stability we must consider the next order
problem.

Problem 1
The coefficients of R* give
AW1+T1+n2p1:R[§~21va—ianU0] (3.41)
AT, -w, =oR[QT,~inT U, | (3.42)
Ap, -T, = 2Rinw U, (3.43)
Au, -Dp, =RQ, (3.44)
Av,+mp, =RQy, (3.45)
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Du, +mv,+w, =0 (3.46)
The boundary conditions take the form
(iu, v, W, T, p, >0 as  [x| >,
(i)u,v,,w,,T,,p,,DT,,Dw, are continuous across x ==x,,  (3.47)
(iii) —inu,(x,) =Q,.
This system can be solved in the form of complementary function and particular

integral for each variable and the application of the boundary conditions yields a
dispersion relation for the growth rate Q,. Alternatively, a solvability condition can
be derived to obtain an expression for Q,. The calculations are lengthy and laborious
but straightforward. It can be written that

Q) =c; (m,n;x,)+oc] (Mm,n;x,), (3.48)
so that the growth rate is linear in Prandtl number. Here the P is a parameter denoting
parity so that there are two expressions one for the varicose mode and the other for the

sinuous mode. The detailed derivation of (3.48) can be found in Eltayeb and Loper
(1994) or as a special case of Eltayeb et al. (2005) Appendix A.

It turned out that the expressions c; ,c, are both real so that Q, represents growth if
Q, >0 giving instability or decay when Q, <0 representing stability. For every
fixed pair (o,X,), Q, is maximized over the wavenumber pair (m,n) to identify the
maximum growth rate Q_(o,X,) and the associated wavenumbers m_,n. . Once the
wavenumbers of the preferred mode are found, we can calculate €, to obtain the
phase speeds

U, =Q_/in; U,=nU,/m; (m=0) (3.49)
The set (Q,,m,,n;,U, ) defines the preferred mode of instability. It is found that the
Cartesian plume is unstable for all values of o,x, evenwhen x, — .
The vertical wavenumber n_ of the preferred mode is always non-zero. The horizontal
wavenumber, m_, can take non-zero values and the instability is 3-dimensional in

which case the waves propagate in a direction inclined to the vertical. If, however,
m, =0 and the instability is 2-dimensional, the waves propagate vertically. The

instability then takes one of four types of mode: vertical varicose, V,, oblique
varicose, V,, vertical sinuous, S,, and oblique sinuous, S . The instability is
summarised in a stability regime in Figure 10.

R
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Figure 10. The regions of mode preference for the instability of the Standard Cartesian plume. The
broken curve represents the position of the overall maximum growth rate for given o . Note that the

values of X, vary between 1.4 and 1.7.

The growth, Q_, of the preferred mode is a function of the two parameters o,X,. It

IS interesting to examine its dependence on these two parameters. For fixed o,
Q. increases as X, increases from 0 reaching a maximum, Q_,... , before it decreases

rapidly at first and then slowly but always remaining positive as x, »>©. Q. .

varies between 1.4 and 1.7. The smaller values occur for small o and belong to the
sinuous vertical mode, S, , while the larger values occur for large o and the oblique

varicose mode (see Figure 11). As o increases from 0, Q_,... initially decreases but
as o exceeds 4.0 it begins to increase with the increase of o. However, as X,
increases for large values, the growth rate decreases with o .
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Figure 11. The dependence of the growth rate, €3, of the preferred mode on the thickness of the

plume for different values of o . Note that the dotted curve corresponds to o = 3.0 and the broken one
to o0=4.0.

3.2.2. Magnetic Cartesian plume

When a magnetic field is introduced into the Cartesian plume, the relevant equations
are obtained from (2.31)-(2.35) by setting @, = ®», =0. The boundary conditions are

given by (3.22) with the addition of the continuity of the magnetic field everywhere.
For detailed expressions for the equations and boundary conditions see Eltayeb et al.
(2004, 2005).

The basic state is the same as for the standard Cartesian plume with the addition of the
uniform ambient magnetic field B,. The solution has the same structure as that
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obtained for the Standard Cartesian plume with the zeroth order solution taking the
form

{Wo’TO:po’bo}

3
= DA a0

j-1

{cosh [ 4x ] for varicose mode (3.50)

sinh [/1]. X ]; for sinuous mode

oot ZA . {ﬂj, @,J} Ly, |SiND [4x];  for varicose mode G50
0’ xO .
= +67Q cosh[ 4;x |;  for sinuous mode
For 0<x <Xx,;and
{WO’TO' po’bo}
2 : 2« |cosh[Ax,];  for varicose mode (3.52)
=SA B 12w —iou e ol
,Z;‘ ey 10 {sinh[ﬂxo]; for sinuous mode
(0, b ZA N {ﬂ,v '5ﬂj} e cosh[/ljx(,]; for varicose mode 359
[ XO .
Yt +67Q sinh[ 4,x,];  for sinuous mode
for x >x, . Here we have defined
2468
= 4 +07Q , (3.54)
24| 2p; (1+6°Q ) +3n° |
145+ p1; (1+5°Q ) +n? =0, 1j:(yj+m2+n2)1/2, (3.55)
Q=2 (356)

1+B/?
The next order problem leads to a solvability condition giving a real growth rate Q,:
Q,(m,n;X,,0,0,,Q) =0, (M,n;X,,Q)+0Q, (M,N;X,,Q)+0,Q,, (M,n;x,,Q)

(3.57)
The instability problem gives rise to the same four modes of instability encountered in
the Standard Cartesian plume but here affected by the presence of the magnetic filed,
as represented by Q, and by magnetic diffusion, as represented by o, . We will

discuss the main features on the instability introduced by the field.

The unexpected result here is that the magnetic field is unable to stabilise the system,
although it tends to decrease the magnitude of the growth rate. Indeed, it is found that
the system is unstable for all values of the parameters x,,o,0,,Qc, although the
regime diagrams suffer some changes of mode arrangement. A sample is given in
figure 12 .
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12

Figurel2. The regime diagram in the X, —o plane illustrating the regions where the different modes

are preferred for a horizontal magnetic field (B, = 0.0) when o, =0.0. (@), (b), (c), and (d)
correspond to Qc taking the values 0.0, 0.20, 1.0 and 100.0, respectively. The discontinuous curve
refers to the position of the global maximum with growth rate € We note that the horizontal

magnetic field tends to suppress the vertical modes for small values (< 1.2) of x4 and enhance them for
large Xo. The vertical wavenumber is about unity for the vertical mode when X, is small and is less than
unity for all other modes. The horizontal wavenumber, on the other hand, is rarely in excess of 0.4.

The inclination of the field plays an important role in the stability problem. The
introduction of a vertical component to a model with a horizontal field introduces two
factors: (i) it suppresses the vertical sinuous mode for moderate to large values of x
at the expense of the oblique sinuous mode and suppresses the oblique sinuous mode
for small values of X, at the expense of the vertical sinuous mode. There is very little

influence on the varicose mode (see Figure 13) and (ii) for certain moderate values of
field inclination, the growth rate is enhanced (see figure 14). The influence of
magnetic diffusion is always stabilizing (see figure 15). However, its effect on the
type of unstable mode depends on the strength of the magnetic field. For small fields,
it suppresses the vertical sinuous mode present for small values of x ;, but it enhances

the same mode for large amplitudes of the field (see figure 16).
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(d)

Zo

Figure 13. The X,-o regime diagram in the case Qc=1.0, o, =0.0 illustrating the effect of increasing the
vertical component of field as follows: (a) B, = 0.02, (b) B,= 0.1, (c) B,= 0.2, (d) B, = 0.5. Compare
(a) with Figure 4(c) for B, = 0.0. While the varicose vertical mode disappears once the vertical field is
non-zero, the regions of preference of the sinuous mode are only partly suppressed for small vertical
fields as in (a). Further increase in B, leads to further suppression of the sinuous vertical mode for large
Xo but at the same time a new sinuous vertical mode appears for smaller (less than about 1.2) X, and
o > 4.0. This new vertical mode region expands into smaller x, direction and eventually extends to
the region for oblique varicose mode present for small X, (see (c)). Further increase of B, to about 0.4,

leads to the migration of this region towards the c-axis and eventually to the complete disappearance of
the vertical mode.

(@ (b)

0.48
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0.46 05 01
0.45
0.44
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0.42 10

0.2 0.4 0.6 0.8 1 "o 0.2 0.4 0.6 0.8 1

B B

v \

Figure 14. The critical mode parameters (€2,,m_, N_, S, ) as a function of the vertical field inclination

B, for x,= 1.8, o=5.0, o, = 0.0 for different values of Qc. This is a case in which the vertical field
enhances the growth rate in a certain range of inclination. We observe the changing profile of the
growth rate as Qc increases.
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Figure 15. An illustration of the conflicting influences of the vertical field and magnetic diffusion on
the preferred mode of convection as experienced at a point (1.8, 5.0) in the oblique varicose mode
region in the regime diagram. Here (a) o, = 0.0, (b) o, = 0.5, (¢) o = 1.0, (d) o = 4.0, and the
Arabic numerals refer to the value of Qc. We note that in the absence of magnetic diffusion (i.e. when
om= 0) the vertical field component can enhance instability (as in (a)) but an increase in magnetic
diffusion acts to suppress this destabilizing influence so that when oy, is about unity, the enhancement
of growth rate by the vertical component of field has completely disappeared and thereafter the
maximum possible growth rate for field strengths is the value in the absence of the field. Such a value
can only occur for a certain value of B, which depends on o. The wavenumbers experience a jump for
the modes with the two local maxima. However, for the cases which touch the line for Qc = 0 the
wavenumbers vary continuously (see Figure 14).
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Figure 16. . The influence of magnetic diffusion on the x, -c regime diagram when the field is inclined
to the vertical. Here B, =0.5and (a) Qc = 1.0, 6,,= 0.0, (b) Qc = 1.0, 5,= 5.0, (¢) Qc =10.0, 6,,=0.0
(d) Qc = 10.0, o, = 5.0. The increase of magnetic diffusion here suppresses the vertical sinuous mode
when Qc is small and gives rise to it for small x, when Qc is large. The discontinuous-dotted curve
again refers to the position of the overall maximum.
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Figure 17. Illustration of the dependence of the critical mode of the rotating Cartesian plume on the
Taylor number, 7%, and the direction of the rotation vector, as measured by @, . The jump in the
wavenumbers indicates a change of mode from varicose for small 7 to sinuous for large 7 . The figure
is drawn for X, = 3.0 and four values of @,, as labelled. The change of parity depends on the value

of X,: there is no change of mode for small X, (<~1.5) in which case the varicose mode is preferred.

Note that y, . is always negative.

3.2.3 Rotating Cartesian plume

Here we examine the influence of rotation acting alone on the Cartesian plume
(Eltayeb and Hamza 1998, Classen et al. 1999). It is found that the two Prandtl
numbers do not enter the stability problem here. The zeroth order problem here gives

the relation
2

&ZW(XO)+iL2cosh(/1.xo)e"i“
in = 2u; +3n :
3 r B (3.58)
+m71jz_; nEm ‘+3n2)cosh(/1jxo)e %o
in which
y=Mao, —No, (3.59)

In contrast with the pervious the two cases, the expression for (€, /in) is complex
and hence the stability of the problem can be decided at this level of approximation. It
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is noteworthy that the new term that gives (Ql / in) an imaginary part is proportional
to the horizontal wavenumber m and rotation rate. This means that the presence of
rotation increases the order of magnitude of the growth rate from O (R ) in the
absence of rotation to O (1) in its presence. This means that rotation enhances the

instability of the plume. An increase in the horizontal component, @, , of rotation

tends to inhibit instability but the system is always unstable (Figure 17). It is also
found that the horizontal component of rotation tends to suppress the sinuous mode
for small values of = (Figure 18).

20

16

14

12

10

2 25 3 3.5 4 45 5

Figure 18. The regime diagram for the stability of the rotating Cartesian plume in the (X;,7) plane.
The curves divide the plane into regions where the sinuous mode is preferred (within the curve) and
another region where the varicose mode is preferred (outside). The curves for different values of @, ,

as labelled, are superimposed. Note the tendency of the horizontal component of rotation to suppress
the sinuous mode for small 7 .

3.2.4. Rotating magnetic Cartesian plume

The rotating magnetic plume provides an example of a compositional plume under the
simultaneous action of magnetic field and rotation. We have seen that the magnetic
field acting alone tends to inhibit instability but can also, by its vertical component,

promote instability. However, the growth rate remains O (R ) as in the absence of the
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field. The presence of rotation on the other hand, increases the order of the growth
rate to O (l) and instability is present at that order for all values of the thickness of

the plume and is independent of the Prandtl number.

The combined action of field and rotation is primarily dominated by the presence of
rotation. Instability is present for all values of the parameters and the growth rate has

O (1) values. The instability is independent of both Prandtl numbers o,o,, . However,
the interaction of the two constraints has its significance. The conflicting influences of

the vertical component of magnetic field and the horizontal component of rotation is
illustrated in Figure (figure 19).

(b)

Figure 19. The dependence of the critical growth rate on the inclinations of the magnetic field and
rotation vector. The continuous (discontinuous) curves refer to the varicose (sinuous) mode. The labels

i-v, respectively, refer to : in (a) (QC, 7, @, ) taking the values (5.0, 1.0, 0.5), (5.0, 5.0, 0.5), (5.0, 5.0,

0.0), (2.0, 2.0, 0.5), (4.0, 4.0, 0.5) and in (b) (Qc, 7, B,) corresponding to (1.0, 5.0, 0.0), (5.0, 5.0,
0.5), (1.0, 5.0, 0.5), (5.0, 1.0, 0.5), (5.0, 1.0, 0.0).
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3.3 Cylindrical plume

When a plume of cylindrical cross-section of radius,r,, is studied, the results are

qualitatively similar to those obtained for the Cartesian plume with the main
difference being that the horizontal wavenumber is an integer ( see Eltayeb and Loper
1997).

3.4 Helicity and « -effect of the Cartesian plume

The unstable motion of compositional plumes may be relevant to the Earth's outer
core. Motions in the iron-rich molten outer core of the Earth interact with the
magnetic filed there to produce electromotive force (e.m.f) that helps regenerate
the magnetic field of the earth. This process is called the geodynamo.

It is known that the helicity of the small-scale of motions is conducive to dynamo
action particularly when the magnetic Reynolds number is small. Here the helicity
is defined by

H (x)=((u(Vxu))) (3.60)
where the double angular brackets denote averaging over y and z . It can be
shown that

H (x):nRe{nu*v -mw u +%(VDW*—W*DV )} (3.61)

Noting the parity of solutions of the Cartesian plume, we clearly see that H (x ) IS

an odd function of x with the consequence that the total helicity, H,, , defined
by

H :J‘_w H (X )dX (3.62)

vanishes whatever the values of the parameters of the problem.

However, the cylindrical plume possesses a helicity function that has no definite
parity (Eltayeb 1999) and as a result the total helicity is non-zero.

Another important property of the small-scale motions in an electrically
conducting fluid is the « —effect. This can be defined simply by assuming the the
magnetic field and velocity fields have mean parts B,U depending on a large

scale L, and fluctuating parts b,u which vary on a short length scale ¢. The

equation of induction (2.14) then gives
OB ob

o, E+ama—t=amRVx[UxB+uxB+Uxb+uxb]+sz+V2b (3.63)
If we average this equation over the two coordinates x,y , we obtain
O'm;—B:O'mRVx[UXB]+O'mRVx[<<qu>>]+V2B (3.64)

The quantity <<u><b>> is the mean electromotive force due to the fluctuations at

small length scale i.e. the small-scale motions
E=((uxb)) (3.65)
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This quantity can be evaluated from the perturbation equations and expressed in
the form

E,=af;B;; 1,j=123. (3.66)
using tensor notation for the components of vectors (Malkus and proctor 1975).
Thus the perturbations can produce a source in the direction of the ambient field
and hence may help maintain the mean magnetic field. Such an effect is known as
the a —effect. The mean electromotive (e.m.f) force E is a measure of it. We
define the total e.m.f. by

E(x)=EB,=B,E, +B,E, (3.67)
E,=nIm(w, +ub,), E,=nIm(u’b, +v'b,) (3.68)
We also find that E (x ) isodd in x . The behaviour of the helicity and « —effect

functions is illustrated in Figure 20. Note the discontinuity of the vorticity at the
interfaces due to its dependence on ow ' /dx .

0.02 ‘ — ‘ 0.02 - ‘ ‘
' G (b)

0.01

-0.01

-0.02
0

Figure 20. The helicity, H, and o —effect, E, for a sample of the parameters: X, = 2.0, Qc =1.0,

7=05, B,=0.2, @ =0.5. Figures (a) and (c) correspond to P= 1.0 and (b) and (d) refer to P = -

1.0. The curves i — iv correspond, respectively, to the wave number pair (m, n) taking the values
(0.2,0.5), (0.5,0.2), (0.5,0.5), (1.0,1.0). We see that the change in parity influences the ¢ —effect more
than the helicity.

However, the helicity and e.m.f. the cylindrical model do not possess any parity and
hence their total values are non-zero. See Eltayeb (1999).
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4. Two interacting plumes

It is quite possible that plumes may not always occur in isolation and it is of
interest to examine their interaction. In particular, the layer of a few hundred
kilometres thickness believed to exist at the inner-outer core interface of the Earth
composed of mixed heavy iron-rich solid crystals and light fluid releases its light
fluid component in the form of plumes which rise into the outer fluid core.

In order to gain some understanding of the interaction of these plumes, we

consider a pair of them here in the absence of rotation and magnetic field.

Consider a basic concentration of light material of the form

0 if
1 if
C =40 if
r if
0 if
where
C, =X, +d,

X <—X,

—Xo <X <X,

Xo<X<C
c, <X <d,
X >d,

d, =x,+d +2x,
The geometry of the two-plume model is illustrated in Figure 21.

2xO

Y.

o

—>

oo

X om - - -

(4.1)

(4.2)

o

Figure 21. The profile of the basic concentration of the light material giving rise to two plumes. The
two plumes divide the fluid into five regions as labelled. Region | is the primary plume, thickness

2X0, while region Il is the secondary plume, thickness 2X1.
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The basic state equations (2.27)-(2.30) are solved with C given by (4.1) subject
to the conditions that Y ,dY /dx

Y, =Asexp(kx), X <—X,,
Y, =A, cosh(kx)+B,sinh(kx) -1,  -X, <X <X,,
Y ; =A, cosh(kx ) + B;sinh (kx ), X, <X <Cy, (4.3)
Y, =A,cosh(kx)+B,sinh(kx)-I', ¢, <x <d,,
Y, =A,exp(-kx), X >d,,
in which
A, =-Te ¥ sinh(kx,)+e ™, B, =-T'e “sinh(kx,),
A, =Te ® cosh(kq)-sinh(kx,), B, =-Te sinh(kq)+sinh(kx,), 44
A, =-Te sinh(kx,)—sinh(kx,), B, =-Te ™ sinh(kx,)+sinh(kx,), '
A, =-Te“sinh(kx,)-sinh(kx,),  Ag=-Te @ sinh(kx,)-sinh(kx,),
with
q=x,+d +x,, k=(1+i)/+2 (4.5)

A sample of the profiles of the basic flow and temperature are given in Figures 22
and 23.

The basic state fluxes can be shown to be

1 (10 o, . e 2,
F :—Elm{I[l—e 2% — 4T sinh (kx, )e ™ smh(kx1)+1“2(1—e 2 )]}
(4.6)
Fs :—%Im(AO+FBO+FZCO) (4.7)
where
Aozxoe—ZKXO +i(1_e—2kxo)’

2k
B, =2 {[—xoekXO +d sinh(kxo)}sinh(kxl)—[xle"“l +k£sinh(kxl)}sinh(kxo)}, (4.8)

Co=xg ™ +i(l—e2kxl),

and

F,=F -F, (4.9)
The fluxes here depend on four parameters x,,x,,d,I". They have a complicated
dependence on these parameters. A sample is given in figures 24-26.
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Basic flow, w(x)

Basic flow, w(x)

10 12 14

Figure 22. The profiles of the vertical basic flow, v‘v(x), for some representative values of
Xos X d,I". The labels refer to the value of I" with the curve without label being for I' = 0.5, while
the figures (a), (b), (c), (d) correspond to (X,,d,X ) taking the sets of values (2.0,2.0,2.0),

(5.0,2.0,1.0), (2.0, 2.0, 5.0), (2.0,5.0,1.0), respectively. Note that the curves for I" =0.0 correspond to
the solution of the single plume, and that when the plume is wide the flow can reverse within the
plume, as in (c).
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Figure 23. The profiles of the basic temperature, 'IT(X) , for representative values of X, X, d,I". The

labels refer to the value of I" with the curve without label being for I' = 0.5 while the figures (a), (b),
(c), (d) correspond to (XO,d,Xl) taking the sets of values (2.0,2.0,2.0), (2.0,2.0,1.0), (2.0, 2.0, 5.0),
(2.0,5.0,1.0), respectively.
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Figure 24. The buoyancy flux, F; , of the two plume model in the (X,, X;) plane for (d,T" ) taking
the values: (a) (1.0,0.5); (b) (1.0,1.0); (c) (2.0,0.5); (d) (3.0,0.5). Here + sign refers to a local maximum
and - sign corresponds to a local minimum. . The overall maximum values of F; in the form
(Xg:X,, Fy ) take the values: (a) (1.39,2.21,0.13293) (b) (1.66,1.66,0.19648); (c) (1.32,1.65,0.17658);
(d) (1.25,1.44,0.18446). The overall minimum value is 0 at the origin for all cases.
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Figure 25. The material flux, F_ , for the same data as in Figure 5 above. The extremum values data in

the form (XO,Xl,Fm) takes the values: (a) (2.22,0.0,0.36883); (b) (2.62,2.62,0.4743) (c)
(2.37,2.53,0.4085); (d) (2.28,2.35,0.45362). The overall minimum value is 0 at the origin for all cases.
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Figure 26.The heat flux, F, , for the same data as in Figure 5 above. The overall minimum value,

expressed in the form (X 0 X1 Fy ) , takes the values: (a) (2.63, 0.0,-0.28277); (b) (3.12, 3.12,-0.3205);

(c) (2.78, 3.01,-0.28245): (d) (2.61, 2.91,-0.32848). ). The overall maximum value is 0 at the origin for
all cases.

The stability problem here can be dealt with using the same method adopted for the

single plume. The zeroth order problem has the solution
3
=1

Wl T pg e = Yy -m AT =45 (4.10)
J

{Wéi),TO(i), péi),véi)}zi{yf,yf,yj ,—m}[Aj(”cosh(ﬂjx )+B Y sinh(4x )] i=1,2,3

i=1

(4.11)
3
W7 =53 A o0l ) (.12
j=1
ul = iﬂj [A}i) sinh(4,x ) + Bj(i) cosh(ﬂjx )] i=1,2,3 (4.13)
=

where the superscript 'i' refers to the region in as in Figure 21.

The application of the boundary conditions at the four interfaces +x,,c,,d, yields a
quartic equation for the growth rate Q, in place of (3.40) obtained for the single

plume.
QY Q) QY Q
(I—nlj +D1 (I—nlj “FDZ(I—nlj + DS [|_nlj+D4 :O (414)

in which
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D, = _(eoo "'An)' D, =A, +ex A, _a021 +F(—a§2 +Fa§3)’
D3 = _A13 _eooAlz _a01811 +F(a02821 _aosB31)’ (4-15)
D4 :eOOAlS +a01812 +F(—a02822 +Fao3832)-

A11 =€, T€,, +€53,
2 2 2.2
A12 =€11€5 +e11933 +822933 _Fa31 + FaZl - 8.23, (4-16)

_ 2 2 242
A13 =€11€,€33 — Faelezz +I Q€33 - €11,

B =80 (82 +€35) — T (88 +0:83, ),
B, = 808,85 — (80,518 55 +8025:€ 57 ) (4.17)
+ 17 (25,8, ~ 80,858, —~B0;88y5 )
B, = —89,8,; +8g58; + 8y, (€1 +€5; ),

_ . (4.18)
22 = 801835 + 81 1€.55 + T (gyB518; —B0sBs1By +BsBf1; — 30,24 ),
B, =858, +ag; (6, +€,, )+ a8,
B,, =8,,8.8,, + 8L, L, + 1“(—a01a21a23 +8,8,,8,, +80,8,8,, +a03a221), (4.19)
and
Al =8 [e " —pe e —p,Te " 1y le " | (4.20)
BI =S, [e ™ e " — e " 1y le " | (4.21)
AJ(Z) :Sj [e Ai%o —ne ~iXo —-n,l'e A6 +773Fe_ljdl} (4.22)
BIY =5, [ "™ +ne " +ple"" 4 ple " | (4.23)
AJ@) =S, [e X0 _pe i —p,Te M 4 p.le _Z‘dl] (4.24)
BJ(S) =S, [—e Fixe +771e_/1"X° —n,le e +n.,0e _ljdl] (4.25)
Al =3, e —pe " —pTe"® 4 p et | (4.26)
AP =5 [e e —pe™ —p,Te ™" 1 le " | 4.27)
4 (4.28)

S P—
Y24 (2p; +3n7)
Here w;,4; are again given by (3.39). Using the properties of y; it can be shown that

the all coefficients of (4.14) are real. Now the roots of any quadratic with real
coefficients are either real or fall in pairs of complex conjugates. In general

Q, =in Re{&}—n Im{&} (4.29)

in n

Thus the roots of (4.14) are either all real in which case Im(€,/in)=0 and Q,is

purely imaginary or there is at least a pair of complex conjugate roots for (Ql /in ) .In
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the former, the disturbance is neutral and the two plumes have a number of possible
neutral modes that propagate with constant amplitudes. In the latter case, the
imaginary parts of the complex root have different signs and Q, as in (4.29) will have

one root with positive imaginary and the other with positive real part. The root with
the negative imaginary part gives an unstable mode whose amplitude grows

likeexp[ -n Im(€, /in)]. The condition for instability then is that equation (4.14)
[poSsesses complex roots.

The analysis shows that the quartic equation can always possess complex roots for
some values of the wavenumber pair (m,n ). Some of the results are illustrated in

Figures 27 and 28.

The stability problem on the two plumes is then characterised by an increase in the
order of magnitude of the growth rate for certain values of the parameters. The
identification of those regions in the space of the parameters x,,x,,d,I" is extremely

complicated. Here we summarise the main results:
Q) When instability exists, as I increases from 0, the growth rate, Q_, of the

preferred mode increases gradually reaching a maximum before it
decreases to 0 at some value I'(x,,x,,d) which can be less than 1.0 in

some cases.
(i) For given x,,x,,I" the growth rate, when instability exists, increases with

d reaching a maximum before it decreases to 0 at some d (x,,x,,T’), and

sometimes it appears again as d increased further but generally with a
much smaller growth rate.
(iif)  For given x,,d,I" the growth rate increases from 0 as x, increases from 0

reaching a maximum before it decreases to 0 and further increase ofx,
will see the appearance of instability again for large x,. Instability can
persist even if x, - .
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Figure 27. The preferred mode parameters as functions of I" when X, = 3.0,X, =5.0 for different

values of d , as labelled. Note that the broken curve in U, , n_ refersto the d =5.0.
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Figure 28. The preferred mode parameters as functions of I" when X ; =5.0,x, =3.0 for

different values of d , as labelled. The dotted, broken, broken-dotted and solid curves refer to
d =1,2,3,5, respectively.
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Figure 29. The types of profiles of the interfaces for the most unstable mode for some sample
parameters (X, Xl,d ,I"). The data for the parameters for each sub-figure are shown in Table 1.

Energy considerations

The energy equations for the single interface derived in Eltayeb and Loper
(1991) can be generalized to this case to get, in the present notation,

R Re[Q][E,, +0E, ]=—(D,, +D; )+R Re(M +oH )+Re(J)

R Im[Q][E,, —0oE; |=nR(Ey;

(4.30)
~Ey )+RIM(M +oH)+Im(J) (4.31)

where
2
E, =I:|u|2dx D, :I:l:d—u +(m2+n2)|u|2}dx,
dx (4.32)
. (° dV\T * o 0
M =i g dx, E,. :j_ww lu*dx, B :J._ww Tdx,
E :Jmfl'|2dx D :J.w{di2+(m2+n2)[l'|2}dx
T ’ T Jl dx ’
B (4.33)
H=-i wdlu*l'dx E :vav_ﬁz‘dx
o dx ' Tl ’
. dw . dw
J =w (—Xo)<a> X w (X°)<K>X
: (4.34)
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where the jump ( ) is defined in (3.23) above.
When we substitute the expansion scheme defined by (3.24) into the two

equations (4.30) and (4.31), and equate the coefficients of the different powers of R
to zero, we obtain a hierarchy of systems of two coupled equations determining the
growth rate and vertical phase speed at different orders of magnitude in R. The

zeroth order equation from (4.30) represents a balance between the term (D,,, + D)

representing the total (viscous and thermal) diffusion and the term Re(JO)

representing the transfer of compositional energy from the basic state through the
variations of the basic state concentration, C, of the light material. This balance does
not involve the growth rate directly. It shows that the compositional buoyancy is the
primary force balancing diffusion. The next order balance gives
Re[Q][E\o+0E;o]=—(Dy,+D;;)+Re[M +0oH,] (4.35)
in which the subscript 1 in D,,,,D;, refers to the second order terms ( i.e. of order

R) in an expansion of these terms in R. Note that there is no O(R) term for J in
(4.34) since Dw, is continuous across the interfaces. This balance is between the term
R Re[Q](EM +0ET)representing the rate of change of total (kinetic + potential)

energy density on one hand and the excess of total transfer of energy ( kinetic +
thermal) from the basic state to the waves through the basic state velocity and
temperature gradients over second order loss of energy due to diffusion. This is the
same expression obtained for the single Cartesian plume. In the case of the single
plume, the solution falls into two uncoupled categories of even and odd solutions in

X. As a consequence, the zeroth order solution has the variables w;,,T,, p,,Vv, having
one parity while u, has a different parity. The first order solution is associated with
w,, T,, p;,V;, having the parity of u, and u, having the parity of w,,T,, p,,V,. Since
both W, T are even in x, all the integrals on the right-hand side of (4.35) vanish in the

case of the single plume. For the two plumes, on the other hand, such a clear division
of parity is absent particularly when the two plumes are not identical (also see figure
17 below). As a result the integrals on the right-hand side of (4.35) do not vanish and
consequently a non-zero growth rate is obtained. Even when the two plumes have the
same thickness and the same strength (i.e., I'=1.0), the four interfaces can possess

solutions which lack symmetry. For example two interfaces can take varicose mode
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parity while the other two take sinuous mode parity (see figure 17 (a)). While either
plume can possess symmetry or anti-symmetry individually, the two plumes taken
together may not possess symmetry or anti-symmetry. It can then be concluded that
the nature of the instability for the two plumes is the same as that of the single plume
but the lack of parity in the solution is the cause of the change of order of magnitude
of the growth rate.

The helicity

The local helicity function, H (x) vanishes everywhere for two-dimensional

modes (i.e. when m =0). While the helicity of a single plume is an odd function of x
and hence its integral over the whole range of X vanishes even when m =0, this may
no longer be applicable when the motions are three-dimensional in the presence of a
second plume. However, it was found here that the instability is mostly two-
dimensional (i.e. m =0) and only in small intervals of some cases is the instability 3-

dimensional and consequently the total helicity is non-zero.
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