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• ORDER-TO-CHAOS TRANSITIONS?
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LINEARLY STABLE CHAOS IN COUPLED MAPS
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[J.P.Crutchfield, K.Kaneko, PRL, 60 2715 (1988)]

[A.P., R.Livi, G.-L.Oppo, R.Kapral, Europhys. Lett. 22 571 (1993)]

2



20 30 40 50
N

102

103

104

105

106

107
av

er
ag

e 
tra

ns
ie

nt

3



0 10 20 30 40
j , τ/10

10-3

10-2

10-1

100

C
(j)

 , 
C

(τ
)

Spatial and temporal correlation functions

C(j) = 〈xi(t)xi+j(t)〉−〈xi(t)〉2
〈x2

i (t)〉 C(t) = 〈xi(t)xi(t+τ)〉−〈xi(t)〉2
〈x2

i (t)〉
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A CHAIN OF FORCED DUFFING OSCILLATORS

ẍi = −γẋi − x3
i +D(xi+1 + xi−1) + F (t)xi
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CELLULAR AUTOMATA RECONSTRUCTION
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INDETERMINACY OF THE RECONSTRUCTION

Δh(m) = −
∑
S

logP (S(m))
∑
b′
P (b′|S(m)) log(P (b′|S(m))
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PERTURBATION PROPAGATION

vF = limt→∞
ir−il

2t
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THE MAXIMUM LYAPUNOV EXPONENT
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P (λ, t) = Prob. Lyapunov ∈ [λ, λ+ dλ]
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CONVECTIVE LYAPUNOV EXPONENTS

x

t

v=x/t
δ(x,t)
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δ(x, t) ≈ exp[Λ(x/t), t] Λ(v = x/t) = limt→∞ 1
t ln
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)

[R.J.Deissler, K. Kaneko 119 397 (1987)]
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ẋi = F (xi, xi−1, xi+1)

δ̇xi = F ′−δxi−1 + F ′0δxi + F ′+δxi+1

δxi = eμiδi

δ̇i = F ′−δi−1e−μ + F ′+δi+1eμ + F ′0δi

LEGENDRE TRANSFORM

Λ(V ) = λM(μ) + μdλM
dμ μ = dΛ

dV V = dλM
dμ

[A.P., A.Torcini, CHAOS 2 293 (1992)]
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PROPAGATION VELOCITIES
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TOPOLOGICAL ENTROPY
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F. Cecconi, R. Livi, AP, Phys. Rev. E 57 2703 (1998)

ORDER-TO-CHAOS TRANSITION?
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D2(e,Δ) = ∂ logN
∂ log Δ
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A STOCHASTIC MODEL

vi(t+ 1) = (1− ε)wi(t+ 1) +
ε

2
[
wi−1(t+ 1) + wi+1(t+ 1))

]

wi(t+ 1) =

{
vi(t)/η w.p. p = aη

avi(t) w.p. 1− p if vi(t) < η

wi(t+ 1) =

{
1 w.p. avi(t)
avi(t) w.p. 1− p if vi(t) ≥ η

F. Ginelli, R. Livi, A.P. A. Torcini, Phys. Rev. E 67 046217 (2003)
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PHASE DIAGRAM
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FINITE-AMPLITUDE LYAPUNOV EXPONENT(s)

time

ln
 W

r = Wn/Wn-1

thresholds

first passage times

δt

Wn

Wn-1

Wn+1

Vulpiani et al. Phys. Rev. Lett. 77 1262 (1996)

Λ(Wn) = log r
τ(Wn+1)−τ(Wn)

In the limit r → 1

Λ(W ) =
[

dτ(W )
d log W

]−1
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HARD-POINT GAS

v′i = vj ± 1−r
1+r(vi − vj)

r = m1
m2

mass ratio

Evolution in tangent space equal to that in real space
⇓

Conservation of the Euclidean norm of infin. perturbations
⇓

NO STANDARD CHAOS
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SCALING BEHAVIOUR OF HEAT CONDUCTIVITY
IN THE 1D HARD POINT GAS

Convective exponents
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Convective exponents revisited

102 103
t

10-3

10-2

δ(2)(0,t)

104

105

106

107

σ2(t)

-20 -10 0 10 20
x/tγ

10-4

10-3

10-2

10-1

δ(2) tγ

-10 0 10

10-3

10-2

10-1

δ(2)(vt, i) ≈ t−γ1F (i/tγ2)

23



CONNECTION WITH LEVY WALKS

A particle moves ballistically with velocity v for a time τ

ψ(τ) ∝ τ−μ−1 time distribution

P(v) = (δ(v + 1) + δ(v − 1))/2 velocity distribution

μ = 1/γ = 5/3

Energy diffusion

ΔEi(t) = mi
2 (vi(t) + Δvi(t))2 − mi

2 v
2
i (t) = mivi(t)Δvi(t) + mi

2 (Δvi(t))2

α = β − 1 = 2− μ = 1/3

[S.Denisov, J.Klafter, M.Urbakh, PRL 91 194301 (2003)]
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THE HARD-POINT CHAIN
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TANGENT SPACE EVOLUTION
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EQUAL MASSES DIFF. MASSES
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NETWORKS OF LEAKY INTEGRATE-AND-FIRE NEURONS

τ v̇j = Lj − vj − τ
N

∑
m

[
Gj,i(m)(vj + E)

]
δ(t− tm)

[D.Z. Jin, PRL 89, 208102 (2002)]

vj, Lj membrane, resting potential
Gi,j inhibitory synapse conductance
tm time of the mth spike emitted by the i(m)th neuron
Θj threshold of jth neuron
Rj resetting potential

ẋj = a− xj −G0

∑
mFj,i(m)(xj + r)δ(t− t′m) a = 2, r = 4/7

Dilution (a given fraction of links is cut)
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G=1 G=2.

G=1.7
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