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Our concerns

@ exploring and understanding two-dimensional discrete dynamical
systems with polynomial decay of correlations

@ understanding long time evolution and spectral statistics for (zero
entropy) quantum systems
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Our two main models

1) the Triangle Map

On ergodic and mixing properties of the triangle map,

L. Bunimovich, —-, M. Horvat, S. Isola, T. Prosen ( Physica D vol. 238,
395-415 (2009))
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What's really in our mind
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What's really in our mind (www. nano. psu. edu)
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]
the second model

2) Two dimensional extension of the Pomeau-Manneville 1-d family

—intermittency in two dimension, R. Artuso, L. Cavallasca and G.
Cristadoro (arXiv:0712.3191v1, 2007)

—work in progress with R. Artuso and G. Cristadoro
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|
...we start with the triangle map: ¢ : T? — T?

#(d,p) = (q+p+ab(q) +6,p +ab(q) + 5),

where (a, 3) € R? and

_[1 :a€03)
H(q)_{ -1 : otherwise

@ the map is area-preserving and piecewise parabolic (detJ = 1)

@ the ‘discontinuity set’ D is the codimension one manifold

D={(0,p)[pe0,1)}U{(3,p)IPe[0,1)} =v(0)UV(3).
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|
the t-th iteration of the map

t—1

di(do,Po) = do+Pot+ gt(t +1)+a) S,
k=1
Pt(do;Po) = Po+pBt+aSt,
where
t—1
St = Ze(qk) satisfies Sii1=Si+1 S <t
k=0
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An "almost” random walk
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Figure: The extreme values of the sum S; in the generic case « = 1/e and
=(v/5-1)/2atqgo=0.1and py =0.2.

In the generic case for all tested initial points the sum S; yields the
same behaviour as for the standard symmetric random walks.
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B = 0: logarithmic diffusion
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Figure: The points of extreme values Smax(t) and Spin(t) of the sum S; for
a=+v2-1,(v/5-1)/2(ab)atg=0.1and pp = 0.2.
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Decay of correlations in the generic case: o, 3 ¢ Q,
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Decay of correlations in the generic case: o, 3 ¢ Q,
B # al.+ 7
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Decay of correlations in the non generic case: 5 =0
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Figure: The auto-correlation Cy(t) using observable
f(q,p) = sin(27q) + sin(27p) at 3 = 0and a = V2 — 1,e~* (a,b), where we
take N = 2° and average the result over m = 10* realisations.
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|
the t-th iteration of the map

t—1

Gt(do,Po) = do+Pot+ gt(t +1)+ak215k )
Pt(do.Po) = Po+pBt+aSt,
where
t—1
St:=) 6(qc) safisfies Spp=Si+1 [S|<t
k=0

6(q) is locally constant: the dynamics transforms a horizontal segment
to a finite number of horizontal segments,moreover a polygon P is
transformed into a finite number of smaller disjoint polygons....
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Dynamics of polygons: main questions

We now consider A; := ¢'(A), where A C T? is an arbitrary initial
polygon.

After some time t, the set 4; is composed of many, say N(t), pieces.
The following main questions are addressed in our numerical
experiment:

@ do there exist well defined statistical distributions of geometric
properties of these little polygonal pieces ?

@ what are the scalings of geometric properties of little pieces as t
grows? Are asymptotic, t — oo, statistical distributions universal,
i.e. independent of the geometry and volume of the initial set A?

@ Are this pieces distributed uniformly in phase space T? i.e. that
the number of pieces inside an arbitrary (‘window’) set B C T2 with
area u(B) is, after long time t, equal to p(B)N(t)?
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Dynamics of polygons: some numerical results
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Dynamics of polygons: some numerical results

{{0.557522, 1.44248}, {0.992169, 1.00783}}

T
i ﬂ//;;; %% /%4/

L7 d

oy

agx

- iy
.4
7

W7 7

/ ) 7

7 ////Aj/f 7 s
S ,}g

{{0.72067, 1.27933}, {0.996879, 1.00312}}

- T W 7

/%

&

M.D.E. (University of Bologna)

Triangle map

September 21-25, 2009

17/49



Dynamics of polygons: some numerical results
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Dynamics of polygons: some numerical results
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Dynamics of polygons: some numerical results
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Dynamics of polygons: some numerical results
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The growth of N(t)
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N(t) ~Ct®,  C o pu(A).
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Statistical distribution of geometric measures
@ the area a := pu(P)
(@) =30.0/t3, o0a=1.12(a)
@ the g-diameter iq := g2 — 1
(6q) =T7.2/t, 05, = 0.59 (0g)
@ the p-diameter j, := p> — p1
(0p) =144/t o5, =0.52(5p)
@ the average slope of the piece s := d,/dq

(s)=22/t, 0s=037(s)
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Self-similarity of pieces

@ the g-diameter iq := g2 — 1

(0q) =7.2/t, 05, = 0.59 (dg)
@ the p-diameter §, := p2 — p1
(0p) =144/t o5, = 0.52(5p)
This suggest the transformation g’ = qt and p’ = pt?.
Therefore, we introduce t-invariant quantities
Ya =ta, Xq = tdq , Xp:tzép, Xs =1S.

and study (for example) the Cumulative number distributions

Ng(y) = HQP) <X

Q which is one of xa, xx, Xy Xs
N(t) ’

M.D.E. (University of Bologna) Triangle map September 21-25, 2009

2449



-
Qualitative feature of the number distributions Ng(x)

It has been checked with great numerical accuracy that distributions
No(x) are asymptotically (for large t) independent:

@ oftime t
@ of the size and shape of the initial set A
@ of the particular values of generic irrationals «;, (.
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Qualitative feature of the number distributions Ng(x)
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Qualitative feature of the number distributions Ng(x)
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Qualitative feature of the number distributions Ng(x)

0 0
10 o T — 10
\ =160 -~
w0t | N t=200 ] 10t F
3 2 exp(-0.25 &)
= 2 -2
2 10 = 10
2 3
Z. -3 Z>\ 3
4 10 10° b
N
10 N 10
105 ' y . . - ‘ 10-5 -4‘ -3 -2 -1 0 1 2
0 10 20 30 40 50 60 70 104 10% 102 100 10° 10' 10
g=t?y g=tty

Numerical data can be described even globally quite well by an
exponential fit Ny y (x) = 1 — exp(—9x.y x) With some exponents ~x, yy .
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Qualitative feature of the number distributions Ng(x)
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As shown for a simplified special case: these distributions (and the
scaling) can be derived from the fixed point condition for certain
dynamic renormalisation group equations.

The later is found for the random triangle model.
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A finite Markov approximation

Consider:
t—1

Db — U o"(D).

n=0

The set of lines DY) can be considered as a boundary set for a finite
set of N(t) polygons, denoted by M(®).

Note that

¢: MO 5 MDD gnd D) DO jft < t.

We now define a probabilistic process in terms of a Markov transition
matrix M®) of dimension N(t).
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A finite Markov approximation

@ Most elements A € M) are mapped again onto a single element
B € MW: transition matrix reads M$) , = 6,4 5.

@ for N’(t) oc N(t + 1) — N(t) o t? elements A € M they are cut
and split into two distinct polygons of M®), say ; and B..

The transition matrix read
MY, = - (04r,,1(B1) + 0. a 53,1(B2)) -
AT () T ’2

@ Moreover, to each split of a polygon we associate the relative
splitting strength as

n(A) == min{u(B1), w(Bz2)}/n(A) <

N =
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Cumulative distribution of splitting strengths P, (x)
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The first two central moments of the limiting distribution are

7=02+0002, o,
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The corresponding Markov process
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Spectral Gap and Kolmogorov-Sinai entropy

10 10°
= 12
g 10t €
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10t 102

@ Spectral gap
A(t) =1 — [max{\i(t) # 1} ~ Cgapt *.

@ Entropy: 7 =0.97 +0.03
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The binary coding

We associate to an individual binary code w = (wy, . ..,w_1) € {0,1}!
a set of points A, defined as

t—1
A = {x L K (X) € Ay, 0 < k <t} =N ¢ (M) -
k=0

We denote by Ly C {0, 1}! the set of ¢-admissible words of length t, i.e.
Ly = {w € {0,1}' : A, #0}.

The partitions A() based on the binary partition A is then defined as a
collection of all non-empty A,

A — {/\w}weLt .
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The binary coding

Figure: In the upper two plots we show polygonal boundaries of the partitions
AW for two subsequent time steps, namely D® (blue thick lines) and on top of
them DY (red thin lines), for t = 3 (left plot) and t = 4 (right plot).
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The binary coding

Figure: A finer partition, i.e. polygonal boundaries D).
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The binary coding

Figure: The partition of the triangle map at time t = 4 individually coloured
obtained at a = 1/e, = (v/5 — 1)/2.
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Stochastic model: the random triangle map

Ptr1 = Pt+asgn(é —ai) + 0 mod 1,
Oi41 = Ot +Pt41  mod 1,

where & € [0,1] is a u.d. random variable (triangle map: & = 1/2)

We study the behaviour of the natural binary partitions A (") with time
t across realisations of the random sequence I' = {&; fiez+-
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Number of partitions in the random triangle map
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Number of partitions in the random triangle map
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for the rescaled number of elements of the partitions

s(t,1) = (N(t,1) = N(t))/on (1)
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Mixing properties in the stochastic model

We study

C(t,NIf] = /Tz dgdpf(q,p)f(ai(a,p,T),pe(a,p,T)),

and

C(t) = (Ct.M)r. &t :=(Ct.N?) —Ct)°
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Mixing properties in the stochastic model
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Not surprisingly:

C(t) = exp(-|O(1)]),
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Mixing properties in the stochastic model

ac (1)

1 o
I measurments ——
i exp(-0.5t) ———
0.1 Pl
A 0.01 F !}
51
¥ 0001}
le-04 -
1le-05
0 10 20 30 40 50 60 70 80 90 100
t
But

01 ¢
0.01
0.001 ¢

le-04
1

measurements

10 100

oc(t) = Ot 2).

This is the same power-law decay as the one found for the correlation
in generic case of the deterministic triangle....
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Correlation decay: some heuristic

Cas(t) = u(BNoM(A)) — u(B)u(A).

p(A)
NA® = )

~ const t3 for t>>1.

NA,B(t) ~

And hence

ocs(t) = /Nas(®) @) (t) = Va(AuB) (@) (t) = Ot 7).,
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Semiclassical properties of the triangle map

@ A semi-classical study of the Casati-Prosen triangle map, —-, S
O’Keefe and B Winn, Nonlinearity 18, 1073-1094 (2005)

Egorov estimate for the Casati-Prosen map:

Theorem

Let f € C>°(T?) be compactly supported away from the set
»~%({0,1/2} x T). Then for any R > 0,

|UZ3fUas — FoFas| = Ors(N—R)

asN — oo
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Semiclassical properties of the triangle map

@ A semi-classical study of the Casati-Prosen triangle map, —-, S
O’Keefe and B Winn, Nonlinearity 18, 1073-1094 (2005)

Schnirelman theorem:

Theorem

(Wi [F101) = /Tzf(q,p)du,

where jy € Jy (density 1 set), and |¢;) is a normalised basis of
eigenvectors of U, g.

lim
N—oo
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Spectral statistics
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Figure: Spectral statistics for a = (v/5 — 1)/2 and § = v/2, N = 7001. On the
left is the nearest neighbour density, and on the right the form factor.
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Value distribution of eigenvectors
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Figure: Value distribution of eigenvectors for o = (v/5 — 1)/2 and 3 = V2
(lefty and a = (v/5 — 1)/2 and 8 = 0 (right), at N = 4001.
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