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 Are we aware of precedents?
☞ Yes, the Meissner effect! 1930s, 1960s

magnetic flux

Abelian   ☚

Cooper pair condensate

M. Shifman



family: the genuine vacuum plus metastable ones entangled with the genuine vacuum

in the θ evolution.

As soon as string tensions in our model are classically determined by their U(1)

charges the tension of k-string is given by

Tk = 2π k ξ + O(Λ2), (45)

where corrections of order of Λ2 are induced by the quantum effects in the effective

world sheet theory.

If we add up N strings, the resulting conglomerate is connected to the ANO

string.

6 Kinks are confined monopoles

The CP (N − 1) models are asymptotically free theories and flow to strong coupling

in the infrared. Therefore, the non-Abelian strings discussed in the previous sec-

tions are in a highly quantum regime. To make contact with the classical Abelian

strings we can introduce parameters which explicitly break the diagonal color-flavor

SU(N)diag symmetry lifting the orientational string moduli. This allows us to obtain

a quasiclassical interpretation of the confined monopoles as string junctions, and fol-

low their evolution from (almost) ’t Hooft–Polyakov monopoles to highly quantum

sigma-model kinks. In the supersymmetric case this was done in Refs. [12, 11, 13].

6.1 Breaking SU(N)diag

In order to trace the monopole evolution we modify our basic model (3) introducing,

in addition to the already existing fields, a complex adjoint scalar field aa,
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where Dµ is a covariant derivative acting in the adjoint representation of SU(N) and

M is a mass matrix for scalar quarks Φ. We assume that it has a diagonal form

M =


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, (47)

with the vanishing sum of the diagonal entries,

N
∑

A=1

mA = 0 . (48)

Later on it will be convenient to make a specific choice of the parameters mA, namely,

M = m × diag
{

e2πi/N , e4πi/N , ..., e2(N−1)πi/N , 1
}

, (49)

where m is a single common parameter, and the constraint (48) is automatically

satisfied. We can (and will) assume m to be real and positive.

In fact, the model (46) presents a less reduced bosonic part of the N = 2 super-

symmetric theory than the model (3) on which we dwelled above. In the N =

2 supersymmetric theory the adjoint field is a part of N = 2 vector multiplet. For

the purpose of the string solution the field aa is sterile as long as mA = 0. Therefore,

it could be and was ignored in the previous sections. However, if one’s intention is to

connect oneself to the quasiclassical regime, mA %= 0, and the adjoint field must be

reintroduced.

For the reason which will become clear shortly, let us assume that, although

mA %= 0, they are all small compared to
√

ξ,

m &
√

ξ ,
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Prototype model
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U(2) gauge group, 2 flavors of (scalar) quarks
SU(2) Gluons Aaμ + U(1) photon + gluinos+ photino

Φ =
�

ϕ11ϕ12

ϕ21ϕ22

�

M =
�

m 0
0−m

�

Basic idea:
• Color-flavor locking in the bulk → Global symmetry G;        

• G is broken down to H on the given string;

• G/H coset; G/H sigma model on the world sheet.

Φ=√ξ × I



SU(2)/U(1) = CP(1)∼O(3) sigma model

classically gapless excitation

“Non-Abelian” string is formed if all non-
Abelian degrees of freedom participate in 
dynamics at the scale of string formation

2003: Hanany, Tong
Auzzi et al.
Yung + M.S.
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π1(SU(2)×U(1)) = Z2: rotate by π around 3-d axis in SU(2) 
   → -1;  another -1 rotate by π in U(1) 

M ANO strings are there because of U(1)!
M  New strings:
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π1(U(1)×SU(2)) nontrivial due to Z2 center of SU(2)
z

α

ANO
�

ξ eiα
�

1 0
0 1

�

T=4πξ

Non-Abelian
�

ξ
�

eiα 0
0 1

�

TU(1)±T3SU(2)

T=2πξ
SU(2)/U(1) ←orientational moduli; O(3) σ model

x0 ← string center in perp. plane
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CP(1) model with 
twisted mass S =

Z
d2x

�
2
g2

∂µ φ̄∂µ φ− (∆m)2φ̄φ
(1+ φ̄φ)2 + f ermions

�

S2

 W
or

ld
sh

ee
t 

th
eo

ry

Global SU(2) is gone!
U(1) remains intact

Two vacua= 2 degenerate strings
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Figure 2: Z2 string junction.

have the same tension. Hence, two different strings form a stable junction. Figure 2
shows this junction in the limit

ΛCP(1) ! |∆m| !
√

ξ (4)

corresponding to the lower left corner of Fig. 1. The magnetic fluxes of the U(1) and
SU(2) gauge groups are oriented along the z axis. In the limit (4) the SU(2) flux
is oriented along the third axis in the internal space. However, as |∆m| decreases,
fluctuations of Ba

z in the internal space grow, and at ∆m → 0 it has no particular
orientation in SU(2) (the lower right corner of Fig. 1). In the language of the
worldsheet theory this phenomenon is due to restoration of the O(3) symmetry in
the quantum vacuum of the CP(1) model.

The junctions of degenerate strings present what remains of the monopoles in
this highly quantum regime [11, 12]. It is remarkable that, despite the fact we are
deep inside the highly quantum regime, holomorphy allows one to exactly calculate
the mass of these monopoles. This mass is given by the expectation value of the kink
central charge in the worldsheet CP(N − 1) model (including the anomaly term).

What remains to be done? The most recent investigations zero in on N = 1
theories, which are much closer relatives of QCD than N = 2. I have time to say
just a few words on the so-called M model suggested recently [13] which seems quite
promising.

2.3 M model

The unwanted feature of N = 2 theory, making it less similar to QCD, is the
presence of the adjoint scalar field. One can get rid of it making it heavy. To
this end we must endow the adjoint superfield by a mass term. Supersymmetry of
the model becomes N = 1. Moreover, to avoid massless modes in the bulk theory
(in the limit of very heavy adjoint fields) we must introduce a “meson” superfield
MA

B analogous to that emerging in the magnetic Seiberg dual, see Sect. 1, with an
appropriately superpotential. After the adjoint field is eliminated the theory has no
’t Hooft–Polyakov monopoles in the quasiclassical limit. Nevertheless, a non-Abelian

6
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= kink

Evolution in dimensionless parameter m2/ξ

Yung + M.S.
Hanany, Tong



Kink = Confined Monopole
Why?

✵ Kinks are confined in 4D (attached to strings).
✵ ✵ Kinks are confined in 2D: 

 ★only kink-antikink in the spectrum★
 if SUSY is unbroken (explained by Witten)
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quasiclassical regime

" m 0

Confined monopole,
highly quantum regime

Figure 1: Various regimes for monopoles and strings.

was in full swing.1 BPS domain walls, analogs of D branes, had been identified
in supersymmetric Yang–Mills theory. It had been demonstrated that such walls
support gauge fields localized on them. and BPS saturated string-wall junctions
had been constructed [8]. And yet, non-Abelian flux tubes, the basic element of the
non-Abelian Meissner effect, remained elusive.

2.1 Non-Abelian flux tubes

They were first found [9, 10] in U(2) super-Yang–Mills theories with extended su-
persymmetry, N = 2, and two matter hypermultiplets. If one introduces a non-
vanishing Fayet–Iliopoulos parameter ξ the theory develops isolated quark vacua,
in which the gauge symmetry is fully Higgsed, and all elementary excitations are
massive. In the general case, two matter mass terms allowed by N = 2 are unequal,
m1 != m2. There are free parameters whose interplay determines dynamics of the
theory: the Fayet–Iliopoulos parameter ξ, the mass difference ∆m and a dynamical
scale parameter Λ, an analog of the QCD scale ΛQCD. Extended supersymmetry
guarantees that some crucial dependences are holomorphic, and there is no phase
transition.

The number of colors can be arbitrary. The benchmark model supporting non-
Abelian flux tubes has the gauge group SU(N)×U(1) and N flavors. The N =
2 vector multiplet consists of the U(1) gauge field Aµ and the SU(N) gauge field Aa

µ,

1This program started from the discovery of the BPS domain walls in N = 1 supersymmetric
gluodynamics [7].
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Break N = 2 down to  N = 1 in the bulk 

Heterotic deformation of CP(N-1)

Lheterotic = ζ†
R

i∂L ζR +
�
γζR R

�
i∂Lφ†�ψR +H.c.

�
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2
0|γ|2

�
ζ†

R
ζR

��
Rψ†

L
ψL

�

at small γ
ζR is Goldstino

Evac = |γ|2
����Rψ†

R ψL�
���
2

(0,2) supersymmetry is 
spontaneously broken!

Tong 
Yung + M.S.

(2,2) supersymmetry is broken down to (0,2)



At large N heterotic CP(N-1) 
is solvable (a là Witten) and 
presents a treasure trove of 

various phases
We have two parameters, γ and m, and a nontrivial phase 

diagram

With this choice of mass 
parameters we have ZN 
symmetry, and phases with 
broken/unbroken ZN.
SUSY is spontaneously 
broken



γ>>1  (u>>1)
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Coulomb/confining.
Chiral ZN unbroken

Higgs phase
Weak coupling
Chiral ZN broken

 SUSY restored here



 Witten’s point

 ZN unbroken



All phase transitions are of the second kind!

Conclusions
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