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CP Symmetry

Matter-Antimatter Symmetry

Electroweak interactions break CP symmetry
Does QCD preserves CP symmetry?
v—=Vacuum

Strong CP problem

Peccei-Quinn Theory: axions
Non-perturbative breaking

Vafa-Witten Theorem



QCD with ¥ term

e (Euclidean) partition function Z(v)

Z(V) = / DAe S §.>0; geZ

o Z() = Z() 4+ 2nn)
o Z() = Z(—)
o Z(n+ 1) = Z(r— 1)

e Energy density &)(V)

(periodicity)
(reflection symmetry)
(Bragg symmetry)

Z(ﬁ) ~ C_ VT&)(Q?)

¢ 50(19) = 80(194— 27m)
° Eo(V) = En(—1)
° Ey(m+ ) = E(mr — v)

(periodicity)
(reflection symmetry)
( Bragg symmetry)
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CP symmetry and phase transitions
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CP symmetry and phase transitions

1¢r order transition:

dE (1)
d V=0,1

£0

e Order parameter:

Q= (FF(x)) #0

Topological charge density



CP symmetry and phase transitions

2° order transition:

d*E (V)
dv_?

aAC)
7 di. ?
=0, T

=0,

e Order parameter:

v = [ ds [(FFO) FF@), — (FFO),(FF)

Topological susceptibility

- divergesif Q #0



OS positivity and topological susceptibility

e Witten-Veneziano Formula
Xz~ [ (my, + my — 2my) |6
o Osterwalder-Schrader positivity
(FF(0) FF(x)) <0,  forx#0
e Contact term

(FE(0) FF() << 0

>0
o Topological susceptibility positivity

a > /a’x]((x)



OS positivity and topological susceptibility

—

lim (FF(0) FF(x)) = (FF)>* <0

X— 00

e Cluster property

o If CP symmetry is broken

(FF) = iQ # 0



Vafa-Witten theorem

Parity symmetry is not spontaneously broken in QCD

e Basic VW argument: Order parameter: topological
charge density

1
327T2 FﬁvFﬁV

Q _
(Euclidean) partition function [with quarks]
Z(ﬁ) _ e—VTgo(ﬁ) _ /DA e—Sef—iﬁq’

Z()| < Z(0) = & () > &(0),
Assuming that &y(v) is differentiable in ¥ = 0

£5(0) =

32 12 <FﬁvFﬁv(O)>O — <Q>q9:() = 0.



Vafa-Witten theorem

o Possibility of cusp < 1% order phase transition

0 §)

e The theorem can be proved with two additional
assumptions

e Renormalizability
* Unitarity



Analiticity of the partition function

©.0)
Zy(g) = Z e qVitiqUk / DA e S(&:9)

=—00
’ c2(A)=q

|97
Z(9)] < Z Wﬂ/m 5460 < Z /m —Sele+ 2 S

—9 Cz (A)=q

BPS bound

1 1 ~
Svm(g) = 5/ FFy > 5 |/ FYFE,,| = 87|q




Analiticity of the partition function

@)
Zg= S et / DA e Sie9

——00
1 02(A)=q

1Z5(0)| < Z W'/DA e S < Z /DA e 8D — Z(7)

e2(A)=¢ T =g

11 |
2 2 Q=2

g

Z9(g) is an analytic function in ¥

gz 8 71.2



Analiticity of the partition function

o
Zg= S et / DA ¢S4e9

——00
1 c2(A)=¢q

1Z5(0)| < Z W'/DA e S < Z /DA e 8D — Z(7)

e2(A)=¢ T =g

11 |
2 2 Qe

g

[ Lee-Yang Zeros in the partition function ]

gz 8 71.2



Ev (V)

o, degree of
degeneracy

Lee-Yang Zeros
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Lee-Yang Zeros

~ 2 0
8(19):—2Re/ ds o(#) In (1— sin 2 ) / ds bz, )
0




Vafa-Witten theorem

e Energy density £(v) < Electrostatic potential
with negative charge density —p > 0

€q

51/(19) ~ C|19‘
c <0 /\ 0

e Violation of Vafa-Witten inequality

e CPsymmetry is not preserved
e There is no phase transition at =0



Vafa-Witten theorem

e The argument does not exclude the existence of a
1¢* order phase transition at v = =

€

N

e CPsymmetry can be spontaneously broken 9 ==

e 1< order phase transition at 9 ==

o Even a 2" order phase transition can appear at ¥ = 0 if

o(z) ~ o1 220(z1 — m2y)  with  0<a<]



Vafa-Witten theorem

e Basic ingredients of the proof
e Diamagnetic inequality
e BPS bound

SCALAR FIELD THEORY IN 1+1 DIMENSIONS

Sy(¢) = % / d*x ¢ O, — i) / d*x 0,00y

0 v




CPN-! Sigma Models

2-D sigma model with CPN~! target space

S[w, w1 = ﬁz/dzx(DW)TDMw
28
i
o =1 A,= = (00,0 - o,utv)

e U(1) gauge symmetry

e 1+1 D Poincaré symmetry
e SU(N) global symmetry

e Conformal symmetry

e 1y Vacuum



CPN-! Sigma Models

2-D sigma model with CPN~! target space

S[w, w1 = ﬁz/dzx(DW)TDMw
2g

v
47_[/5qu;1\/

e U(1) gauge symmetry

e 1+1 D Poincaré symmetry
e SU(N) global symmetry

o Conformal symmetry

e CPInvariance for Y =0and Y= r«

i O



Exact Results
CP! Sigma Model

1. ¥ = 0 [Polyakov-Weigmann]

Mass gap

e The lightless particle is in the adjoint
SU(2) representation

No spontaneous CP symmetry breaking

2. 9 = r[Zamolodchikov?]

e Massless spectrum

e The basic massless particle is in the fundamental
SU(2) representation

No spontaneous CP symmetry breaking



Topological Susceptibility in CP!

LUscher’s problem
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Topological Susceptibility in CP’

2
% &

0.070

0.060

0.050

0.040

0.030

0.080 T roT T | ]
| w § ) i
T ¢ ® * 7 g
3 ;
©
. E
4
S, B
O coarse level

- < first finer level (minimized) ]

i @ first finer level (parametrized)
% ]
< ,
0.0 5.0 10.0 15.0 20.0 25.0

g
[Burkhalter et al]



Topological Susceptibility in CPN-!
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CONCLUSIONS

* Vafa-Witten conjecture is correct [Theorem]
* CP symmetry is preserved at v = 0
* No 1¢ order phase transitions ¢ = 0

* Topological susceptibility is positive thanks to a
contact term

* Analytic results are compatible with exact known
results in the CP' model. Phase transition at ¥ = 0

* They are also compatible with &V > 1 limit results
in CPN~! models. CP symmetry is spontaneously
broken at v ==



OPEN QUESTIONS

Is topological susceptibility well defined in the
CP! sigma model at v = 0?

Does the theory confine in the ¥ = 7 vacuum?

There is a critical value N, such that the
CPN~Tmodel

e undergoes a second order phase transition at
W = 7 for NV < V. and

e a first order phase transition for /V > /V.
Is N.=4, or N, = 3?





