The Abdus Salam i e
International Centre for Theoretical Physics &)

2
A,

2162-10

Advanced Workshop on Anderson Localization, Nonlinearity and
Turbulence: a Cross-Fertilization

23 August - 3 September, 2010

Gallavotti-Cohen symmetry for observable different from entropy production

Raphael CHETRITE

Weizmann Institute of Science
Rehovot
Israel

Strada Costiera ||, 3415 Trieste, Italy - Tel.+39 040 2240 |1 1; Fax +39 040 224 163 - sci_info@ictp.it



"Gallavotti-Cohen” symmetry for observable different
from entropy production

Raphaél Chetrite
Weizmann Institute of Science

26/08/2010

Mars gris, avril pluvieux, - Font I'an fertile et plantureux

Based on the work :
Entropy production and fluctuation for a KPZ interface,
A.C. Barato, R. Chetrite, H. Hinrichsen, D. Mukamel.
arXiv :1008.3463.

Raphaél Chetrite (Weizmann Institute of Science) 26/08/2010



Large Deviation theory

"Improbable events permit themselves the luxury of occurring.” C.Chan 1928

Heuristic of large deviation

@ Random variable A7 which converges in probability towards (a)

@ Large deviation : How improbable for A to converge towards a which is different from the
typical value (a) :

LDP : (§(Ar — a)) < exp(—TI(a))

@ /(a) is called the rate function. Large deviation theory : Prove the LDP and calculate the rate

function.
@ Scaled cumulant generating function : A(s) < — =+ In (exp(—sTAT))

@ Gartner-Ellis Theorem (Saddle point approximation) : If A(s) is differentiable, then the LDP
exists and /(a) = supgcx (A(S) — sa)

Gallavotti-Cohen (GC) symmetry

I(a) = I(—a) — Ea< A(E — s) = A(9)

@ Where does it come from ?
@ For what type of random variable ?
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Mathematical set up : = Ergodic time homogeneous pure jump

process

@ Transition rates M&(X,y), Intensity A\(x) = [ dyW(x, y), Markovian generator L = W — \/d.

@ CADLAG trajectories (in French : Continue A Droite, avec Limit A Gauche) then Xj = Xs
and the jump is AXs = Xs — X5 .

@ Invariant density pjn, (x)

Forward trajectory and trajectorial measure

@ Trajectory on [0, T] : number of jumps n, sequence of state x; and jump time t; = [x]

@ Measure of this trajectory with initial distribution py :
Mo, 17,00 [X] =
po(Xo) exp(—A(xo0)t1 ) W(xo, X1) exp(—=A(x1) (&2 — t))... W(Xs—1, Xn) exp(=A(Xn) (T — tn))

Reversed trajectory and trajectorial measure

@ Reversed trajectory ...= [7] = (7, 7 — 1, n)

@ Measure of this reversed trajectory with initial distribution oy :
M[O,T],p(r) [X] = MT,p6 [X] —
po(Xn) €Xp(=A(Xn) (T — tn)) W(Xn, Xn—1)... W(x1, Xo) exp(—A(Xo0)t1)
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Modern definition of fluctuating total entropy production

Y (x] W(x; Xj
/_\ tot — [0,7T],p _ N_ ( — I)
ST =ln m = —Inpr(x7) +Inpo(x0) + 2% In (W(x,-,x,-_1))

Fluctuating entropy of the system

5% = —Inpi(x)

Fluctuating entropy production in the system :

ASP?[X] = —Inpr(xt) + In po(Xo)

Fluctuating entropy production in the environment

N W(x—1,%i) W(Xs Xs
91 = 51 (5%5) = Sncocran o (155)

"In the end, a theory is accepted not because it is confirmed by conventional empirical test, but
because researchers persuades one another that the theory is correct and relevant”.
Fisher Black (1986)
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LD of observable (Level 1) : Spectral characterization

Empirical mean of one point function

Ae =1 [T A(x)dt — [ dxA(X)p™ (x)
Feymann-Kac : A(s) = — inf Specire(—L — sAld) = No generic GC symmetry

Empirical mean of two point function

B¢ = 1 > o<s<t.axeso B(Xs s Xs) = [ dxdyB(x, y)p™ (x)W(x, y)

@ “Feymann-Kac” formula : Ex (6(x1 — y) exp(—sTB%)) = exp(T(W exp(—sB) — Ald))(x, y)
then

A(s) = —inf Spectrum(Hs) with Hs = —W exp(—sB) + Ald
@ We have cc = {im‘ Spectrum(Hg) = inf Spectrum(HEis)} < CSy = {Spectrum(Hs) = Spectrum(HEis)} =

_ 1
cs, = {Hs(x,y)f1(X)HES(y,x)f(y) - < Wees ) = 17 GOWLy, X) ol B, 1)) >}

@ Then CSs is for an (antisymmetric) observable which is proportional to the entropy

production in the large time limit : A 527 [x] — —1UC)UCT) | Fpepy

@ Entropy production is obtained for B(x, y) = In (%E;i%) then
Hs(x,y) = —W(x, y) =SW(y, x)5 + X\(x)d(x — y) = CS, verified : Hs = H1T_S

@ Questions : Example of an observable for which CS, is not verified, but CS; or GC is ?
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Restricted Solid On Solid model

@ Deposition and evaporation with the constraint |h; — hj¢1| < 1 and periodic BC : h; .1 = hy
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@ Equivalent model of charge = "Reduction” of the number of state : o; = h; 1 — hj,
BC=>"t,0,=0

@ Height Hr = > s« ax.20 B(Xs . Xs) with B(Xs ™, Xs) = 1 for a deposition and
B(Xs , Xs) = —1 for an evaporation

@ If g—z — g—z = % = rthen AS?"Y = (Inr) Hr and then we have GC symmetry for the large
deviation of I : I(h) = I(~h) — (Inr) h

@ Now we treat the famous case : gs = qp = gc = q, pp = pc = 1 and pz = p.
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@ First view : we can check that CS2 is verified by diagonalizing the deformed operator

@ Physical view : the 7 states can be grouped by symmetry into 3 super-state :

[000], [+ —0] ={(+—-0),(0+ —),(=0+)},[- + 0] ={(—+0),(0 — +), (+0—) } with the
network of transition forming a unique cycle

v

"Les preuves fatiguent la vérité”
Georges Braque. Le jour et la nuit
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: GC with

and CS2 non verified

First view : check that CS1 is verified by diagonalizing the deformed operator

Physical view : trajectorial analysis

For the entropy production : property of individual path

envy _ M[O,T][X]
® exp(ASF") = Mo 1]

-

<5 ( Asj—nv —f) >  J Mp,nixs < AS?:V[X] —/) _ J M, nK exp(ASF[X])0 ( ] —/> B .
° (5(5F+))  rmomps( S5 4)  pmenme( SF) e

T

@ exp(EHr) # —o.nM

Mo, 1X]

. . L (6(FF—h)|Nr=n)
@ A cycle analysis of the embedding Markov chains gives :

] = exp(TEh)
<5(_T+h>‘NT:n>
dthen SSCF=N) _ Zo{ 8(F —h) [Nr=m)PNr=n) _ (TEh)
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Open issue : GC in disordered system

Large deviations for a random walk in a random environment, Ann. Prob. 22 (1994),
A.Greven, F.Den Hollander.

@ Random environment wy, k ¢ Ziid (0. 1) random variable with
distribution «

@ Discrete random walk X, in 2 with

1%

1 — w,
@ Large deviation for the speed of the w-conditioned random walk :
Py (22 = v) =< exp(—nl(v))

n
@ /(v) is deterministic
e /(v) verify the "GC” symmetry
I(v) = I(=v) + v(In (13*))
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