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One-dimensional case - integrable

Integrability can be broken by 
1) discretization in either real space or fourier space,
2) additional terms e.g. pumping and dissipation. 



Discretization in real space - solid state physics and waveguide optics

Superconductor – isolator phase transition



Spectral discretization – finite system length



3-mode





Fiber laser 
with normal dispersion

Condensate destruction 
by chaotic dynamics



2d dynamics

Unstable case – collapse or spreading depending on the sign of H.

Stable case – vortices and grey solitons exist

Condensate phase change by 2mπ around a vortex.
Vortices of different “charges”.



Thermal equilibrium

1d
Integrable systems do not thermalize.
Allowing interaction of solitons leads to condensation –
one soliton survives which is in equilibrium with waves.
Negative temperature states.

2d
Complex field with short-range interaction –
BKT phase transition from low-temperature state 
of paired vortices with power-law decay of correlations
to high-temperature Debye plasma 
with exponential decay of correlations.



Weak turbulence
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Direct energy cascade

Inverse action cascade



3d

Problem: whether condensate is formed in a finite time?





Growth of stable condensate in the defocusing case,
The problem: how correlation scale grows?



2d



Breakdown of isotropy



Strong turbulence in 2d focusing case: non-Gaussian PDF



Open problems

• Precise form of weakly turbulent direct cascades.
• Inverse cascades in strong turbulence, difference 

between focusing and defocusing cases.
• Kinetics of condensate growth and disappearance 

of vortices.
• Statistics of over-condensate fluctuations, 

conformal invariance in 2d?
• Anomalous scaling and non-Gaussianity due to 

collapses in the focusing case.


