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Quantum gases in disorder

One-dimensional disordered bosons at finite temperature

DOGMA → No finite temperature phase transitions in 1D
as all spatial correlations decay exponentially

There is a non-conventional phase transition between two distinct states

Fluid and Insulator
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How to understand?
Interacting 1D Bose gas. No disorder ⇒ Fluid phase
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QuasiBEC thermal gas
Degenerate

Classical gas

γ =
mg

�2n
=

ng

Td
� 1 → weakly interacting regime

Disordered non-interacting 1D bosons

All single-particle states are localized at any energy → Anderson insulator
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Old question

Interacting 1D bosons show one of the two types of behavior

”Old question”

How does the interparticle interaction influences Anderson localization?

Crucial for charge transport in electronic systems

Appears in a new light for disordered ultracold bosons

Palaiseau, LENS experiments. More underway
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Experiments

V

z

BEC

BEC in a harmonic + weak random potential |V (z)| � ng ⇒ small
density modulations of the static BEC. Switch off the harmonic trap, but
keep the disorder ⇒ What happens?

First experiments (Orsay, LENS, Rice)
The expansion stops and BEC gets stacked in between 2 large peaks
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Orsay experiment

2

4

6
8

10

2

4

6
8

100

-0.5 0 0.5

 0.8 s
 1.0 s
 2.0 s

z (mm)

A
to

m
 d

en
si

ty
 (a

t/µ
m

)

t (s)

L
   

  (
m

m
)

lo
c

a) b)

Lo
ca

liz
at

io
n 

le
ng

th
 

0.8

0.6

0.4

0.2

0
210

. – p.6/16



Single-particle localization

U0 � �
2

mσ2
E∗ ∼ U0(U0σ

2m/�
2)1/3 ζ∗ = �/

√
mE∗

Minimize the energy E ∼ (�2/mζ2 − U0

√
σ/ζ)

DoS ε� E∗ → ν(ε) =
√

m/2π2ε ε ∼ E∗ → ν∗ ∼ 1/E∗ζ∗
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High-energy states (ε � E∗), low-energy states (ε ∼ E∗), Lifshitz tail
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Many-body localization-delocalization transition

Beat the discreteness!

|i>

|k>

|j> |l>
Ut

Consider an occupied localized state |i〉 interacting with a particle in the state |k〉,
which transfers them to the states |j〉 and |l〉 Uik,jl → Ut

if |i〉 and |k〉 belong to the same localization volume and are neghbors in energy

Typical energy mismatch Δik,jl = |εi + εk − εj − εl| → Δt

N1 → The number of processes |i >, |k >→ |j >, |k > involving |i >

i.e. the number of channels for decay of a given excitation

Δt(Tc) = Ut(Tc)N1(Tc)

T > Tc → extended states T < Tc → localized states
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Why a transition?

For T < Tc the mixing of 1PE to all 3PE is weak. For T > Tc, a 1PE is strongly
hybridized with at least one 3PE. This means the phase transition, not a crossover

Expand the 3PE connected with the original 1PE into a product of 1PE-s. At T > Tc at least one

constituent of 3PE is at resonance. Hence, each 3PE hybridizes with with at least one 5PE

Resonant path 1PE→ 5PE

It is reproduced for the mixing of 2n + 3-particle excitation to 2n + 3-particle excitations

T > Tc ⇒ Resonant path 1PE→ (2n + 1)-PE is formed with probability equal to one

Many-body states are extended⇒ linear combinations of 1PE’s, 3PE,s etc. Fluid behavior

For T < Tc the probability p1→3 of hybridization of 1PE to 3PE is less than one.

Then p1→2n+1 � (p1→3)n → 0 for n →∞
Insulating behavior Aleiner, Basko, Altshuler (2008)
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Classical bosons

Weakly interacting regime

γ =
mg

�2n
=

ng

Td
� 1; t =

T

ng
; κ =

E∗
ng

T > Td(t > γ−1) → High-energy states are occupied. Particle energy ∼ T

Ut = g/ζ(T ), Δt(T ) ∼ [ν(T )ζ(T )]−1, N1(T ) ∼ ζ(T )n

ν(T ) = 1/
√

E∗Tζ2
∗
, ζ(T ) = ζ∗T/E∗,

Ec ∼ (ng)2/3T 1/3 → κc ∼ t1/3
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Degenerate bosons

Td
√

γ < T < Td(γ
−1/2 < t < γ−1)

High-energy states. Particle energies ∼ T 2/Td � T . Energy scales T 2/Td and T

Consider atoms with ε ∼ E in the energy interval of width ∼ E

Δt(E) ∼ [ν(E)ζ(E)]−1, N1(E) ∼ Eν(E)ζ(E), Ut ∼ (g/ζ(E))(T/E)

Ec ∼ (ng)1/3T 2/3γ1/3 κc ∼ t2/3γ1/3

The result is independent of E

ζU =(g/   (E))(T/E)t

T ∼ Td
√

γ(t ∼ γ−1/2) → Ec ∼ ng(κc ∼ 1)
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Low-temperature regime

T < TD
√

γ(t < γ−1/2)

T = 0⇒ For κ � 1 the boson density is fragmented. Lake i → Ni bosons w ith energy εi and ζi ≈ ζ∗

Energy cost of bringing a boson to lake i is Ei = εi + gNi/ζ∗ = μ. Bosons occupy states with εi < μ,

and Ni ≈ zeta∗(μ− εi)/g. Low-energy states if μ < E∗. DoS → ν∗ = 1/E∗ζ∗, and n = μ2/2gE∗

→ μ = E∗/
√

κ < E∗ for κ > 1. Small fraction (∼ μ/E∗) of low-energy states is occupied

Distance between neighboring lakes l(κ) ∼ ζ∗
√

κ. Lake size ∼ ζ∗, and Ni ∼ nζ∗
√

κ ∼ 1/
√

γ

x

l(κ)
ζ

*

l(κ) � ζ∗ for κ � 1 ⇒ Insulator

κ → 1 ⇒ the interlake coupling drives the system to superfluid state

Critical value κc ∼ 1 (KTT, Altman et al (2008), Falco et al (2009))

Also for T ∼ Td
√

γ we have κc ∼ 1. So, κc ∼ 1 for all T < Td
√

γ(t < γ−1/2)
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Phase diagram
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Fluid

Insulator

t=T/ng

κ =E_*/ng

1

1 1/ γ γ1/

κ (t)c
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How to identify?

Expansion experiment

a)

n(x)

nc

b)

n(x)

xx

Slow diffusive expansion near the fluid-insulator transition τ ∼ 1 s
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Prospects

Strongly interacting bosons in 1D
1D interacting fermions
Bosons and fermions in 2D and 3D
Dynamics of expansion
Critical regime
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Example

Bosons in 2D and 3D

Insulator

Fluid

Superfluid

Disorder

Temperature

In 3D this is not a phase transition but a crossover
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