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Introduction

N—1
H(g.p) =) [p2 + U(gn+1 — gn )]
n=0

Fixed ends: g9 = gy = po = py = 0.

INITIAL CONDITION:

nim

an(0) = Asin (1) pa(0) =0

corresponding to the excitation of the largest half-wavelength mode

The FPU problem consists in understanding how energy is
transferred from large to small spatial scales (low to high modes),
leading the system to a state of equilibrium, if any, compatible
with the laws of statistical mechanics




From the FPU Los-Alamos report LA-1940 (May 1955):

@ ‘“Instead of a gradual increase of all the higher modes, the
energy is exchanged, essentially, among only a certain few. It
is, therefore, very hard to observe the rate of “thermalization”
or mixing in our problem, and this was the initial purpose of
the calculation.”

@ “Certainly, there seems to be very little, if any, tendency
towards equipartition of energy among all degrees of freedom
at any given time.” [the FPU paradox]

@ “What is suggested by these special results is that in certain
problems which are approximately linear, the existence of
quasi-states may be conjectured.”



Two models: a-FPU and Toda

Q

o

Comparison of two models:

x2 x3
Urpy(x) = o + o (ergodic?)
2 —1—2ax |,
Utoda(Xx) = . (integrable)

The two models are close:

2

Energy-amplitude relation:

Utoda(x) = Uppu(x) + O(a’x*) == X2
meA? 2 A4/ \3
E = H(q(0), p(0)) = 0~ + 0(a*A"/N?)

Toda only



Modal energy spectrum
@ Fourier coordinates: < ) \/72 ( : )sin (Z3n)

N—-1

P
@ |H= +kak + 0(0 @) Wi = 2sin (%)
k=1

o modal energy spectrum (m.e.s.):

2 2 N2
Ek(t) _ Pk(t) +2kak(t) vs. k

@ We always plot a normalized m.e.s.: Ex/E vs. k



@ Ergodicity would imply (almost) equipartition of the FPU Ej’s
on time-average:

— ]. t t——+0o0 L E
Er(t) = - Ex(s) ds — e = N
to

(with equipartition of r.m.s. fluctuations and much more...)

@ Quasi-periodicity implies convergence of the Toda E's to
some limit, which defines the Toda “equilibrium” state.



Phenomenology of the energy cascade

EXAMPLE

N=32 a=033 E=FE(0)=1

E.(t)/E vs. k at t =10,10%,...,108
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WHAT DO WE LEARN?
@ FPU and Toda m.e.s. almost superposed up to the time
(t ~ 10*) Toda m.e.s. reaches equilibrium
@ The equilibrium Toda m.e.s. is exponentially localized

@ FPU m.e.s. detaches from the Toda one by a slow raising of
tail (high) modes, reaching equipartition at t ~ 10°

@ Candidate quasi-state: Toda equilibrium




REMARKS

@ FPU typical choice was A=1, i.e. E ~0.08, with a ranging
from 0.25 to 1; this can be shown to be equivalent for us to
an energy ranging from E = 0.045 to E = 0.72

@ But their maximum computation time was order 10* to at
most 10°...!

©Q To explain the FPU paradox it is necessary to see what
happens at lower energies



For each vale of the energy E =1, E =0.1, E =0.01
a sequence of three snapshots of m.e.s.,
at t = 10%, t = 10° and t = 108
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A first list of conclusions

The FPU quasi-state is the Toda equilibrium state:
a signature of closeness to integrability

The FPU paradox appears when the FPU time-scale to
equipartition Is

@ much longer than the Toda equilibration time-scale

@ longer than the (present & personal) computational time limit
One has to understand the raising of FPU m.e.s. tail

Necessary to invent a way of estimating the time-scale to
equipartition when it is too long to be actually measured



Diffusion of tail modes

@ Numerical outcome: the way to equipartition in FPU is
characterized by a diffusive growth of the tail modes:

31 Ek(t)

n(t) = =42

~ D t”
E

@ Both D and ~ depend on E (and N)
@ 77 — 1/3 approaching equipartition

@ The process defines a time-scale to equipartition

T¢ = (3D)~*"
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Another list of conclusions
@ T ~ E—3 in the high energy range 0.4 < E < 2

@ Maybe one enters a Nekhoroshev-like stability regime at low
energy (E < 0.17)

@ N-dependence of T°9 is a nontrivial problem

@ The anomalously diffusive growth of tail modes has, at
present, no analytic explanation



On the analytic side

Tool: resonant normal form Hamiltonian

@ Approximate explicit solution of the Cauchy problem valid for
very low energy: E < 1073
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On the analytic side

Tool: resonant normal form Hamiltonian

@ Approximate explicit solution of the Cauchy problem valid for
very low energy: E < 1073

@ The fixed point of the normal form equations is a g-breather
(Lyapunov continuation of mode 1): very good description of
the quasi state up to E = 0.1
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On the analytic side

Tool: resonant normal form Hamiltonian

@ Approximate explicit solution of the Cauchy problem valid for
very low energy: E < 1073

@ The fixed point of the normal form equations is a g-breather
(Lyapunov continuation of mode 1): very good description of
the quasi state up to E = 0.1

@ Secular avalanche ruling the energy cascade on very short
times, valid all over the energy range explored



The very short term growth of modes follows the law:

El(t)
E

—1-—c¢

2
1

t

2

Ei(t)
E

= ¢} t2(k=1) > 2

The law is one and the same for FPU and Toda

Physical mechanism: RESONANCE

Wi ~ kwq
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Conclusions

@ The Toda and FPU short and intermediate term dynamics

coincide and are rather well understood (possibility of
improvement unbounded!)

@ In particular, the saturation to the quasi-state (Toda
equilibrium) is integrable in character

@ The long term dynamics of the FPU system, on the road to
equipartition, is nontrivial, essentially chaotic

@ Understanding the diffusive growth of tail modes is the next
mandatory challenge





