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Outline 

• Collaborations between Univ. Pune (Prof. Dilip Kanhere) and CEA-Grenoble, France 
   2000–present 

   Funded by: IFCPAR (2000–2003, 2004–2008) (Indo-French Centre for the  
         Promotion of Advanced Research) 
                      EU-IndiaGrid2 (2010–) 

   Collaborators: 

   Prof. D. G. Kanhere   (Univ. Pune, India) 
   Dr. Kavita Joshi 
   Soumyajyoti Haldar (student)  
   Dr. Sajeev Chacko (now Jawaharlal Nehru Univ., New Delhi) 
   Dr. Utpal Sarkar (now Assam University) 

• Atomic clusters 
   – structure 
   – thermodynamics and melting 
   – effect of substrate 

• Electronic structure of quantum dots 
   – Wigner molecules 
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Clusters: methodology 

• Density functional theory 

Ga40

• Ab initio molecular dynamics  

• Ab initio statistical mechanics (melting) 

      – sample ionic phase space (microcanonical or canonical MD, or Monte-Carlo) 
      – extract classical ionic density of states Ω(E) 
         (multihistogram fit) 
      – thermodynamic averages 

Calculate electronic structure (DFT) 

Calculate forces on ions 

Advance ions by one time step 

Clusters: properties can differ from bulk 
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Melting of Na clusters 
Aim: to understand the pattern of size-dependent (N = 50–300) melting temperatures 
        measured by Haberland and co-workers (Nature, 1997) 

• Find lowest-energy structures at T = 0 K 
  (‘basin hopping’ with model potentials, local minimization with DFT) 

First principles calculations of melting temperatures for free Na clusters 
S. Chacko, D. G. Kanhere and S. A. Blundell, Phys. Rev. B 71, 155407 (2005) 

C
V
/C

0 

• Large-scale ab initio (DFT) molecular dynamics simulations  
  (1–2 ns per cluster size)  

• Statistical analysis of data: classical density of states,  
  entropy, specific heat, etc. 
  (multiple histogram analysis, with isokinetic sampling of phase space) 

‘solid-like’ to ‘liquid-like’ 
 transition  

This is the title:
and the subtitle

S. A. Blundell! and A. Author†

Service de Physique Statistique, Magnétisme et Supraconductivité, INAC, CEA-Grenoble/DSM
17 rue des Martyrs, F-38054 Grenoble Cedex 9, France.

(Dated: March 25, 2010)

This is the abstract.

PACS numbers: ??

TABLE I. Theoretical and experimental melting tempera-
tures in Na clusters.

N KS Expt. SMAa SMAb DB
55 280 290 175 162 190
92 195 210 170 133 240

142 290 270 240 186 270

I. INTRODUCTION

II. CONCLUSIONS
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Experiment: Breaux et al.. PRL 91, 215508 (2003)

Tm (Ga17
+) ≈ 700 K

Tm (Ga39
+) = 550 K

Tm (bulk)   = 303 K

the local density approximation, as implemented in the
VASP package [11]. For Ga17, the MD calculations were
carried out for 23 temperatures, each of duration 75 ps, in
the range of 150 ! T ! 1100 K, which results in a total
simulation time of 1.65 ns. The resulting trajectory data
have been used to compute the ionic specific heat by
employing the MH method [9,12]. For all the calcula-
tions, we have used only sp electrons (4s2 and 4p1) as
valence electrons, taking 3d as a part of the ionic core
(represented by an ultrasoft pseudopotential). We have
verified that the d electrons do not significantly affect
the finite-temperature behavior and equilibrium geome-
tries by recalculating the equilibrium structures, and
performing three runs at finite temperature around the
melting region, with the d electrons treated explicitly as
valence electrons.

We begin our discussion by noting some interesting
features of the electronic structure of bulk Ga, which
has been investigated by Gong et al. [13]. The !-Ga lat-
tice, which is stable at ambient pressure, can be viewed as
base-centered orthorhombic with eight atoms in the unit
cell. The peculiarity of this structure is that each atom
has only one nearest neighbor connected by a short bond
at a distance of 2:44 !A(see Fig. 1). The six other neighbors
are at distances of 2.71 and 2:79 !A, in two sets of three.
These six atoms lie on strongly buckled parallel planes
connected by the short bonds, as shown in Fig. 1. Elec-
tronic structure calculations by Gong et al. [13] reveal
this short bond to be covalent in nature. The density of
states shows a pseudogap, which has been related to this
covalent bond [14], and the weak bonding in the buckled
planes leads to an observed metallic behavior. Thus, two
kinds of bonds coexist in bulk Ga: one a molecular bond
between the nearest neighbors and the other a metallic
bond within the buckled planes.

Now we present and discuss some relevant features
observed in the equilibrium structures of Ga17. We have
relaxed many structures, randomly chosen from high-
temperature DFMD runs. In this way, we have found
more than 20 different equilibrium structures spanning

an energy range of about 0.83 eV with respect to the
ground-state energy. In Fig. 2, we show some low-lying
structures relevant to the present discussion. A common
feature observed in all these geometries, except one
[Fig. 2(d)], is the presence of a trapped atom, that is, a
single atom contained within a cage formed by the re-
maining atoms. The lowest-energy structure that we have
found [Fig. 2(a)] is a highly asymmetric structure, which
can be thought of as formed out of a decahedron with
serious distortions and asymmetric capping. Interest-
ingly, this structure can also be viewed as composed of
two near planar rings, as discussed further below.

We have also analyzed the nature of bonding by em-
ploying the electron localization function (ELF) [15],
which is defined such that values approaching unity in-
dicate a strong localization of the valence electrons and
covalent bonding. The isosurface of the ELF for the
neutral Ga17 and charged Ga17

" are shown in Figs. 3(a)
and 3(b), respectively. A striking feature seen in these
figures is the existence of strong localized bonds giving
rise to two ringlike structures. Further, these rings are
also bonded to each other via the atoms at the edge of each
ring and with the trapped atom at the center. The exis-
tence of an isosurface of the ELF with such a high value
clearly indicates the covalent nature of the bonding. This
is also substantiated by examination of the corresponding
charge-density isosurface (not shown). Calculations of
the ELF for the excited isomers in Fig. 2 and for other
small Ga clusters show similar features. Generally, most
atoms have two covalent bonds in a roughly linear ar-
rangement, with a tendency to link neighbors together
into rings or ring fragments; extra covalent bonds on
some atoms then join these structures together. The bond-
ing here is thus seen to be in sharp contrast to the one
observed in the bulk !-Ga, where, as discussed earlier,
only a single strong interlayer bond between two Ga

FIG. 1. A part of the bulk structure of !-Ga (not a unit cell).
It shows two buckled planes. The dark line joining the black
atoms corresponds to the interplanar covalent bond discussed
in the text.

FIG. 2. The ground-state geometry and some of the the low-
energy structures of Ga17. The structures are arranged in
increasing order of the energy. (a) represents the lowest-energy
structure and (d) represents the highest-energy structure
studied. Energy differences "E are in eV.

P H Y S I C A L R E V I E W L E T T E R S week ending
2 APRIL 2004VOLUME 92, NUMBER 13

135506-2 135506-2

Bulk α-Ga

metallic

covalentGa17 Ga17
+

Ga13

Ga40

Theory: Joshi, Kanhere, and Blundell, 
             Phys. Rev. Lett. 92, 135506 (2004)

Ga17

Tm ≈ 650 K
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Thermal properties of Si and Sn nanoparticles 

Finite-temperature behavior of small Si and Sn clusters: an ab initio molecular dynamics study 
 S. Krishnamurty, K. Joshi, D. G. Kanhere and S. A. Blundell, Phys. Rev. B 73, 045419 (2006) 

• Speculation that SiN for 20 < N < 70 fragments, 
   rather than undergoes a solid to liquid transition 
   (based on experiments by Jarrold et al.)  

Si20 
fragments 

(does not melt) 
Si10 

undergoes a conventional 
solid to liquid transition 

Si15 
initially melts, 
then fragments 

melts 

fragmentation 
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Ga clusters: “Magic melters” 

“Magic melters” have geometric origin 
K. Joshi, S. Krishnamurty and D. G. Kanhere, Phys. Rev. Lett. 96, 135703 (2006) 

Experiment: 
M. F. Jarrold et al., JACS comm. (2005) 

“magic melter” 

Ga 30 Ga31 

Ga31 Ga30 

disordered ordered 

ELF 



Steven Blundell - Direction des Sciences de la Matière 8 3/28/10 

4

!""

#""

$""

%"""

%%""

%&""

"'" "'& "'( "') "'#

*
+
,,
-.
/

012345673268905,:;456904:<;,,!

!"

!#

!$

%

$

&
'(
'&
)*
+
''
,-
.
/

!

!"#

!$# !%#

!&#

'())

*+,-

!.#

*+/0

*+1*

*+10

!"#

!$# !%# !&# !.#

!.2#

FIG. 4. Top panel : Total energy of a Co55 cluster on a sur-
face as a function of the cluster-surface interaction strength
ε, Eq. (2), for each of the structures in Fig. 3(a)–(e). En-
ergies are expressed relative to that of the two-shell Mackay
icosahedral structure of Fig. 3(a), which is the lowest-energy
structure for 0 ! ε < 0.28 eV. Structure 3(b) (solid line) is
the lowest-energy structure for 0.28 ! ε < 0.39 eV; struc-
ture 3(c) (dashed line) for 0.39 ! ε < 0.70 eV; structure 3(d)
(short dashed line) for 0.70 ! ε < 0.79 eV; and structure 3(e)
(dotted line) for 0.79 ! ε < 0.9 eV. Bottom panel : Melting
temperatures as a function of ε.

The free Fe55 cluster (ε = 0) is found to be a two-shell
Mackay icosahedron, Fig. 1(a). This is in agreement with
numerous studies of metallic clusters using the Gupta
and Sutton-Chen potentials, and is also the case for the
Lennard-Jones clusters.36 For small values of the cluster-
surface interaction strength ε, when the cluster-surface
interaction is much weaker than the internal interactions
within the cluster, the icosahedral geometry remains in-
tact, and the cluster orients itself so that one face is par-
allel to the surface. Eventually, for sufficiently large ε,
the icosahedral symmetry breaks and it becomes energet-
ically more favorable to have a slightly elongated, though
still quite compact structure, Fig. 1(b). As ε increases
further, the lowest-energy structure eventually flattens,
first into a structure with three ionic layers, Fig. 1(c), and
finally into a two-layer structure, Fig. 1(d). The flatter
structures lower their energy by increasing the contact
area between the cluster and the surface for larger ε.

For the Co55 cluster the situation is qualitatively sim-
ilar. The structures and energy variation for Co55 are
shown in Figs. 3 and 4, respectively. After the icosa-

!"#

!$#!%#!&#
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FIG. 5. Lowest-energy structures found for Ni55 for different
values of the cluster-surface interaction strength ε, Eq. (2).

hedral structure breaks, one finds a compact structure,
Fig. 3(b), which is however different from the correspond-
ing Fe55 structure, Fig. 1(b). This difference is a conse-
quence of the different Gupta parameters assumed for Fe
and Co (see Table I). The structure that we found for
Fe55 is found to be stable also for Co55, but it has a higher
energy than the one shown in Fig. 3(b) (by a few tens of
meV, depending on the value of ε). For Co55 there are
two relevant three-layer structures. The first of these,
Fig. 3(c), is quite close to the three-layer structure found
for Fe55, Fig. 1(c). A rather different three-layer geom-
etry, Fig. 3(d), becomes more stable for larger ε, while
for larger ε still one finds the same diamond-shaped two-
layer structure, Fig. 3(e), that occurred for Fe55.
The structures and energy variation for Ni55 are shown

in Fig. 5 and 6, respectively. The situation is slightly
more complex for Ni55. A close inspection of the upper
panel of Fig. 6 reveals that, in the range of ε consid-
ered, there are six lowest-energy structures (according to
our global optimization procedure), which are shown in
Figs. 5(a)–(f). We note from this figure that there is a
richer variety of compact structures than for Fe and Co,
and that Ni55 clusters are more robust against flatten-
ing, forming only a three-layer structure at the highest ε
considered.
We have so far presented only the lowest-energy struc-

tures as a function of ε, but the regular quenches re-
vealed many excited structures as well, some examples
of which are shown in Fig. 7. A commonly occurring
excited state of the icosahedral structure has one atom
from a vertex of the icosahedron (the least tightly bound
of the surface atoms) positioned instead above one of
the faces, as shown in Fig. 7(i). In general, there are
many excited structures that can be regarded as an
asymmetric distortion of a lowest-energy structure. For
instance, Figs. 7(ii)–(iv) are asymmetric distortions of
Figs. 1(b)–(d), respectively. Interestingly, in all the cases
we have observed, the lowest-energy structure was found
to be one with a high degree of symmetry—thus those
in Figs. 1(b)–(d) rather than Figs. 7(ii)–(iv). However,
there are also excited structures that are highly symmet-

Thermodynamics of transition-metal clusters on a substrate 
U. Sarkar and S. Blundell, Phys. Rev. B 79, 125441 (2009) 

Motivation: transition-metal clusters act as catalysts for the growth of carbon nanotubes 
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FIG. 1. Lowest-energy structures found for Fe55 for different
values of the cluster-surface interaction strength ε, Eq. (2).

ter by means of a method of regular quenches from high-
temperature runs. Next, by slowly heating the clusters
from their optimum structure, we extract the classical
density of states !(E) for the ionic motion by means of a
microcanonical multihistogram fit.26 We find a series of
distinct structural changes as the cluster-surface interac-
tion strength increases, reflected in a detailed pattern of
steps in the melting temperatures associated with each
structural transformation.

The paper is organized as follows. In the next section,
we outline our model and simulation methods. Then, in
Sec. III, we present the structures and thermodynamic
results for the clusters as a function of the cluster-surface
interaction strength. The conclusions are given in Sec. IV

II. MODEL AND METHODOLOGY

In this work we use classical molecular dynamics27

(MD) with the metallic bonding described by a many-
body Gupta potential derived within the tight-binding
second-moment approximation.28–30 The total energy of
a free cluster in this approach is given by

Efree = A
∑

i

∑

j !=i

exp

[
!p

(
Rij

r0
! 1

)]

!ξ
∑

i





∑

j !=i

exp

[
!2q

(
Rij

r0
! 1

)]



1/2

, (1)

where Rij is the distance between ions i and j. The
parameters that we use for Fe, Co, and Ni have been ob-
tained by fitting bulk cohesive energies, lattice parame-
ters, and elastic constants; they are summarized in Table
I with references to the original work where they were
derived, as well as to some related work.

Following Ding et al.23 (and the general approach of
Shibuta and Maruyama25), we model the surface as an
idealized smooth plane that interacts with the cluster via
a Lennard-Jones 9/3 potential, yielding an interaction
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FIG. 2. Top panel : Total energy of a Fe55 cluster on a sur-
face as a function of the cluster-surface interaction strength
ε, Eq. (2), for each of the structures in Fig. 1(a)–(d). En-
ergies are expressed relative to that of the two-shell Mackay
icosahedral structure of Fig. 1(a), which is the lowest-energy
structure for 0 ≤ ε < 0.24 eV. Structure 1(b) (solid line) is
the lowest-energy structure for 0.24 ≤ ε < 0.29 eV; struc-
ture 1(c) (dashed line) for 0.29 ≤ ε < 0.65 eV; and structure
1(d) (short dashed line) for 0.65 ≤ ε < 0.9 eV. Bottom panel :
Melting temperatures as a function of ε.

energy

Esurf = ε
3
"
3

2

∑

i

[(
σ

Zi

)9

!
(

σ

Zi

)3
]
, (2)

where Zi is the coordinate of ion i perpendicular to the
surface. The cluster is in this way constrained to lie near
the minimum of the Lennard-Jones well, which is roughly
a distance σ above the Z = 0 plane; we fix σ = 0.3 nm.
The parameter ε controls the well depth and hence the

TABLE I. Parameters of the SMA potential assumed for Fe,
Co, and Ni clusters.

Atom A (eV) ξ (eV) p q r0 (Å)
Fea 0.13315 1.6179 10.50 2.60 2.553
Cob 0.0950 1.4880 11.604 2.286 2.497
Nic 0.0376 1.070 16.999 1.189 2.490

a Refs. 31 and 32
b Refs. 30 and 33
c Refs. 30 and 34

Zi

substrate 

Cluster-cluster: Gupta potential 

Cluster-surface: 

variable cluster-surface interaction strength 
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Semiconductor quantum dots 
• nm sized region where carrier electrons (holes) are confined by electrostatic fields 

• Examples: semiconductor heterostructures, vertical and lateral arrangements 

Reed et al. (1988) Meirav et al. (1990) 

semiconductor heterojunction 

AlGaAs 

GaAs x 

z 
y 

2D electron gas 

~ 10 – 100 nm 

~ 2 nm 
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Artificial atoms 

• Typical de Broglie wavelength in a semiconductor ~ 10 nm 

• Confinement on nm scale  discrete energy levels 

• Lateral dimensions may be controlled experimentally 

• Shell effects 

(calculated by spin-density functional theory) 
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Configuration interaction (CI) 
• Generate a spectrum of single-particle states (SDFT or HF) 

+ = 

Vext VH + VXC Veff 

…
 

spectrum of  
single-particle states 

• Diagonalize matrix of many-body Hamiltonian in these states 

Large, sparse matrix   ~ 106 x 106 
Davidson methods S. A. Blundell and Kavita Joshi (post-doc) 

Phys. Rev. B 81, 115323 (2010) 

• Construct many-electron basis of Slater determinants (with given Sz and optionally Lz) 

single 
excitations 

double 
excitations 

,…, etc. ground 
state 

Ψ = cα α
α
∑

exact Slater 
determinants 
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Full CI for N = 6 at low electronic density: low-lying states 
S. A. Blundell and S. Chacko, Phys. Rev. B 81, 121104(R) (2010) 

1 A. Ghosal, A. D. Güçlü, C. J. Umrigar, D. Ullmo, and H. U. Baranger, Phys. Rev. B (2007); Nature Phys. (2006) 
              Variational + Diffusion Monte Carlo (fixed-node approximation) 
              rs ≤ 18 a0

*, lowest-energy state with a given symmetry (Lz, S) 
2 M. Rontani, C. Cavazzoni, D. Bellucci, and G. Goldoni, J. Chem. Phys. (2006) 
              CI with simple-harmonic-oscillator basis set 
3 R. Egger, W. Hausler, C. H. Mak, and H. Grabert, Phys. Rev. Lett. (1999) 
              Path-integral Monte-Carlo 

1 

2 

3 

1S 3P 7S

Zeroth 0.96757 0.96454 0.96170
Singles −0.01691(3) −0.01350(3) −0.01123(2)
Doubles −0.00672(1) −0.00649(1) −0.00558(1)
Triples −0.00153(1) −0.00142(4) −0.00109(1)
Quadruples −0.00027(2) −0.00024(2) −0.00018
Quintuples −0.00004(2) −0.00002(2) −0.00002(2)
Sextuples 0.00000 0.00000 0.00000

TOTAL 0.94211(6) 0.94287(6) 0.94360(4)
DMC(2007) 0.94258(1) 0.94379(1) 0.94363(1)
CI-SHO(2006) 0.948 0.949 0.950
PIMC(1999) 0.9433(3) 0.9441(3)

I. INTRODUCTION

II. CONCLUSIONS

ACKNOWLEDGMENTS

We acknowledge CEFIPRA contract 3104-2.
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circular parabolic confining potential     rs = 12 a0*       Units: Ha* 
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Wigner molecules 
• Low electron densities: electrons become localized into an ‘electron molecule’ 

High electron 
density (rs ~ 1.5 a0

*) 
Low electron 

density (rs ~ 15 a0
*) 

atomic-like
 wavefunction localized

 electrons 

• Example with CI methods: N = 4, rs = 15 a0
* 

Total electron density remains 
circularly symmetric 

spin-spatial pair correlation function:  g(r0; r) 
         (conditional probability) 

r0 

X 

X 
r0 
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Excited states of Wigner molecules: classical limit 

rotational isomeric vibrational 
(normal modes, wa) 

spin 

• Effective Hamiltonian (classical limit, one isomer) 
 

H eff =

2Lz

2

2I
+ (ωa )na

a
∑ + JijSi ⋅S j

i> j

N

∑
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Excited states of Wigner molecules: CI 
S. A. Blundell and S. Chacko, Phys. Rev. B 81, 121104(R) (2010) 

2

TABLE I. CI energies of the ground state (S = 0) of the
N = 6 electron parabolic dot for density parameter λ = 8
(rs ≈ 12 a∗

0), using a model space formed from either 10 [v10]
or 8 [v8] single-particle states. Units: Ha∗

Excitation [v10] [v8]
Lowest-order 0.96757 0.97614
Singles −0.01691(6) −0.01988(5)
Doubles −0.00672(1) −0.01023(2)
Triples −0.00153(1) −0.00309(1)
Quadruples −0.00027(2) −0.00073(1)
Pentuples −0.00003(1) −0.00008(2)
Hextuples 0.00000 −0.00001
TOTAL 0.94211(6) 0.94213(6)
QMC, Ref. 8 0.942580(5)

rs ≈ 12 a∗0), where λ = l0/a∗0 is the ratio of the parabolic
confinement length l0 =

!
!/m∗ω0 to the e!ective Bohr

radius. We here assume a quasi-2D electron system in
the e!ective-mass approximation,1 confined by a circu-
lar parabolic potential Vext(r) = m∗ω2

0r
2/2. We have

organized the full CI calculation by degree of excitation
from a “model space,” which consists of all determinants
that may be formed from the lowest 8 or 10 states in the
single-particle basis. The model-space in lowest order is
already su"cient to give a semi-quantitative description
of the many-body state. An extrapolation to the basis-
set limit is also made (where the upper energy cuto! of
the basis set is allowed to go to infinity), yielding the es-
timated error shown; this error is the only error in a full
CI calculation.

Our CI energy is about 0.46(6) mHa∗ lower than that
from VMC/DMC.8 We consistently converge to our value
for the ground-state energy not only for the di!erent sizes
of model space shown, but also for di!erent basis sets
corresponding to di!erent mean fields. Since our energy
is lower (more negative) than the VMC/DMC energy,
which may be regarded as a variational upper bound with
a known statistical error,8 a possible explanation for the
discrepancy is that we have revealed the systematic error
in the VMC/DMC energy arising from the fixed-node
approximation.8 This pattern is repeated for some of the
other energies reported in Ref. 8; the full details of our
calculation method and these other comparisons will be
given elsewhere.

The main features of the excitation spectrum are ex-
hibited by the N = 6 electron dot, which is the small-
est system to show spin, rotational, vibrational, and iso-
meric excitations. For six electrons, the classically sta-
ble configurations (see Fig. 1) consist of a pentagonal
(1, 5) ground-state isomer and a staggered hexagonal (0,
6) excited isomer14 (the perfect hexagon being a saddle
point on the potential-energy surface). Now, the average
Wigner-Seitz radius rs is given approximately by r3s =
1/(ω2

0

√
N) (in e!ective a.u.).16 Taking this as the defini-

tion of rs and using the data for the classical system (from
Ref. 14 and our own calculations), we infer the follow-
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FIG. 1. (Color online) Approximate excitation energies of
the six-electron parabolic dot versus Wigner-Seitz radius rs
(see text). Energies are scaled by rs. Inset: stable configura-
tions of the classical six-electron parabolic dot (from Ref. 14):
(a) pentagonal ground-state configuration, (b) excited isomer
(staggered hexagon).

ing estimates of excitation energies: #Eiso = 0.0714 r−1
s ,

#Evib = 0.415 r−3/2
s , and #Erot = 0.0309 r−2

s (in units
of Ha∗, with rs in a∗0). Here #Eiso is the energy di!er-
ence between the two classical isomers (Fig. 1), #Evib

is the energy of one vibrational quantum in the lowest-
frequency normal mode of the ground-state (1,5) isomer,
and #Erot is the S- to P -wave rotational excitation en-
ergy of this isomer. Owing to the di!ering dependencies
on the length scale rs, for su"ciently large rs we must
eventually find#Eiso # #Evib # #Erot, that is, a Born-
Oppenheimer-like (BO-like) separation of energy scales.
To gain some idea of the appropriate length scales for

the six-electron dot, we have plotted these approximate
excitation energies (scaled by rs) in Fig. 1. The figure
shows that the strict BO ordering of energies will be re-
alized only for rs # 34 a∗0. At rs ≈ 34 a∗0, there is a
crossover between #Evib and #Eiso, and at smaller rs
there is then an inversion of the usual BO ordering, with
the isomeric excitation energy comparable to or smaller
than the vibrational excitation energies.
On the other hand, for all rs ! 2 a∗0 the rotational ex-

citation energy is small, #Erot $ #Evib,#Eiso, and so
we may expect the rotational motion to decouple well for
this entire range of rs (at least, for low to moderate Lz).
This observation is consistent with the experimental ev-
idence found by Kalliakos et al.6 for rigid-rotor behavior
of low-angular-momentum states in N = 4 electron dots
already for rs ≈ 2 a∗0.

We have also shown in Fig. 1 a typical spin excitation
energy #Espin, which is defined as the energy splitting of
the S = 3 excited state and the S = 0 ground state in the
ground-state spin multiplet. According to our CI calcula-
tions, this is well fit by #Espin = 0.056 exp(−0.29rs) Ha∗

for 6 a∗0 < rs < 30 a∗0 (see also the QMC data in Refs. 8
and 17). For rs " 6 a∗0, the spin energies (exchange in-
teractions) and the isomeric and vibrational excitation
energies are all nominally comparable.

• S-wave states (Lz = 0) 

• Non-Born-Oppenheimer ordering of  
  vibrational and isomeric excited states 

classical isomers 


