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Topological insulators

• T-broken QAH insulators (1988-present)

– QAH = “Quantum anomalous Hall”

– Integer quantum Hall without Bmacro

– I will discuss 2D only

• T-conserving Z2 insulators (2005-present)

– 2D Z2 topological insulators

– 3D Z2 (“strong”) topological insulators

Several
materials
known

No known
examples!
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2D QAH topological insulator
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QAH insulator
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2D Z2 topological insulator
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Z2 insulator
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Figure from Hasan and Kane, RMP, 2010
(Adapted from Xia et al., 2008; Hsieh, Xia, Qian, Wray, et al., 2009a; and Xia, Qian, Hsieh, Wray, et al., 2009)

3D Z2 topological insulator
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Outline

• Review of electric polarization

• QAH insulators (2D)

• Orbital magnetoelectric coupling (3D)

• Z2 topological insulators (3D)
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Berry phase and curvature in the BZ
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Relation to theory of polarization
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Polarization Px is
proportional to sum

of ky-averaged
Berry phases of
occupied bands
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where

Theory of polarization (3D)
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Quantum of polarization

• P is only well-defined modulo (e R /Vcell )

• �surf is only well-defined modulo (e/Asurf )

• � by modulo is like adding one e per surface cell

�surf = P � n

P
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Surface state
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Outline

• Review of electric polarization

• QAH insulators (2D)

• Orbital magnetoelectric coupling (3D)

• Z2 topological insulators (3D)
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J

Ferromagnetic
metal E

Anomalous Hall effect

No B-field!�xy 	 0
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Berry curvature in the Brillouin zone
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FS

Metal

Anomalous Hall conductivity:

Karplus and Luttinger; Sundaram and Niu
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Berry curvature in the Brillouin zone
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Anomalous Hall conductivity:
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Insulator

BZBZ

= 2�C

“Chern number” or “TKNN invariant”

Quantum Anomalous Hall:
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J

Integer quantum
Hall effect

without B-field

E

2D QAH insulator
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2D QAH insulator

k

QAH insulator
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QAH insulators

• Quantized Hall conductance without B

• Quite possibly at room temperature

• Models, e.g. Haldane, 1988

• Usefulness:

– Metrology?

– Magnetoelectric coupling?

• No known examples to date!
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Outline

• Review of electric polarization

• QAH insulators (2D)

• Orbital magnetoelectric coupling (3D)

• Z2 topological insulators (3D)
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Linear magnetoelectric coupling (MEC)

Remainder of this talk:

Only orbital contribution to frozen-ion MEC.

Non-centrosymmetric magnetic insulator:
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A. Essin, J.E. Moore, and D. Vanderbilt, "Magnetoelectric polarizability and axion

electrodynamics in crystalline insulators," Phys. Rev. Lett. 102, 146805 (2009).

A. Malashevich, I. Souza, S. Coh, and D. Vanderbilt, "Theory of orbital magnetoelectric

response," New Journal of Physics 12, 053032 (2010).

A. Essin, A.M. Turner, J.E. Moore, and D. Vanderbilt, "Orbital magnetoelectric coupling in

band insulators," Phys. Rev. B 81, 205104 (2010).

Theory of geometric orbital MEC
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Theory of orbital MEC

� = �IC + �LC + �geom 1

(E •B term in Lagrangian � “Axion”)

�geom 1
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Theory of geometric orbital MEC

• Integrand is called Chern-Simons 3-form

• Integrand is not gauge-invariant

• But integral over 3D BZ is gauge-invariant, modulo 2�

• Typically, � << 2� and quantum of MEC is unimportant

:

Qi, Hughes and Zhang, PRB 78, 195424 (2008)

Essin, Moore and Vanderbilt, PRL 120, 146805 (2009)
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DFT calculation of �

(Implicit sum over cells R,P
and Wannier funcs a,b,c )

QUANTUM ESPRESSO + WANNIER90
(with spin-orbit interaction)

Sinisa Coh Cr2O3: � = 0.0013

Total Energy Workshop, Trieste, Italy, Jan. 13, 2011

K-point mesh Extrapolated �

Cr2O3 6, 7, 8, 9, 10, 12 1.3 x 10-3

Fe2TeO6 6 0.2 x 10-3

BiFeO3 6, 8 0.09 x 10-3

GdAlO3 3, 4 0.04 x 10-3

Computed � for conventional magnetoelectrics
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Cr2O3 expt. DyAlO3 expt.

0.01 0.1 1 10 100

Data survey from Eric Bousquet

Spin ionic dominated

Orbital electronic

 Chern-Simons � in

conventional

magnetoelectrics

like Cr2O3

Orbital electronic

� = 2�

Order of magnitude values

Can we access
this scale??
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First, understand “physically” why � is
only well-defined modulo 2�

Hint:

MEC         Surface anomalous Hall
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Orbital MEC � Surface dissipationless �xy

E

M
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Indeterminacy modulo 2�

Suppose we start with crystal having �axion given by �.

Now glue to each surface an extra 2D QAH insulator
layer having C=1:

This increments          by      , i.e.,

So � as a bulk property is ill-defined modulo 2� !

                              

QAH
Insulator

layers
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Indeterminacy modulo 2�

� is ill-defined
modulo 2�

QAH
Insulator

layers

Charge layer
one e per surface cell

P

P is ill-defined
modulo 2�

�
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DOS
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Surface state
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Metallic surface of bulk insulator

� is ill-defined
modulo 2�

Surface charge

P

� is ill-defined

modulo 2�

Anom. Hall conductivity

�
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E

How to build a magnetoelectric coupler

QAH
Insulator

layers

M
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Cr2O3 DyAlO3

0.01 0.1 1 10 100

Spin ionic dominated

Orbital electronic

 Chern-Simons � in

conventional

magnetoelectrics

like Cr2O3

Orbital electronic

� = 2�

Order of magnitude values

Can we access
this scale??

Yes, with 2D QAH
insulator!
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Outline

• Review of electric polarization

• QAH insulators (2D)

• Orbital magnetoelectric coupling (3D)

• Z2 topological insulators (3D)

• Other large-� materials in 3D?
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T-reversal symmetric insulators in 3D

We can make a topological classification:

• The T symmetry operator maps � into –�

• But � is only well defined modulo 2�

• So, both �=0 and �=� are consistent with T

symmetry!

� = 0 � = �

“Normal” “Topological”
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T-reversal symmetric insulators in 3D

� = 0 � = �

“Normal” “Topological”

�2 = even �2 = odd

“Normal” “Topological”

SAME ?
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T-reversal symmetric insulators in 3D

� = 0 � = �

“Normal” “Topological”

�2 = even �2 = odd

“Normal” “Topological”

YES !

Qi, Hughes and
Zhang, PRB 78,
195424 (2008)

Essin, Moore and
Vanderbilt, PRL

120,146805
(2009)

Total Energy Workshop, Trieste, Italy, Jan. 13, 2011

Cr2O3 DyAlO3

0.01 0.1 1 10 100

Spin ionic dominated

Orbital electronic

 Chern-Simons � in

conventional

magnetoelectrics

like Cr2O3

Orbital electronic

� = �

Order of magnitude values

Surface half-integer
quantum Hall effect
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How can T-invar. system have ME coupling??

T preserved at the surface � metallic surface

�

�  = Berry phase

around Fermi loop

�

= 0
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How can T-invar. system have ME coupling??

T broken at the surface � insulating surface

�

�

� = � AH =  ± e 
2/2h
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Cr2O3 DyAlO3

0.01 0.1 1 10 100

Spin ionic dominated

Orbital electronic

 Chern-Simons � in

conventional

magnetoelectrics

like Cr2O3

Orbital electronic
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Order of magnitude values

Surface half-integer
quantum Hall effect
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Fractionalized QAH effect at surface

To observe half-quantized surface QAH:

• Surface must be insulating (gapped)

• T must be broken at the surface!

• But not in the bulk!

• How to arrange this?
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Breaking T at surface?

Add FM or AFM
film

Topo. Ins.
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Cr2O3 DyAlO3

0.01 0.1 1 10 100

Spin ionic dominated

Orbital electronic

 Chern-Simons � in
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magnetoelectrics

like Cr2O3

Orbital electronic

� = �

Quest: Find T-broken, large-� materials?

10

Find T-broken
materials here? 
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Summary

Two kinds of topological insulator

• QAH insulator

– T broken

– No known examples!

• Strong Z2 topological insulator

– T conserved, except perhaps at surfaces

– Several known examples

– If surface gapped, it exhibits half-integer QHE

Orbital magnetoelectric coupling � surface AH

Berry phases, Berry curvatures, Chern numbers!

A surprise: Richness of single-particle physics!


