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TDDFT

� TDKS system:

n(r t) vext(r t)
1-1

Ψo

in practise
approximated� Extract property of interest A[n,Ψ0, Φ0]

(Eg. excitation spectrum, ionization probabilities, momentum 
distributions, quantum backreaction on nuclear dynamics…)

Runge-Gross 
Theorem, 1984

(Ψ0, n) � H = T + Vee + Vext � everything!



Excitations and Response in TDDFT

Poles at KS 
excitations

Poles at true 
excitations

Two Steps:

(1) ground-state vS,0[n0](r), and its bare excitations

(2) XC kernel 

Yields exact spectra 
in principle; in 
practice, approxs
needed in (1) and (2). 

adiabatic approx: no ω-dep

Petersilka, Gossmann, Gross PRL 1996; Casida 1996

Unprecedented balance between accuracy and efficiency



Outline

• Excitation spectra in TDDFT
- “step 1” : KS excitations
- solids
- challenges

• Long-range Charge Transfer excitations

• Real-time dynamics: challenges

• Semiclassical correlation in density-matrix 
dynamics



Excitations in TDDFT
Poles at KS 
excitations

Poles at true 
excitations

Two steps:

(1) ground-state vS,0[n0](r) � bare KS excitations

(2) XC kernel 

Yields exact spectra in 
principle; in practice, 
approxs needed in (1) 
and (2). 

adiabatic 
approximation –
memory-less

• Partly why TDDFT is so successful is in step (1): the bare KS 
excitations are good zeroth order approximations to the true ones.

--- But not always!

~ d2exc
unif(n(r,t))/dn2 δ(r-r’)δ(t-t’) in ALDA



When are the bare KS excitations poor zero-order approxs?

• Sometimes due to approximation for ground-state potential –
E.g. Rydberg excitations in LDA/GGA

These are non-existent! 

Exact KS potential decays as -1/r � Rydberg series

LDA/GGA KS potentials decay exponentially 
� No -1/r tail � no Rydberg excitations

• But also even when exact ground-state potential is used –
E.g. excitations of a stretched molecule

LiH

Lowest true excitation is a 2s�2p excitation on Li (~1.9eV) while 
the lowest KS excitation is zero !!



The KS potential has a step ΔI in the bonding region 
that exactly realigns the two atomic HOMOs.

The external (i.e. nuclear) potential:

Cartoon of heteroatomic diatom: molecule of two “1-e atoms”

Crucial to prevent 
dissociation into 
fractional charges.

Early work (80’s and 90’s) of 
Perdew,  Almbladh & von Barth, 
Gritsenko & Baerends.

Recent work of Tempel, 
Martinez, Maitra, JCTC (2009)
N. Helbig, I. Tokatly, A. Rubio, 
JCP (2009).

KS HOMO and LUMO are near-
degenerate bonding/antibonding orbitals



But bare KS excitations are completely different!

Aligning of atomic HOMOs � near-degenerate molecular HOMO & LUMO

Excitations in the true system in the dissociated limit:

E.g. E.g.

Lowest CT 
state

And a strange “local” excitation –
single excitation out of HOMO 
leaves ½ e on on atom and 1 ½ e 
on the other!

Near-degenerate HOMO and LUMO � static 
correlation that fxc must “undo”. 

fxc must incorporate double-excitations

Exact KS picture for excitations of LiH-type molecules

Vext



• But usual functional approximations are not so weird, unfortunately � overestimate 
polarizabilities of long-chains. 

-- Need non-local spatial dependence

(e.g. orbital-dependent functionals like EXX with hOEP/KLI, or TD-current-density-FT 

• Similar step structure seen with homo-atomics in electric fields, and affect 
calculations of polarizabilities of chain molecules.

• Peaks: also appear in field-free potential between H2 molecules, act as barriers to 
transport  (much bigger in OEP than in KLI)

Polarizabilities: LDA 114.6 au, KLI 90.6 au, and OEP 84.2 au  (c.f. MP4  75.9 au)

Eg. Hydrogen 
chain

“field-counteracting 
terms”

Response to electric fields
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dynamics



(A little about) TDDFT for Solids

Can we get away with ALDA?

(after all, solids more homogeneous… – but what about step 2, the kernel?)

Metals:

� ALDA good  (usually) – plasmon dispersion

(RPA,  i.e. fxc = 0, not bad either)

S. Botti, A. Schindlmayr, R. del Sole, L. Reining, Rep. Prog. Phys. 70, 357 (2007)

G. Onida, L. Reining, A. Rubio, Rev. Mod. Phys. 74, 601 (2002).

step 1 is often 
“ok”. 



(A little about) TDDFT for Solids
Can we get away with ALDA?

(after all, solids more homogeneous – but what about step 2, the kernel?)

Non-metallic systems: more complicated

� Electron energy loss  (Im )   or x-ray scattering at finite wave-
vector: ALDA good

Optical absorption spectrum                 ALDA bad 

No bound excitons

Gap underestimated 

S. Botti, A. Schindlmayr, R. del Sole, L. Reining, Rep. Prog. Phys. 70, 357 (2007)

G. Onida, L. Reining, A. Rubio, Rev. Mod. Phys. 74, 601 (2002).

Mε
1

)(Im Mε

• Fundamentally, need long-ranged kernel                   in order to 
produce any significant correction to the KS absorption spectrum

• And, need imaginary part to fxc to open the gap

2

1
~

q
fxc

“Quantum Theory of the 
Electron Liquid” G.F. Guiliani
and G. Vignale



Optical absorption:  imaginary part of macroscopic dielectric function:

{ } ( ) { }000
0q

ImqlimIm χε Vmac →
−=

where ( )
��

�
�
�

=

≠=++=
0G,0

0G,
1

, 2
G GVfV xcSS χχχχ

2~ q Long-range excluded, 
so RPA is ineffective

Needs 
component to
correct

21 q

KSχ
0→q limit:

But ALDA is constant
for :0→q

( )0,lim hom

0
==

→
ωqff xc

q

ALDA
xc

E.g. Silicon



• Current-DFT local functional of the 
current contains ultra-nonlocal density 
information

� G. Vignale & W. Kohn, PRL 1996

( The gap correction is not actually incorporated in 
the kernel: here the quasiparticle gap is used) 

Long-range fxc kernels for solids

• TDEXX  

Kim and Görling, PRL (2002). 

de Boeij, Kootstra, 
Berger, van Leeuwen
Sniijders JCP 115
(2001).

•“Nanoquanta kernel”

Build MBPT into TDDFT (localize BSE)

Reining, Olevano, Sottile, Bruneval, Rubio, 
Onida, Adragna, del Sole, Marini, Gatti, 
Marsali, Tokatly, von Barth,

F. Sottile, V. Olevano, and L. Reining, PRL (2003).

E.g. Silicon



meaning, semi-local in space and local in time

Rydberg states

Polarizabilities of long-chain molecules

Optical response/gap of solids

Molecular Dissociation

Long-range charge transfer 

Conical intersections

Double excitations

Coulomb Blockade

Local/semilocal approx inadequate. 
Need Im fxc to open gap and 1/q2

Cure with orbital- dependent fnals
(exact-exchange/sic), or Nanoquanta
kernel or  TD current-DFT 

Adiabatic approx for fxc fails.

Frequency-dependent kernel 
derived for some of these cases

Challenges for the usual functional approximations

Haunted by static correlation in the 
ground-state.

In Linear Response

Need derivative discontinuity
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Poles at KS 
excitations

Poles at true 
excitations

Need (1) ground-state vS,0[n0](r), and its bare excitations

(2) XC kernel 

adiabatic approx: no ωωωω-dep

~  δ(t-t’)

First, quick reminder about excitations in TDDFT: 

Well-separated single excitations: SMA

When shift from bare KS small:        SPA 

Useful tool for analysis

Zoom in on a single KS excitation, q = i� a

No doubles in χs, nor  in 
adiabatic χ



Eg. Zincbacteriochlorin-Bacteriochlorin
complex
(light-harvesting in plants and purple 
bacteria)

Dreuw & Head-Gordon, JACS 126 4007, (2004).

TDDFT predicts CT states energetically well below local fluorescing states. 
Predicts CT quenching of the fluorescence.

! Not observed !

TDDFT error ~ 1.4eV

TDDFT typically severely underestimates long-range CT energies

Important process in 

biomolecules, large enough 

that  TDDFT may be only 

feasible approach !

Long-Range Charge-Transfer Excitations



We know what the exact energy for charge transfer at long range should be:

Why TDDFT typically severely underestimates this energy can be seen in SPA

-As,2
-I1

(Also, usual g.s. approxs underestimate I)

Why do the usual approximations in TDDFT fail for these excitations?

exact

i.e. get just the bare KS orbital energy difference: missing xc contribution to 
acceptor’s electron affinity, Axc,2,  and -1/R

~0 overlap

Dreuw, Weisman, Head-Gordon, JCP (2003)

Tozer, JCP (2003)



Important difference between (closed-shell) molecules composed of 

(i) open-shell fragments, and 

(ii) those composed of closed-shell fragments.

HOMO delocalized over both 
fragments

HOMO localized on 
one or other

� Revisit the previous analysis of CT problem for open-shell fragments:

Eg. apply SMA (or SPA) 
to HOMO�LUMO
transition

But this is 
now zero !

q= bonding � antibonding

Now no longer zero –
substantial overlap on both 
atoms. But still wrong.

Wait!!
!! For dissociating LiH-type molecules, step � KS  HOMO and LUMO are 
delocalized over both Li and H � fxc contribution will not be zero!

LUMO

HOMO

“Li” “H”



Eg. Tawada, Tsuneda, S. Yanagisawa, T. Yanai, & K. Hirao, J. Chem. Phys. 
(2004): “Range-separated” interaction in TDDFT matrix, with parameter μ

Short-ranged, 
use GGA

Long-ranged, use 
HF, gives -1/R

Eg. Vydrov,  Heyd, Krukau, & Scuseria (2006), 3 parameter range-separated, 
SR/LR decomposition…

Eg. Stein, Kronik, and Baer, JACS 131, 2818 (2009) – range-separated hybrid, but 
with non-empirically determined μ

Eg. Dreuw, Weisman, & Head-Gordon, JCP (2003) – use CIS curve but shifted 
vertically to match ΔSCF-DFT to account for correlation

Eg. Zhao & Truhlar (2006) M06-HF – empirical functional with 35 parameters!!! 
Ensures -1/R.

Eg. Heßelmann, Ipatov, Görling, PRA 80, 012507 (2009) – exact-exchange kernel

Many approaches to try to fix TDDFT for CT:



What are the properties of the unknown exact xc kernel that must be well-
modelled to get long-range CT energies correct ?

� Exponential dependence on the fragment separation R, 

fxc ~ exp(aR)

� For transfer between open-shell species, need strong frequency-dependence.

Gritsenko & Baerends (PRA, 2004), Maitra (JCP, 2005), Maitra& Tempel (JCP 2006)

Step  in Vxc re-aligns the 2 atomic 
HOMOs � near-degeneracy of 
molecular HOMO & LUMO � static 
correlation, crucial double excitations �
frequency-dependence!

(It’s a rather ugly kernel…)

“LiH”

Long-Range Charge-Transfer Excitations: Exact kernel

fHxc = χS
-1 - χ-1



J. I. Fuks, A. Rubio, N.T. Maitra, (2010) 
arXiv:1101.1378

• But sometimes one can cheat via spin-symmetry breaking!

CI

Static correlation haunts both local and charge-transfer excitations 
of the molecule

• Even using LDA or GGA, fractional charge � delocalized HOMO & 
LUMO � bare KS HOMO-LUMO gap collapses to zero. 

localizes the orbitals
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http://www.tddft.org

Castro, Rubio, Marques, 
Oliveira, Rozzi, Andrade, 
Nitsche, Strubbe, Sakko, 
Lorenzen, Appel

Freely-available TDDFT code 
for strong and weak fields:

How about beyond linear response? Real-time dynamics

E.g. 

High-harmonic generation

Multi-ionization

Photo-dissociation

Enhanced ionization

Electronic quantum control 

…

Recent example:  Castro, Werschnik, Gross arXiv: 1009.2241v1 Control field for 
charge-transfer from 
LH well to RH

2e in doublewell



Challenges for Real-Time Dynamics in TDDFT

eg. pair density for double-ionization yields (but see Wilken & Bauer PRL (2006) )

eg. Kinetic energies (ATI spectra) or momentum distributions

(1) Where memory-dependence in vxc[n;ΨΨΨΨ0,ΦΦΦΦ0](r,t) is important

“memory dependence” n(r, t’<t), Ψ0,Φ0

Taking                                                          often (typically) fails

(2) When observable of interest is not directly related to the density

(3) When true wavefunction evolves to be dominated by more than 
one SSD

TDKS system cannot change occupation #’s ���� TD analog of static correlation

For references,  see: A. Rajam, P. Hessler, C. Gaun, N. T. Maitra, J. Mol. Struct. 
(Theochem), TDDFT Special Issue 914, 30 (2009) and references therein 



Famous “knee” in double-ionization yield – TDDFT approx can now capture [Lein & 
Kuemmel PRL (2005); Wilken & Bauer PRL (2006) ]

• Generally time-dependent  KS momentum distributions don’t have 
anything to do with the true p-distribution

( in principle the true p-distribution is a functional of the KS system…but what 
functional?!)

Ion-recoil p-distributions 
computed from exact KS
orbitals are poor, e.g.   

Example: Ion-recoil in Non-sequential Double Ionization of He 

(Wilken and Bauer, PRA 76, 023409 (2007))

But what about momentum distributions?



Challenges for Real-Time Dynamics in TDDFT

eg. pair density for double-ionization yields (but see Wilken & Bauer PRL (2006) )

eg. Kinetic energies (ATI spectra) or momentum distributions

(1) Where memory-dependence in vxc[n;ΨΨΨΨ0,ΦΦΦΦ0](r,t) is important

“memory dependence” n(r, t’<t), Ψ0,Φ0

Taking                                                          often (typically) fails

(2) When observable of interest is not directly related to the density

(3) When true wavefunction evolves to be dominated by more than 
one SSD

TDKS system cannot change occupation #’s ���� TD analog of static correlation

For references,  see: A. Rajam, P. Hessler, C. Gaun, N. T. Maitra, J. Mol. Struct. 
(Theochem), TDDFT Special Issue 914, 30 (2009) and references therein 



Example: Quantum Control problems

e.g. pump He from 1s2 � 1s2p.

Problem!! The KS state remains doubly-occupied throughout – cannot evolve into a 
singly-excited KS state under any one-body Hamiltonian.

-- Exact KS system achieves the target  excited-state density, but with a doubly-
occupied ground-state orbital !!

-- Exact vxc is unnatural and difficult to approximate, as are observable-
functionals

-- If initial-final states overlap is targetted, the max for KS is 0.5, while close to 1 
in the interacting problem. 

Maitra, Burke, Woodward PRL 89, 023002 (2002)

Werschnik, Burke, Gross, JCP 123, 062206 (2006)

• This difficulty is caused by the inability of the TDKS system to change 
occupation #’s���� TD analog of static correlation

when true system evolves to be fundamentally far from a SSD



Challenges for Real-Time Dynamics in TDDFT

eg. pair density for double-ionization yields (but see Wilken & Bauer PRL (2006) )

eg. Kinetic energies (ATI spectra) or momentum distributions

(1) Where memory-dependence in vxc[n;ΨΨΨΨ0,ΦΦΦΦ0](r,t) is important

“memory dependence” n(r, t’<t), Ψ0,Φ0

Taking                                                          often fails

(2) When observable of interest is not directly related to the density

(3) When true wavefunction evolves to be dominated by more than one 
SSD

TDKS system cannot change occupation #’s ���� TD analog of static correlation

For references and more, see: A. Rajam, P. Hessler, C. Gaun, N. T. Maitra, J. Mol. Struct. 
(Theochem), TDDFT Special Issue 914, 30 (2009) and references therein 



A New General Approach:

density-matrix propagation with 
semiclassical electron correlation

Will see that it is: 

�Non-empirical

� Captures memory, including initial-state dependence 

� All one-body observables directly obtained 

� Can evolve occupation numbers

Will show two numerical tests:

-- a quantum control type of problem

-- double-excitations in linear-response



replaces n(r,t) as basic variable for linear response applications

• No additional observable-functionals needed for any 1-body observable.

• Adiabatic TDDMFT shown to cure some challenges in linear response TDDFT, e.g
charge-transfer excitations (Giesbertz et al. PRL 2008)

• ?Memory? : generally, may be less severe (Rajam et al, Theochem 2009)

• BUT, adiabatic TDDMFT cannot change occupation numbers (Appel & Gross, EPL 
2010; Giesbertz, Gritsenko, Baerends PRL 2010)

• Formally, TDDMFT equivalent to Phase-Space Density-Functional Theory: 
Wigner function

dyetyryrtprw yip   ),2/,2/(),,( .
1 −+= � ρ

Time-Dependent Density-Matrix Functional Theory

• Earlier Work (Pernal, Gritsenko, Baerends, Giesbertz, 2007 onwards):

� phase-space suggests semiclassical or quasiclassical approximations



E.g. In the electronic quantum control 
problem of He 1s2 � 1s2p excited state 

f1 ~ near 2 � near 1    while   f2 ~ near 0 �
near 1

Need approximate  �2c to change occupation #s and include memory
� difficult    

Equation of Motion for �1 (r’,r,t)

+ 

OUR APPROACH  ���� Semiclassical (or quasiclassical) 
approximations for �2c  via phase-space,  while treating all other 
terms exactly 

SC



p

Semiclassical (SC) time-propagation for ΨΨΨΨ

GSC (r’,r, t)  = 

action along classical path 
i from r’ to r in time tprefactor --

fluctuations around 
each classical path

General form: 
runs classical 
trajs and uses 
their action as 
phase

Heller-Herman-Kluk-Kay propagator:

(HHKK)

x
each center x0,p0 classically evolves to xt,pt via

Ψ(x,0) = Σcnzn(x) Ψsc(x,t) = Σcnzn(x,t)

pdt
dx =

dx
dV

dt
dp −=

Pictorially (1e in 1d), frozen gaussian idea:

zn(x,t) = N exp[–γ(x-xt)2 + iptx + i�t]
zn(x) = N exp[–γ(x-x0)2 + ip0x]

coherent 
state



• Semiclassical methods capture zero-point energy, interference, tunneling (to 
some extent), all just from running classical trajectories.

• Rigorous semiclassical methods are exact to O(h)

• Phase-space integral done by Monte-Carlo, but oscillatory nature can be 
horrible to converge without filtering techniques.

• But for ρ2, have Ψ and Ψ∗ -- partial phase-cancellation � “Forward-Backward 
methods” …some algebra… next slide

J.H. van Vleck, Proc. Natl. Acad. Sci. USA 14, 178 (1928); L. S. Schulman, Techniques 
and Applications of Path Integration , (Wiley & Sons, Inc., 1981); W. H. Miller, Adv. Chem. 
Phys. 25, 69 (1974); E.J. Heller, J. Chem. Phys. 75, 2923 (1981); E. Kluk, M.F. Herman, 
and H. L. Davis, J. Chem. Phys. 84, 326 (1986); K. G. Kay, Annu. Rev. Phys. Chem. 56, 
255 (2005); N. Makri and K. Thompson, Chem. Phys. Lett. 291, 101 (1998);  M. Thoss and 
H. Wang, Annu. Rev. Phys. Chem. 55, 299 (2004). ….



SC/QC Approximations for correlation only: �2c 
From the semiclassically-computed ρ2, extract:

to find the correlation component of the semiclassical ρ2 via: 

Now insert into:

+

Fully 
QM



-- Captures “semiclassical correlation”, while capturing quantum effects 
at the one-body level

-- Has memory-dependence & initial-state dependence naturally carried 
along via classical trajectories 

-- But no guarantee for N-representability

-- How about time-evolving occupation #’s of TD natural orbitals ?

Insert ρρρρSC
2c(r’,r2,r,r2,t) into (quantum) eqn for ρρρρ(r’,r,t):

one of the main 
reasons for the going 
beyond TDDFT!

Eg. In the electronic quantum control problem of He 
1s2 � 1s2p excited state, 

f1 ~ near 2 � near 1    while   f2 ~ near 0 � near 1

Yes!

Next slide..

A. Rajam, I. Raczkowska, N.T. Maitra, Phys. Rev. Lett. 105, 113002 (2010)



Example: Time-dependent Hooke’s atom in 1d

Drive at a transition frequency to encourage population transfer:

e.g. ω2(t) = 1 – 0.05 sin(2t) 

2
21

2
2

2
1

2

)(1

1
))((

2

1

xx
xxt

−+
++ω

Peter Elliott

exact
SC

Note: This calculation 
actually treated all the 
dynamics SC (frozen 
Gaussian), not just the 
correlation.



Changing occupation #’s essential for good observables:

e.g. Momentum-densities at t=200 a.u.

• Within exact TDDFT, 
the KS n(p) very poor 
approx. to the true n(p).

• Adiabatic TDDMFT 
cannot tame the violent 
wiggles nor capture the 
lobes – occ # changes 
essential

kinetic energies at T=200:

Exact 5.855 au
Exact KS 2.039 au
Semiclassical 5.789 au

Exact KS

Exact
SC

• Method promising for quantum 
dots but what about atoms?



Double-Excitations via Semiclassical Dynamics

2
21 )(1

1

xx −+

2

2

1
x

single excitation        double excitation

electron-interaction strongly mixes these

2 states in true system but adiabatic 
TDDFT only gives one.

TDDFT: “DSPA” non-empirical frequency-dependent kernel works 
Maitra, Zhang, Cave, Burke (JCP, 2004)

� linear polyenes eg butadiene, Cave et al. (CPL 2004); Mazur et al. (J. 
Comput. Chem, 2009,IJQC 2011); other Huix-Rollant et al. (arxiv 1008.1048)

-- but here we ask instead, can semi-classical dynamics give us the mixed 
single & double excitation?

Simple model:



2
21 )(1

1

xx −+

2

2

1
x

single excitation        double excitation

electron-interaction strongly mixes these

SC-propagate an initial “kicked” ground-state: Ψ0(x1,x2) = exp[ik(x1
2 + x2

2)] Ψgs(x1,x2)

F
ou

rie
r 

tr
an

sf
or

m
 th

e 
qu

ad
ra

tic
 d

ip
ol

e 
m

om
en

t :

Exact    A-EXX SC DSPA

2.000 1.87  1.99 2.000

1.734 ---- 1.58 1.712
Peaks at 
mixed 
single and 
double

(P. Elliott , S. Goldson, C. Canahui, N.T. Maitra
(submitted to special TDDFT issue of Chem. Phys. 2011)

� (Pure) semiclassical (frozen 
gaussian) dynamics approximately 
captures double excitations.

#’s should improve when coupled 
to exact HX ρ1 dynamics.



Summary 
• TDDFT offers an unprecedented balance between accuracy and 

efficiency for excitation spectra of wide variety of systems

• TDDFT fails for some classes of excitations with usual approx, e.g. 
optical response of solids and long-range charge-transfer excitations 

� intense activity in functional development!

• TDDFT approx for real-time dynamics has some, but limited, success 

• TDDMFT  with a semi-classical treatment of correlation is promising to 
deal with challenges of real-time TDDFT approximations.

-- naturally includes elusive initial-state-dependence and memory and 
changing occupation #’s 

-- potential difficulties: 
-- classical autoionization (“ZPE problem”),  convergence, lack 

of semiclassical—quantum feedback in ρ1 equation

– further tests needed!
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