
2230-4

Spring School on Superstring Theory and Related Topics 

S.S. LEE

28 March - 5 April, 2011

McMaster University 
Hamilton 
Canada

 
 

 

From Emergent Gauge Theory to Emergent Space

 



!"#$%&$'"(')*%+,-('%./'#"0%
%*#%1#2#(",3/0%

4-)(5467%8''%
9:9,;*'"%<)6='";6*0



>,:7("#-)?
•  @-,)*-$%A'2?%*/'#"0%6;%,%-)6='";,2%B",$'C#"7%*/,*%

?';:"6D';%2#)(%C,='2')(*/%E-:*-,F#);%6)%G-,)*-$%$,)05
D#?0%;0;*'$;%H%2#C%')'"(0%'I':F='%*/'#"0%#B%;*"6)(%*/'#"0J%
:#)?');'?%$,K'"%;0;*'$;JL%

•  M)'%(#,2%6)%N9%3/0;6:;%6;%*#%/,='%,%:#$32'*'%:2,;;6A:,F#)%
#B%3#;;6D2'%3/,;';%OPQ%AR'?%3#6)*;S%#B%$,K'"%,)?%
-)?'";*,)?%2#C%')'"(0%3/0;6:;%-;6)(%2#C%')'"(0%'I':F='%
A'2?%*/'#"0%
&RS%8,)?,-%!'"$6%26G-6?%*/'#"0%B#"%,%:2,;;%#B%$'*,2;%

•  T,*,%B#"%PQ%AR'?%3#6)*;%H%:#)*')*;%,)?%G-,)*-$%)-$D'";%#B%
2#C%')'"(0%?'("'';%#B%B"''?#$J%;0$$'*"0%

•  PQ%*/'#"0%6;%6)%3"6):632'%:#$32'*'20%AR'?%D0%<U%*/'#"0%
O"'?-:F#)6;F:SJ%0'*%6*%6;%-;-,220%/,"?%*#%?'"6='%PQ%?,*,%B"#$%
,%A";*%3"6):632'%:,2:-2,F#)%,)?%*/'0%;#$'F$';%D',"%26K2'%
"';'$D2,):'%*#%*/'%<U%#)'%O'$'"('):'S%%



>,:7("#-)?%O:#)*V?S

•  T6I'"')*%*03';%#B%PQ%AR'?%3#6)*%
– +,33'?%3/,;';%O)#%PQ%?W#WBWS%H%O*"6=6,2S%6);-2,*#"J%
:#)A)'$')*%3/,;'%6)%(,-('%*/'#"0%

– .#3#2#(6:,2%3/,;';%O;-D5'R*');6='%PQ%?W#WBWS%H%
@-,)*-$%1,22%26G-6?;J%N/'")546$#);%*/'#"0%

– +,32';;%3/,;';%O'R*');6='%(,32';;%$#?';S%H%$'*,2J%
?':#)A)'$')*%3/,;'%6)%(,-('%*/'#"0J%G-,)*-$%
:"6F:,2%3#6)*;%6)%:#)?');'?%$,K'"%;0;*'$;%

•  +,32';;%$#?';%:,)%D'%3"#*':*'?%D0%O'$'"(')*S%
;0$$'*"0J%#"%:,)%D'%,:/6'='?%D0%A)'%*-)6)(%O'W(W%@NXS%



>,:7("#-)?%O:#)*V?S

•  T6I'"')*%*03';%#B%(,32';;%3/,;';%
–  PQ%B"''%*/'#"0%O',;6';*S%H%(,-('%*/'#"0%6)%TYZ%
– [',720%6)*'",:F)(%*/'#"0%O',;0S%H%\T%MO]S%$#?'2%6)%
*/'%2,"('%]%26$6*%

–  4*"#)(20%:#-32'?%6)%#"6(6),2%=,"6,D2';%D-*%C',720%
:#-32'?%6)%?-,2%=,"6,D2';%O)#)5*"6=6,2J%D-*%',;0%#):'%
?-,26*0%$,336)(%6;%B#-)?S%H%;*"#)(20%:#-32'?%ZT%(,-('%
*/'#"0%O'2':*"#5$,()'F:%?-,26*0S%%

–  ./'#"0%*/,*%/,;%)#%C',7%:#-326)(%?';:"63F#)%
O/,"?';*S%H%ZT%(,-('%*/'#"0%,*%6)*'"$'?6,*'%:#-326)(%



>,:7("#-)?%O:#)*V?S
•  ./'#"6';%*/,*%/,='%C',7%:#-326)(%?';:"63F#);%6)%*'"$;%#B%?-,2%

=,"6,D2';%
–  M"6(6),2%^3,"F:2';V%"'$,6)%;*"#)(20%:#-32'?%,)?%/,='%;/#"*%26B'%
F$'J%0'*%*/'0%,"'%#"(,)6_'?%6)*#%2#)(526='?%OC',720%:#-32'?S%
:#22':F='%'R:6*,F#);%

–  T-,26*0%$,336)(%6;%,%:/,)('%#B%=,"6,D2'%B"#$%*/'%#"6(6),2%
3,"F:2';%*#%*/'%:#22':F='%'R:6*,F#);W%./'%)#)5*"6=6,2%
6)B#"$,F#)%#)%*/'%;*"#)(%:#-326)(%?0),$6:;%6;%'):#?'?%6)%*/'%
?-,26*0%$,336)(W%

–  T-,2%=,"6,D2'%$,0%:,""0%)'C%O;#$'F$';%B",:F#),2S%G-,)*-$%
)-$D'";%H%B",:F#),26_,F#)%

–  T-,2%=,"6,D2'%$,0%26='%6)%?6I'"')*%;3,:'%H%/#2#(",3/0%
–  !",:F#),26_,F#)%,)?%/#2#(",3/0%,"'%*/'%*#36:;%#B%*/6;%2':*-"'%



>,:7("#-)?%O:#)*V?S

•  P)%B",:F#),26_,F#)J%*/'%?-,2%?';:"63F#)%6;%(,-('%
*/'#"0%H%"'?-)?,):0%6)%3/,;'%O'$'"(')*%3/,;'S%%

•  P)%/#2#(",3/0J%*/'%?-,2%?';:"63F#)%6;%(",=6*0%H%
"'?-)?,):0%6)%;3,:'%O'$'"(')*%;3,:'S%

•  P):6?')*,220J%(,-('%*/'#"0%,)?%(",=6*0%,"'%*/'%*C#%
B-)?,$')*,2%D-62?6)(%D2#:7;%#B%#-"%),*-"'%

•  !",:F#),26_,F#)%,)?%/#2#(",3/0%$,0%;/'?%
6$3#"*,)*%6);6(/*;%6)*#%(,-('%*/'#"0%,)?%(",=6*0%
*/'$;'2=';%
– [/0%6;%),*-"'%D-62*%#)%*/'%3"6):632'%#B%"'?-)?,):0`



X2,)

PW  !",:F#),26_,F#)%,)?%'$'"(')*%(,-('%*/'#"0%
6)%;*"#)(20%:#""'2,*'?%;0;*'$;%

PPW  1#2#(",3/6:%?';:"63F#)%#B%@!.%%
aW  .#0%$#?'2%
bW  MO]S%$#?'2%
\W  <O]S%(,-('%*/'#"0



I. Fractionalization 
./6;%3,"*%#B%2':*-"'%6;%D,;'?%#)%,%3'?,(#(6:,2%$#?'2%3"#3#;'?%6)%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%c48%,)?%X,*"6:7%8''J%XQ>%OdeSf

•  M"6(6),2%6?',%#B%B",:F#),26_,F#)%6)%;36)%;0;*'$;%C,;%6)*"#?-:'?%
D0%!,_'7,;%,)?%XW[W%g)?'";#)J%X/62;W%9,(W%\dJ%Z\b%OhZSW%

•  9,)0%'R,:*20%;#2=,D2'%$#?'2;%H%3"##B%#B%3"6):632'%ci6*,'=j%kW5+W%
[')j%9#';;)'"%,)?%4#)?/6j%9#*"-)6:/%,)?%4')*/62J%Lf%

•  4*"6)(5)'*%O1,$62*#)6,)S%36:*-"'%H%9W%8'=6)%,)?%kW5+W%[')%
•  !-"*/'"%"'=6'C;%,)?%,3326:,F#);%*#%:#)?');'?%$,K'"%;0;*'$;%H%

•  XW%gW%8''J%]W%],(,#;,J%kW5+W%[')J%Q'=W%9#?W%X/0;W%%hlJ%ah%
ObddmS%

•  4W%4,:/?'=J%dndaWZad\%
•  8W%>,2')*;J%],*-"'%ZmZJ%ann%ObdadS%



Outline 

•  Model 
•  Field theory description of fractionalization 
•  World line picture of fractionalization 

– Emergence of gauge theory 
– Statistics of fractionalized particles 
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θabi + θbai = 0
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: complex auxiliary field 

•  aij : gauge field associated with local symmetry 
•  Bare gauge coupling is infinite (auxiliary field)  
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•  Integrating out high energy modes generates kinetic term  
     for the gauge field 
•  In the large N limit, renormalized gauge coupling is small :  
     g2 ~ 1/N, and deconfinement phase is stable 
•  Low energy excitations : fractionalized bosons, gauge boson 
•  Fractionalized bosons are weakly coupled in the large N limit 
•  Phase of fractionalized bosons becomes classical in the large 

N limit (emergence of phase), although not gauge invariant 
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Dynamics (strong coupling : K3 >> 1) 
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World Line Web 
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physics @ largest length scale    
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World Line Web 
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physics @ intermediate length scale    
              

8')(*/%;:,2'%

v\%

vb%

•  [#"2?%26)'%C'D%2##7;%267'%,%;$##*/%$'$D",)'%C/6:/%E-:*-,*'%C62?20%
•  M)'%:,)%-)?'";*,)?%*/6;%$'$D",)'%,;%C#"2?%;/''*%#B%'2':*"6:%E-R%26)'%#B%

<OaS%(,-('%*/'#"0%



World Line Web 
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Physics near loop length scale   
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Physics near loop length scale   
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Emergence of new charge & 
new electric field                
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physics @ smallest length scale    
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Dynamics of off-diagonal exciton 
(strong coupling : Kn >> 1) 
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[SL, Patrick Lee(05)] 
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Fermion loop   
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Summary 

•  Fractionalized particles and emergent gauge 
boson can arise as low energy excitations 

•  In large N limit, fractionalized particles are 
weakly coupled 

•  Statistics (spin) is dynamically determined 
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where

S
′

j = Sj [φ̃]

+iP1J1 − iP1(j1 + 2j2φ̃+ 3j3φ̃
2 + 4j4φ̃

3) + J1φ

+iP2J2 − iP2(j2 + 3j3φ̃+ 6j4φ̃
2) + J2φ

2

+iP3J3 − iP3(j3 + 4j4φ̃) + J3φ
3

+iP4J4 − iP4j4 + J4φ
4. (14)

Nowwe integrate out φ̃ to obtain an effective action for the source fields. The massm2 for the high

energy field is proportional to 1/dz and only terms that are linear in dz contribute to the effective

action (for the derivation, see the Appendix A),

Z[J ] =

∫

dφΠ4
n=1(dJndPn) e

−(SJ [φ]+M2φ2+S(1)[J,P ]), (15)

where

S(1)[J, P ] =
4

∑

n=1

i(Jn − Jn + nαdzJn)Pn

+
αdz

2M2
(iJ̃1 + 2P1J̃2 + 3P2J̃3 + 4P3J̃4)

2 (16)

with J̃n = (Jn + Jn)/2.

After repeating the steps from Eqs. (3) to (15) R times, one obtains a path integral for the

partition function

Z[J ] =

∫

ΠR
k=1Π

4
n=1(DJ (k+1)

n DP (k)
n )e−S(R)[J(k),P (k)]Z[J (R+1)], (17)

where

S(R)[J (k), P (k)] =
R
∑

k=1

[

4
∑

n=1

i(J (k+1)
n − J (k)

n + nαdzJ (k)
n )P (k)

n

+
αdz

2M2
(iJ̃ (k)

1 + 2P (k)
1 J̃ (k)

2 + 3P (k)
2 J̃ (k)

3 + 4P (k)
3 J̃ (k)

4 )2
]

(18)

with J̃ (k)
n = (J (k+1)

n + J (k)
n )/2 and J (1)

n = Jn. The non-trivial solution for Eq. (17) is given by

Z[J ] =

∫

Π4
n=1(DJnDPn) e

−S[J,P ], (19)

where

S[J, P ] =

∫ ∞

0

dz
[

i(∂zJn + nαJn)Pn

+
α

2M2
(iJ1 + 2P1J2 + 3P2J3 + 4P3J4)

2
]

. (20)
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where
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2) + J2φ
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+iP3J3 − iP3(j3 + 4j4φ̃) + J3φ
3
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4. (14)

Nowwe integrate out φ̃ to obtain an effective action for the source fields. The massm2 for the high

energy field is proportional to 1/dz and only terms that are linear in dz contribute to the effective

action (for the derivation, see the Appendix A),

Z[J ] =

∫

dφΠ4
n=1(dJndPn) e

−(SJ [φ]+M2φ2+S(1)[J,P ]), (15)

where

S(1)[J, P ] =
4

∑
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i(Jn − Jn + nαdzJn)Pn

+
αdz

2M2
(iJ̃1 + 2P1J̃2 + 3P2J̃3 + 4P3J̃4)

2 (16)

with J̃n = (Jn + Jn)/2.

After repeating the steps from Eqs. (3) to (15) R times, one obtains a path integral for the

partition function

Z[J ] =

∫

ΠR
k=1Π

4
n=1(DJ (k+1)

n DP (k)
n )e−S(R)[J(k),P (k)]Z[J (R+1)], (17)

where

S(R)[J (k), P (k)] =
R
∑

k=1

[

4
∑

n=1

i(J (k+1)
n − J (k)

n + nαdzJ (k)
n )P (k)

n

+
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(iJ̃ (k)

1 + 2P (k)
1 J̃ (k)

2 + 3P (k)
2 J̃ (k)

3 + 4P (k)
3 J̃ (k)

4 )2
]

(18)

with J̃ (k)
n = (J (k+1)

n + J (k)
n )/2 and J (1)

n = Jn. The non-trivial solution for Eq. (17) is given by

Z[J ] =

∫

Π4
n=1(DJnDPn) e

−S[J,P ], (19)

where

S[J, P ] =

∫ ∞

0

dz
[

i(∂zJn + nαJn)Pn

+
α

2M2
(iJ1 + 2P1J2 + 3P2J3 + 4P3J4)

2
]

. (20)
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P1 and P2 are Lagrangian multipliers which impose the constraints,

(∂zJ1 + αJ1) =
J2

2J4
(∂zJ3 + 3αJ3),

(∂zJ2 + 2αJ2) =
3J3

4J4
(∂zJ3 + 3αJ3). (28)

Remarkably, these constraints have a local solution, that is, the fields J1 and J2 at a scale z depend

only on the independent field J3 at the same scale,

J1 =
J3
3

16J2
4

+ J2e
−2αz J3

2J4
,

J2 =
3J2

3

8J4
+ J2e

−2αz. (29)

This locality is guaranteed because all source fields at a given scale are tied with one fluctuating

field φ̃ at the same scale. Here we considered the case with Z2 symmetry where Jn = 0 for odd

n. From this one can write down the local action for the independent field J3 in the bulk,

S =

∫ ∞

0

dz

[

M2

32αJ2
4

(∂zJ3 + 3αJ3)
2 + ∂z

{

J4
3

256J3
4

+
J2e−2αz

16J2
4

J2
3

}]

. (30)

The first term is a bulk term and the second term is a boundary term. Since J3(z = 0) = 0,

the boundary terms contribute only at the infrared limit z = ∞. The theory for J3 is free in the

bulk, but the boundary term contains non-trivial interactions. Presumably, this theory is not easier

to solve than the original theory due to the boundary interactions. However, the construction of

the dual theory for the toy model illustrates how one can construct dual theories for more general

field theories. Now, rather than trying to analyze the theory (30), we will move on to apply the

prescription to more non-trivial field theory : D-dimensional O(N) vector model.

III. D-DIMENSIONAL O(N) VECTOR THEORY

A. Construction of dual theory

We consider a D-dimensional vector field theory,

Z[J ] =

∫

DΦa e
−(SM [Φ]+SJ [Φ]), (31)

8

where

SM [Φ] =

∫

dxdy Φa(x)G
−1
M (x− y)Φa(y),

SJ [Φ] =

∫

dx
[

JaΦa + JabΦaΦb + JabcΦaΦbΦc + JabcdΦaΦbΦcΦd

+J ij
ab∂iΦa∂jΦb + J ij

abcΦa∂iΦb∂jΦc + J ij
abcdΦaΦb∂iΦc∂jΦd

]

. (32)

Here
∫

dx and
∫

dy are integrations on a D-dimensional manifoldMD. Here we useMD = RD

for simplicity. Φa is O(N) vector field. G−1
M (x) is the regularized kinetic energy with

G−1
M (x) =

∫

dp p2K−1 (p/M) eipx, (33)

where px ≡ pixi. K−1(s) is an analytic function of s2, which remains to be order of 1 for s < 1

and grows smoothly for s > 1, for example,

K−1(s) = es
2
. (34)

The mass scale M is a UV cut-off above which fluctuations of Φa are suppressed. SJ is a de-

formation of the free theory. We consider sources Jab... which are fully symmetric in the flavor

indices a, b, .... In general, the sources may depend on x. Although we can add more general

deformations, we will proceed with this quartic action (32) which is sufficient to illustrate general

features of the holographic description.

To integrate out high energy modes, we add an auxiliary vector field Φ̃a,

Z[J ] = [det G̃D]
−N/2

∫

DΦDΦ̃ e−(SM [Φ]+SJ [Φ]+S̃[Φ̃]), (35)

where

S̃[Φ̃] =

∫

dxdy Φ̃a(x)G̃
−1
D (x− y)Φ̃a(y). (36)

The form of the propagator G̃D for the auxiliary field does not affect the final answer. Then, we

find a new basis φ and φ̃,

Φa(x) = φa(x) + φ̃a(x),

Φ̃a(x) =

∫

dy
(

A(x,y)φa(y) +B(x,y)φ̃a(y)
)

, (37)

where A and B are chosen to satisfy

G−1
M + AT G̃−1

D A = G−1
M ′ ,

G−1
M +BT G̃−1

D B = G̃
′−1,

G−1
M + AT G̃−1

D B = 0 (38)
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consistent with UV boundary condition.  
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Turn on x-dependent sources at UV boundary : 
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Z[J ] =

�
dUdJdPe−S

S = iN2
∞�

n=1

�

{C1,...,Cn}∈X

P{C1,..,Cn}(J{C1,..,Cn} − J{C1,..,Cn})

−
∞�

n=1

�

{C1,...,Cn}∈X

N2−nJ{C1,..,Cn}
�

i

WCi +N2
H[J , P ]
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{C1,..,Cn}}
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Since it is difficult to write down the full theory in a compact form, let us try to understand

some general features of the theory from the first few leading terms of the action in the strong

coupling expansion (J << 1). By plugging Eqs. (14)-(16) into Eqs. (29) and (30), one obtains,

SLLFT = N2
∞�

l=0



i
∞�

n=1

�

{C1,..,Cn}

P (l+1)
{C1,..,Cn}(J

(l+1)
{C1,..,Cn} − J (l)

{T [C1],..,T [Cn]}) +H[J (l), P (l+1)]



 ,

(33)

where the ‘Hamiltonian’ H (the reason for this naming will become clear shortly) is given by

H[J, P ] = −
�
JC̃ + iPC1

�
JL1δL1,T [C1]+C̃ + J{T [C1],C̃} +

1

2
JL1JL2δL1,1+L2,1,T [C1]δL1,2+L2,2,C̃

�

+ iP{C1,C2}

�
JL1δL1,1,T [C1]δL1,2+L1,4,C̃

δL1,3,T [C2] + J{L1,L2}δL1,1,C̃
δL1,2,T [C1]δL2,T [C2]

+ J{T [C1],T [C2],C̃}

�
+ ...

�
×

�
J ¯̃C

+ iPC3

�
JL3δL3,T [C3]+

¯̃C
+ J{T [C3],

¯̃C} +
1

2
JL3JL4δL3,1+L4,1,T [C3]δL3,2+L4,2,

¯̃C

�

+ iP{C3,C4}

�
JL3δL3,1,T [C3]δL3,2+L3,4,

¯̃C
δL3,3,T [C4] + J{L3,L4}δL3,1,

¯̃C
δL3,2,T [C3]δL4,T [C4]

+ J{T [C3],T [C4],
¯̃C}

�
+ ...

�
+ ..., (34)

where ... include terms that involve fields associated with multi-loop states and higher order terms

in J, P, 1/N . Here indices Li, Ci and C̃ are understood to be summed over loops in X + Y , X
�

and Y , respectively. LLFT is defined on the (D + 1)-dimensional lattice shown in Fig. 7. This

lattice can be viewed as a discrete version of the anti-de Sitter (AdS) space where the continuous

isometry l = l
�
+ α, xµ = eαxµ�

of the metric ds2 = dl2 + e−2l
�D

µ=1 dx
µ2

is replaced by a

discrete scale invariance, l = l
�
+ 1, xi = 2x

�
i. This kind of ‘discrete AdS’ space has been the

natural setting for the real space renormalization group approach and the multi-scale entanglement

renormalization Ansatz (MERA)[25–27]. The degrees of freedom of LLFT are fields of loops

J (l)
{C1,..,Cn} and P (l)

{C1,..,Cn}. It is convenient to interpret l as a discrete ‘time’. Then we can identify

the first term in Eq. (33) as the Berry phase term which dictates that J (l)
{C1,..,Cn} and P (l)

{C1,..,Cn} are

conjugate to each other : J (l)
{C1,..,Cn} (P (l)

{C1,..,Cn}) is the path integration representation of an operator

that annihilates (creates) a set of loops {C1, .., Cn} at time l, and J (l)
C̄1,..,C̄2

(P (l)
C̄1,..,C̄2

) is associated

with an annihilation (creation) operator of ‘anti-loops’. The remaining term H in Eq. (33) is the

‘Hamiltonian’ that governs the evolution of the loop fields along the discrete time.

Now let us take a closer look at the Hamiltonian to understand the physical meaning

of each term. The quadratic term JC̃J ¯̃C
describes a process where a loop C̃ and its anti-

12
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4,??2'%3#6)*%&M9large N limit. The saddle point occurs along the imaginary axis for P{C1,..,Cn} = −iP{C1,..,Cn}.

The equation of motion takes the form of the Hamilton equation[10] in discrete time,

J (l+1)
{C1,..,Cn} − J (l)

{T [C1],..,T [Cn]} = −∂H[J (l), P (l+1)]

∂P (l+1)
{C1,..,Cn}

, (40)

P
(l+1)
{T−1[C1],..,T−1[Cn]} − P

(l)
{C1,..,Cn} =

∂H[J (l), P (l+1)]

∂J (l)
{C1,..,Cn}

. (41)

The second equation needs a further explanation. In general, there is no inverse for the map T

because not all loops in step l survives in step (l + 1). If there is no inverse for Ci, we simply

define P
(l+1)
{..,T−1[Ci],..} = 0.

To solve the equations of motion, one needs two boundary conditions for each {C1, .., Cn}.

One condition is given by Eq. (32). The other condition should be implemented dynamically,

namely by minimizing the whole action over all possible paths of J (l)
{C1,..,Cn} and P (l)

{C1,..,Cn} subject

to Eq. (32). This is analogous to the problem of finding the classical trajectory of a particle where

the initial position is fixed, but the initial velocity is a variational parameter one uses to minimize

the action.

FIG. 11: A non-local coupling between two separated circular small loops mediated by two large elongated

loops. The non-local interaction creates dips in the final state of the small loops.

Is the theory local in (D+ 1) dimensions ? The theory is evidently local along the new dimen-

sion l. The locality along the original D dimensions is more tricky. This is because size of loops

can be arbitrarily large. Even though one starts with small loops, multi-loop interactions generate

large loops. Large loops can, in turn, mediate interactions between loops which are far from each

other. Fig. 11 shows an example where two large loops C1 and C2 mediate interaction between

two small loops C �
1 and C

�
1 which are far from each other,

P (l+1)
{L1,L2}J

(l)
C1
J (l)
C2
J (l)

C
�
1

J (l)

C
�
2

δC�
1,1+C1,1,T [L1]

δC�
2,1+C1,3,T [L2]

δC1,2+C
�
2,2+C1,4+C

�
1,2,C2

. (42)

The non-local coupling between J (l)

C
�
1

and J (l)

C
�
2

is proportional to the amplitude of the large loops,

J (l)
C1
J (l)
C2

. This looks bad for locality. However, if the saddle point value of JC decreases exponen-

tially as the size of the loop increases, the non-local coupling is exponentially small. In this case,
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