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2) Social@business networks => basis of stability of 
society 

3) Electricity power network 

4) Informational networks: radio,tv,e-libraries, 
mobile phone networks 

5) Internet and www 

6) Airline network 

7) Bio-networks: network of  neurons and so on 
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 T 

The Kevin Bacon game requires connecting every actor  
to Bacon via the movies in which they played together. 

For example, Mike Myers is two links away from Bacon, as he 

played with Robert Wagner, who in turn played with Bacon  
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Strong and Weak Links between 
people in Canberra, Australia 
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Actions and feelings can be as  
contagious as a virus 



3/24/11 Science of Internet 17 



3/24/11 Science of Internet 18 



3/24/11 Science of Internet 19 

Michael Bond,   New Scientist magazine, 
 2689,  page 24-27, 30 December 2008. 
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Kneifhof island Pregel river 



Kneifhof island Pregel river 
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(a)

Rewiring of links

(b)

Addition of links
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(a)

Rewiring of links

(b)

Addition of links
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 Poisson Distribution !

The Poisson degree distribution of a random network means that the 
network is similar to a highway system. In contrast, networks with a power 
law degree distribution (scale-free) are more similar to the airline routing 
map "
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Connectors=Hubs !
Are people with many links!

They are easily making friends and acquaintances!

 They spread fashion, gossips, deceases and many 
trends!

 They penetrate the society in all directions!

 They are extremely useful to keep the society!

 The connectors are fundamental property of all real 
networks!
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LogP(k) 
Log k 

Fractal structure 
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routers
Domain

Domain Domain

Hosts
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LogP(k) 
Log k 
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 T 

Is Kevin Bacon a HUB or a connecter? 

Tom Cruise 

Mike Myers 

In the named game we were able to connect every actor to Bacon 
via the movies in which they played together.  

For example, Mike Myers is two links away from Bacon, as he 
played with Robert Wagner, who in turn played with Bacon 
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His popularity is  due to a game “ Oracle of Kevin Bacon”!

One may assume that if the actor  has acted in  more films !

To the more actors he should be connected!

Hubs in the movie networks:  Is Kevin Bacon a HUB?!

But this does not work, the size of network does not matter!
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Kevin Bacon is on 876 place, he has 2.79 links to all other 
actors!

Rod Steiger is an actor number one (HUB)- 2.53 links!
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There are Hubs everywhere!

Theodore Roosevelt, on of the biggest social hubs 
of his time, with over 22,000 acquitances.!

!

http://www.cnn.com/SPECIALS/1999/panama. 
canal/stories/history/link.theodore.roosevelt.jpg !

His appointment book listed more than 
20,000 people who wanted to talk to him!
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Top Actors-Hubs!

Mel Blanc"
The famous voice actor, that 
appears in most (759) movies. He 
lended his voice to such 
characters as Bugs Bunny or 
Woody Woodpecker."

Spider Man, who appears in over 1600 comic books is one  
of the hubs of the Marvel Universe.  
See, e.g. http://xxx.lanl.gov/abs/cond-mat/0202174. 
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financial 
markets 

clearing and 
settlement 

central  
bank 

markets for goods 
and services 
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Bose-Einstein Distribution 

µ=-45.64 
T=5.36 

Pareto tail 
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Preferential  
     attachment  
“rich get richer” 

tolerant to random 
failure…  

vulnerable to 
informed attack 

Albert, Jeong, Barabasi, Nature 2000 



3/24/11  tenretnI fo ecneicS 45 



3/24/11 Science of Internet 46 

Western Power 
Grid (WECC), 
69 kev lines 
and above 

Power-low or 
fat-tailed 
distribution 

Highest load 

Highest degree 
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Daily snapshots 

N, Ni 

#nodes 
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Daily snapshots 

M, Mi 

#links 
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The average path length is !=2.6±0.2 across our sample.  
The mean eccentricity is "=4.7±0.33,  
The diameter ranges between D~ 6 and 7 across days  
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Our Aim: Using Statistical Mechanics  to 
describe  networks  (economy) 

•  Generalization of Yakovenko et al approach: 
•  Introduction of general economic agents (may 

be a person, a bank or a company) 
•  Total number of agents Ni changes in time 
•  Trading of economic agents: in each moment of 

time (Yes- trading, No-Skipping) 
•  We are aiming to derive general network and 

market variables ( Money, what else ??) 
•  We are aiming to Derive general market 

economic potentials (Money, what else??) 

1 
2 

3 

N 

m5 
m6 

m8 m7 

m1 
m2 

m4 m3 
past-future 



 

Market or society operation as 
dynamical network 

Many economic units (circles), which are interacting via trading, change the market state? 

Yes- trading, there is a link,              No-Skipping, no link 

FVK 2010 
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Ensembles of networks 
•  Micro-Canonical: the number of nodes, N, and 

the number of links M are fixed,                     
>the example is a random graph, its degree 
distribution is  

•  Canonical: the number of nodes, N,is fixed and 
the number of links M fluctuates,  while its 
average is fixed, P(M)? 

•  Grand-Canonical: the number of nodes, N, and 
the number of links M fluctuate, while their 
average are fixed, P(M)?  
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Snapshots of the market economy 
•  Assume that  we made many (total number, A) snapshots 

during some long enough time interval, T 
•  During this time the money of workers changes 
•  Then  among the total number of snapshots  each worker may 

have different amount of money and made a different number 
of trading (links)  

•  Consider a single node, that is N=1, CANONICAL ENSEMBLE: 
•   Then a1 times he has the number of links M1  and a2 times he 

has the number of links M2, so on 

Find the most optimal configuration of the network or  a 
probability of the node, P(m), to have m links:  

»  .............. 

a1 a2 a3 a4 aN 

M2 links a2 times M1 links a1 times MN links aN times 

coana
Rectangle
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Market network snapshots 
•  A market mechanism mediates commodity exchange,  chaotic,  
•  This means that during quite a long time interval t0 any worker may get any 

amount of money but with different probability 

•  Total number of different configurations is W= A!/(a1 !a2 !a3 !a4 !...aN !) 

•  Then the most optimal configuration corresponds to the snapshot which is 
meeting  the most often times . 

•  But we have to take into account the constraints: 

•  A - total number of snapshots and M-average number of links a chosen 
node- degree of the graph( or money of the agent on the market) 

•  Problem: to find the maximum value or the most probable 
distribution from the total number of configurations W (or log[W]) 

Mi links 

Mi links 
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The most probable snapshots of the 
market: Boltzmann degree distribution 

•   The derivative gives that 

•  After some calculations we obtain the probability of 
the node i to have the degree Mi : 

•  The constant Z is equal to 

•  The degree of the network (degree of the graph) is 
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The number of nodes, M, and of links, N, fluctuate 
Constraints: # of replicas; # of  average links, # of average nodes 
are  equal to A,                   A M and          A N, respectively 

Average # of migrating agents does not depend on time 

By optimisation or finding of the most probable snapshots via equation  

We find the network degree distribution or 
 a probability of the network to have Mi links and Ni nodes  in the form: 

Where the partition function is 
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Individual or degree distribution 

•  Estimate the partition 
function Z 

•  Nodes in a graph are  
indistinguishible  

•  Making a summation for 
each node, which may 
have any # of links 

mr links 

Ni- total number of nodes in the network 

Mi -total number of links 
     in the network 

Let nr=0,1,2,…, ! 

Let    nr   =      0,  1,  2,  …, ! 
mr =1,, 2, 3, …, …, ! 
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Using the Partition function Z 
- find the degree distribution 

•  Taking into account that  each node may 
have any number of links we have Z 

•  Then we find the total average number of 
the links 



3/24/11 59 

The degree distribution of network 
with fluctuation in N and M 

•  Average number of nodes having mr links 
•  Or degree distribution 

•  This is Bose-Einstein distribution !!!, used 
in physics and economics 

•  The degree of the graph is 
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Analogy between 3 systems 

1.  Networks: number of links in a node, ki  
2.  Gas of Particle: energy of particles,  Ei   
3.  Economics: money of agents in financial 

network, mi 

These many-body systems may be described by either  
by Boltzmann distribution or  

by Bose-Einstein distribution 
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Total average money 

•  the salary and debt distribution: 

•  The same “chemical” potential µ in both eqs! 
•  Total average debt D and money M are 

connected by µ and inter dependent  !!! 
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Economic Potential µ 
1. If M>0, D=0, µ<0, 
Large negative value 

3. If M=D, µ=0 !!!! 

M 

M 

M 

D 

2. If M>0, D>0,  but M>>D 
µ<0, small negative value 

no debt 

small debt 

large debt 
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Economic Potential  µ =0 
 Bose-Einstein condensation  

•   This means that majority of agents have zero 
salary, ie m=0. As no job agents 

•  No salary = salary with zero income 
•  Unemployment is Bose-Einstein condensation 
•  May be  very large number of people with m=0 
•  Economically  they are all indistinguishible 

Summary: This is situation of financial crisis! 
Question: How it is happen?, can we predict this? 
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Financial  Crisis arises in a la’ 
‘Carnot’ circle 

4 states of market economy: 
•  1.Growing Debt leads into 

recession 
•  2.Crisis 
•  3.Out of crisis 
•  4.Up-turn 

•  Crisis corresponds to µ2=0, 
that is, Bose-condensation 

•  This is  massive company 
closures, unemployment  

Dangerous 
threshold 

Negative values of µ 

µ 

N 
N2 

N1 

µ2=0 µ1 

CRISIS 

Debt is growing 
Into recession Top 

Bottom Out of recession 



USA Income distribution 
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Economics of USA 
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Summary 
•  Applied Statistical Mechanics to Networks and 

Market Economy 
•  Derived Exponential (Boltzman) distribution  of 

money and income (confirm Yakovenko et al) 
•  Derived Bose-Einstein distribution of  links in 

financial networks, money, income and wealth 
•  Derived potentials and variables more market 

economy ( include a description of money, 
income, debt and wealth) 

•  Describe formation of financial crisis 
quantitatively as BEC transition 

Conclusion: The length of the global finance crises depends on the value of global debt 
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