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Outline

• Experiments on Like-charge Attraction
• Poisson-Boltzmann and DLVO and gap between them
• Previous Theories beyond Poisson-Boltzman
• Two Fluid Model and Interaction between two likely 

charged plates
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Two Simple Questions about Electrolytes

These two questions have remained controversial for long time.

attract or repel?

moving right or left?
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Classical DLVO Theory
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Always much weaker at scales we want to study
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Attraction between Like-Charged Colloids
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Figure 4 Interaction potential as a function of centre-to-centre separation for a pair of 
0.65-flm-diameter polystyrene sulphate spheres near a charged glass surface. The 
experimental geometry is represented schematically in the inset. The upper 
curve was measured a distance h = 9.5 :':: 1.0 flm from the nearest wal l and has 
been offset by 1ksTverticallyforclarity. The dashed line is a fitto equation (1). The 
lower curve was acquired at h = 2.5 :':: 0.5 flm and has an attractive minimum 
-07ksT deep for spheres separated by more than five diameters. 

similarly would exert too weak an influence. The attraction's 
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Like-charge attractions in metastable 
colloidal crystallites 
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Weak coupling regime!
“Confinement induced attraction”?

Monovalence Ions

polystyrene, monovalent counter-ions
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Direct Imaging of Bound States
particle diameter: 600nm
Debye length: 500nm
More than 200µm away from wall

No bound states seen in sample 3

In sample 1 & 2, bound states last 
seconds

polystyrene, monovalent counter-ions
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Likely-Charged Lipid Layers

H. Boroudjerdi et al. / Physics Reports 416 (2005) 129–199 135

particles in motion and thus leads to dissipation of energy, one is facing a non-equilibrium situation. It also
changes the equilibrium distribution functions, and can lead to non-equilibrium phase transitions, as will
be shown towards the end of this review. Finally, oppositely charged chemical groups are often in intimate
contact to each other, for example in situations when oppositely charged bodies are bound to each other.
The boundary between chemical binding and salt bridging is diffuse, and quantum-mechanical effects
which are caused by the overlap of electron orbitals give sizeable and very specific contributions to the
effective interaction between charged groups. For a detailed understanding of the statistics and dynamics
of charged soft matter, those quantum-mechanical effects in principle have to be taken into account.

3. Interactions between charged objects

3.1. Attraction between similarly charged plates: a puzzle?

Experimentally, the interaction between charged planar objects can be very elegantly studied using
a stack of charged, self-assembled membranes [37–43]. Such membranes spontaneously form in aque-
ous solution of charged amphiphilic molecules (lipids or surfactants) and consist of bilayers which are
separated by water slabs of thickness d (it is the same structure that forms an integral part of biological
cell walls) [44]. Since the membranes are highly charged (they typically contain one surface charge per
0.6 nm2 and thus belong to the most highly charged surfaces known), one would expect strong repulsion
between them, or, which is equivalent, a strongly positive and monotonically decaying osmotic pressure in
such a stack. In contrast, experiments using the cationic surfactant DDAB show that a mysterious attrac-
tion exists between the charged lamellae [39,40]. This is seen in Fig. 1a, where an electron-micrograph
of a sample containing 50% water and 50% DDAB, rapidly frozen from the equilibrated structure at
room temperature (and thus representative of the room-temperature situation) is shown. One can discern
a two-phase coexistence between two macroscopic lamellar phases with different water-layer thicknesses
d. In the corresponding pressure/surfactant concentration isotherm (obtained at room temperature) in
Fig. 1b the osmotic pressure shows a pronounced plateau as a function of the water-layer thickness,
equivalent to macroscopic coexistence of two lamellar phases with different water content. Such phase co-
existences are best known from non-ideal gases and result from an attraction between the gas molecules
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Fig. 1. (a) Cryo-electron-micograph of a membrane stack consisting of equal amounts of water and DDAB surfactant, frozen
in from the equilibrated structure at room temperature, exhibiting macroscopic phase separation between two lamellar phases
of different water content and thus different spacing between the bilayers (adapted from Ref. [39]). (b) Osmotic pressure as a
function of the water-layer thickness d. A pronounced plateau is apparent(adapted from Ref. [40]).

surface charge density:
0.6 e/nm^2

No data on Debye length
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Likely-Charged Rods
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The Primitive Model of Electrolyte
with unknown origin

• Uniform surface charge density σ.

• Ions with charge q, radius a.

• Temperature T .

• Dielectric constant of solid ∼ 1,

water � ∼ 80 � 1.

• Debye length �DB = κ−1,

decay length of potetial in water.

(just for convenience, not essential)

Strong image charge effects due to surface 
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Some Important Length Scales

Thickness of double layer

• Gouy-Chapmann �GC ∼ �
βqσ

Interaction with charged surface �−1σq�GC

balances thermal energy 1/β = kBT

Typically a few Angstroms to a few nms.

• Bjerrm length λBj =
q2

4π�kBT ≈ 0.7nm

Interaction between ions q2

4π�λBj

balances thermal energy kBT .

• Coupling parameter Ξ = λBj

�GC

• Ξ � 1, strong coupling.

lateral correlation between ions important

• Ξ ≤ 1, weak coupling

Mean field (Poisson-Boltzmann) valid
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Where are the difficulties

• Lack of translational symmetry 

• Simple geometry is desirable

• Long range Coulomb interaction 

• Mean field theory (Poisson-Boltzmann) is not enough

• How to go beyond MFT without going crazy?

• Lack of proper understanding of short scale details

• Specific interactions: chemistry may matter

• Is it a physics problem or chemistry problem?
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Poisson-Boltzmann Theory

1. Every ion interact with a mean field φ

ρ(x) = qn e−qβφ − qn eqβφ

2. The mean field φ is determined self-consistently

−∆φ(x) = ρ(x)

3. Nonlinear Poisson-Boltzmann

∆Ψ+ κ2 sinhΨ = 0, Ψ = βqφ

4. Linearization: Ψ � 1, sinhΨ ≈ Ψ

−∆φ+ κ2φ = 0

Mean field theory
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Boundary Conditions

•   Potential in two regions decouple from each other

•   What is left is a mathematical problem!

•   Linear  Elliptic PDE with Neumann BC

Solution exists and unique, smooth 

• Standard electrostatic BC �l
∂φ
∂n

���
l
− �s

∂φ
∂n

���
s
= σ

• If �l(≈ 80) >> �s(∼ 1), we can set �s = 0,

• reduce to Neumann BC: �s
∂φ
∂n

���
s
= σ

Electrolyte: ε, κ

Dielectric

�s ≈ 0

∆Ψ− κ2 sinhΨ = 0
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Linearized PB: Two-Plate Problem

We can either assume potential is constant or 
charge density is constant on plates, 
they are equivalent 

≈ e−L/�DB
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Two Sphere Problem
• Difficult boundary value problem (but mathematical problem!)

• Constant potential and constant charge density are inequivalent

17Thursday, May 12, 2011



It is generally perceived that  
DLVO is equivalent to linearized PB

The reality: a serious gap between them

Derjaguin & Landau
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Derjaguin 
Approximation

Fundamentally wrong in 
math point of view
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What does DLVO miss?

Q2 = 0Q1 �= 0

No interaction between charged objects and neutral 
objects according to DLVO, obviously wrong

�s �s

�l

Two missing aspects:
• Image charge effects 
(attractive only if               )

• Blocking of screening clouds
(always repulsive)

Therefore DLVO is incorrect even 
at the level of linearized PB.

Even after these two errors being
corrected, DLVO can’t explain 
like charge attraction in water

�l < �s

Landau Expansion of two particle free energy

Does not work for strongly charged particles
20Thursday, May 12, 2011



No Like-charge Attraction in Nonlinear PB

•  The result follows because certain function is 
concave in terms of potential

•  The concavity follows from PB assumption

•   Correlation presumably destroys concavity, which 
may leads to like charge attraction

21Thursday, May 12, 2011



• Counter-ions are so close to surface that they do 
not see screening effects of others

• They only see the uniform field by surface

• Their density distribution is exponential

• A thin layer of counter-ions condensed onto 

the charged surface, treated as a 2d fluid

Why PB fails for strongly charged surface
and two-fluids model

0

,linearized PB

q

n(x) = ns exp−x/�GC

correlation energy electrostatic repulsion

Chemical equilibrium between  condensed ions and free ions

•  Overcharging appear  when            is large enough

•  Overcharging does not imply like-charge attraction

µWC Ξ � 1

22Thursday, May 12, 2011



Heuristic Explanation of Over-charging

• We will calculate this image charge effect later
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Over Charging at Zero Temperature

• Z q charge uniformly distributed on sphere

• n discrete αq ions adsorbed on sphere

Self energy of surface charges

Interaction between surface
charge and ions

Interaction between ions

• Zero temperature argument
• No screening effects

24Thursday, May 12, 2011



δn = n− n0
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Over-charging at Weak Coupling Regime

No theory capable of describing over charging 
in weakly coupled regime 
We do not understand over-charging  yet!

26Thursday, May 12, 2011



Strong Coupling Theory
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Overcharging is far from being understood
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Beyond Primitive Model: 
Charge Regulation

• The surface charge density is variable and should be determined by 
minimization of total free energy.

• The sign of charge on colloids depends their environment. 

• “Charge inversion” loses its significance. Is it really a chemistry problem ?

• Doubly screened attraction between two such overall neutral colloids.
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Summary of Status Quo

• Overcharging in weak coupling regime is not understood

• Charge regulated primitive model looks promising

• Link between overcharging and like charge attraction missing

• Like charge attraction at Debye scale is mysterious

• Main theme of our work
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• The physics near charged surface is very complicated

• Linearized PB works far away from charged surface

• Effective charge density is different: charge renormalization

• Interaction must be transmitted via the bulk 

• We must be able to describe attraction within linearized PB

Charge Renormalization

0.5 1.0 1.5 2.0 2.5 3.0

1

2

3

4
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The Poisson-Boltzmann Theory for Two Parallel Uniformly Charged Plates

Xiangjun Xing
Institute of Natural Sciences and Department of Physics,
Shanghai Jiao Tong University, Shanghai, 200240 China∗

(Dated: February 17, 2011)

We solve the nonlinear Poisson-Boltzmann equation for two parallel and like-charged plates both
inside a symmetric elecrolyte, and inside a 2 : 1 asymmetric electrolyte, in terms of Weierstrass
elliptic functions. From these solutions we derive the functional relation between the surface charge
density, the plate separation, and the pressure between plates. For the one plate problem, we obtain
exact expressions for the electrostatic potential and for the renormalized surface charge density,
both in symmetric and in asymmetric electrolytes. For the two plate problems, we obtain new exact
asymptotic results in various regimes.

PACS numbers: 82.70.Dd, 83.80.Hj, 82.45.Gj, 52.25.Kn

I. INTRODUCTION

When a charged object is inserted into an electrolyte,
it attracts ions of opposite charge and repels ions of like
charge. This leads to the well-known phenomenon of
screening: the total electrostatic potential, due to both
the external charges and the electrolyte, is exponential
damped as a function of distance from the charged object.
This phenomenon was first studied by Debye and Hückel
(DH) [1], and is often called Debye screening. At the
level of mean field theory, the screened potential satisfies
the so-called Poisson-Boltzmann (PB) equation, which,
for a symmetric electrolyte with ion charges ±q, and ion
number density n for each species, is given by

−ε∆φ+ 2nq sinhβqφ = 0, (1.1)

where β is the Boltzmann factor, q = 1.6 × 10−19C the
charge of an electron. It is convenient to use the dimen-
sionless potential Ψ = βqφ, and to measure length in
terms of the Debye length

$DB = κ−1 =
√

ε/2βq2n, q : −q. (1.2)

If the surface charge density on the object is low so that
|Ψ| # 1 everywhere, the PB Eq. (1.1) can be further
linearized to yield:

−∆Ψ+Ψ = 0, (1.3)

which admits the famous screened Coulomb potential
e−r/4πr as its Green’s function.
Linearization is however not appropriate for strongly

charged objects. On the other hand, the full PB equa-
tion is difficult to solve due to its nonlinear nature. For
the simple case of one positively charged plate of infinite
size, the exact solution has been known since the time of
Verwey and Overbeek [2]:

Ψ+
q:−q(z) = 2 ln

1 + e−z

1− e−z
, (1.4)

∗Electronic address: xxing@sjtu.edu.cn

where z is the coordinate perpendicular to the plate. The
potential by a negatively charged plate is just the nega-
tive of Eq. (1.4). Note that Eq. (1.4) has a logarithmic
singularity at z = 0.

The general solution to the one plate problem is Ψ(z+
z0) with an arbitrary parameter z0. Normally one would
have to determine the constant z0 with the surface charge
density σ and the position of the plate fixed. For our
purpose, however, it is much more convenient to fix the
electrostatic potential to be Eq. (1.4) and let z0 be the
position of the plate, which should be adjusted according
to the Neumann boundary condition

Ψ′(z0) = βq$DB
∂φ(z0)

∂n
= −

4

eκz0 − e−κz0
= −

βqσ

εκ
.

(1.5)
Defining a Gouy-Chapman length $GC and a dimension-
less surface charge density η via

$GC = ε/qβσ Gouy-Chapman, (1.6)

η =
βqσ

εκ
=

$DB

$GC
, (1.7)

the boundary condition Eq. (1.5) can now be expressed
into the following concise form:

2

sinh z0
= η. (1.8)

The solution consisting of Eqs. (1.4,1.8), though simple
enough, shows an interesting property. For an arbitrary
given surface charge density η > 0, Eq. (1.8) can always
be solved for z0 > 0. That is, there is a one-parameter
family of systems that gives the same potential Eq. (1.4).
Furthermore, we can let the surface charge density η ap-
proach infinity, then Eq. (1.8) dictates z0 → 0. This
means that Eq. (1.4) is the electrostatic potential pro-
duced by a plate with infinite surface charge density at
the origin z0 = 0. In Fig. 1, we illustrate two plates
(with surface charge density determined by Eq. (1.8) )
that produce the same potential Eq. (1.4).
In the near-field regime z # 1, the potential Eq. (1.4)

reduces to the famous Gouy-Chapman solution:

Ψ(z) = −2 ln z +O(1), near field. (1.9)
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I. INTRODUCTION

When a charged object is inserted into an electrolyte,
it attracts ions of opposite charge and repels ions of like
charge. This leads to the well-known phenomenon of
screening: the total electrostatic potential, due to both
the external charges and the electrolyte, is exponential
damped as a function of distance from the charged object.
This phenomenon was first studied by Debye and Hückel
(DH) [1], and is often called Debye screening. At the
level of mean field theory, the screened potential satisfies
the so-called Poisson-Boltzmann (PB) equation, which,
for a symmetric electrolyte with ion charges ±q, and ion
number density n for each species, is given by

−ε∆φ+ 2nq sinhβqφ = 0, (1.1)

where β is the Boltzmann factor, q = 1.6 × 10−19C the
charge of an electron. It is convenient to use the dimen-
sionless potential Ψ = βqφ, and to measure length in
terms of the Debye length

$DB = κ−1 =
√

ε/2βq2n, q : −q. (1.2)

If the surface charge density on the object is low so that
|Ψ| # 1 everywhere, the PB Eq. (1.1) can be further
linearized to yield:

−∆Ψ+Ψ = 0, (1.3)

which admits the famous screened Coulomb potential
e−r/4πr as its Green’s function.
Linearization is however not appropriate for strongly

charged objects. On the other hand, the full PB equa-
tion is difficult to solve due to its nonlinear nature. For
the simple case of one positively charged plate of infinite
size, the exact solution has been known since the time of
Verwey and Overbeek [2]:

Ψ+
q:−q(z) = 2 ln

1 + e−z

1− e−z
, (1.4)
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where z is the coordinate perpendicular to the plate. The
potential by a negatively charged plate is just the nega-
tive of Eq. (1.4). Note that Eq. (1.4) has a logarithmic
singularity at z = 0.

The general solution to the one plate problem is Ψ(z+
z0) with an arbitrary parameter z0. Normally one would
have to determine the constant z0 with the surface charge
density σ and the position of the plate fixed. For our
purpose, however, it is much more convenient to fix the
electrostatic potential to be Eq. (1.4) and let z0 be the
position of the plate, which should be adjusted according
to the Neumann boundary condition

Ψ′(z0) = βq$DB
∂φ(z0)

∂n
= −

4

eκz0 − e−κz0
= −

βqσ

εκ
.

(1.5)
Defining a Gouy-Chapman length $GC and a dimension-
less surface charge density η via

$GC = ε/qβσ Gouy-Chapman, (1.6)

η =
βqσ

εκ
=

$DB

$GC
, (1.7)

the boundary condition Eq. (1.5) can now be expressed
into the following concise form:

2

sinh z0
= η. (1.8)
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FIG. 1: (Color online) Up: The potential Eq. (1.4) can be
produced by two plates with different surface charge densities
and different locations. Both satisfy the Neumann boundary
condition Eq. (1.5). The extremal possibility is an infinitely
charged plate at z0 = 0. Down: The renormalized surface
charge density ηR as a function of the bare surface charge
density η on a single uniformly charged plate. Red solid line:
a q : −q symmetric electrolyte as given by Eq. (1.12). ηR
saturates at 4 in both directions. Blue dashed line: a 2q : −q
asymmetric electrolyte as given by Eq. (1.16). ηR saturates at
6 and 6(2−

√
3) in the positive and negative sides respectively.

In the far-field regime z ! 1, Eq. (1.4) can be expanded
into Taylor series of e−z:

Ψ(z) = 4 e−z+O(e−2z) = 4 e−z0 e−δz +O(e−2z), (1.10)

where δz = z − z0 is the distance to the charged plate at
z0. It is understood that the parameter z0 is a function
of η as determined by Eq. (1.8). On the other hand, in
the linear PB theory, a plate with surface charge density
ηR at the same location z0 produces at z a potential

Ψlinear(z) = ηR e−δz. (1.11)

Following the proposal by Alexander et. al. [3], we iden-
tify the far-field asymptotics Eq. (1.10) of the nonlin-
ear theory with the linear theory Eq. (1.11), and define
the renormalized (or effective) charge density ηR. Using

Eq. (1.8) to eliminate z0 in favor of η, we find the renor-
malized surface charge density ηR(η) as a function of the
bare surface charge density η:

ηR(η) =
2η

1 +
√

1 + (η/2)2
, (1.12)

which is illustrated by the red solid curve in the right
panel of Fig. 1. In the weakly charged limit η # 1, the
renormalized charge density ηR is just the bare one ηR →
η; in the strongly charged limit η ! 1, ηR saturates at
ηR(+∞) = 4. ηR saturates at −4 when η is negative and
large. More generally, Eq. (1.12) is invariant under the
charge-inversion transformation (η, ηR) → (−η,−ηR), in
accordance with the fact that the electrolyte is symmet-
ric. The practice of using linear theory with a renor-
malized, i.e. effective, surface charge density in the far
field is usually called charge renormalization following the
seminal work by Alexander et al. Here the most strik-
ing property is that ηR saturates at a finite value in the
strongly charged limit. It shows that electrolytes are able
to screen infinitely charged objects within finite distance.
This should be regarded as one fundamental property of
the Poisson-Boltzmann theory.

In general, the renormalized surface charge density de-
pends on the shape of the charged object. It also depends
on the properties of electrolyte. For example, our anal-
yses in this work show that inside a 2q : −q asymmetric
electrolyte, a positively charged plate produces a dimen-
sionless potential

Ψ+
2q:−q(z) = ln

1 + 4 e−z + e−2z

(1− e−z)2
, (1.13)

which diverges logarithmically at z = 0. A negatively
charged plate in a 2q : −q electrolyte, on the other hand,
produces a potential

Ψ−
2q:−q(z) = ln

1− 4 e−z + e−2z

(1 + e−z)2
, (1.14)

which diverges at zm = ln(2+
√
3). These potentials were

independently discovered by Grahame [4] in 1953 and
by Andrietti et al in 1976 [5], but has remained largely
unknown since then. The far-field asymptotics of these
potentials are given by

Ψ±
2q:−q(z) ∼ ±6 e−z +O(e−2z). (1.15)

Carrying out a similar analysis as in the case of sym-
metric electrolyte, we find that the relation between the
renormalized surface charge density ηR and the bare sur-
face charge density η as

36ηR (ηR + 6)

(6− ηR) (η2R + 24ηR + 36)
= η, (1.16)

which is illustrated by the dashed blue curve in Fig. 1.
It is interesting to note that for η > 0, ηR saturates at
ηR(∞) = 6, while for η < 0, ηR saturates at ηR(−∞) =
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Linear PB works if �DB ≤ �GC

Ψ = ηR e−z/�DB
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• Stop worrying about overcharging and take it as a fact.

• Condensed counter-ions as 2d liquid, free in lateral direction

• “Stern or Helmholtz layer”

• Free counter-ions by linearized PB, together with co-ions

• “Two-fluids Model” (Studied by many researchers)

• Effective surface charge density 

• Difficult to calculate! No good understanding so far 

• Equally important, but not yet analyzed: how condensed 
counter-ions respond to external perturbations?

• The key to understand like-charge attraction at Debye scale

Dichotomy between Condensed and 
Free Counter-ions

0

,linearized PB

q

σR = σ0 − σc

32Thursday, May 12, 2011



Condensed Counter-ions as 
Effective Boundary Conditions

2

Chapmann length) for Tata’s experiments and Grier’s
experiments.
Manning discovered the phenomenon of counter-ion

condensation in strongly charged rods. He analyzed the
correlation between condensed counter-ions on neighbor-
ing rods and show that it can lead to attraction between
identical rods when the separation is sufficiently small.
Similar theoretical results have also been obtained for
charged plates. We note, however, up to now, there is no
theory that is capable of explaining like charge attraction
at the scale of Debye length.
In this work, we propose and analyze a phenomenolog-

ical two-fluids model for strongly charged objects. In this
model, a thin layer of counter-ions close to the charged
surface is modeled as a two dimensional ionic fluid, which
we shall treat explicitly using mean field theory. The phe-
nomenon of charge renormalization is well known: most
of the counter-ions are strongly bound to the charged
surface and does not contribute to the average potential
in regions far away from the charged objects (comparing
to the Debye length). Other counter-ions and co-ions in
the bulk is implicitly treated using the linearized Poisson-
Boltzmann theory. This later treatment is well grounded
if the ion density is low in the bulk, as in de-ionized
water. Nonetheless, it is the key approximation which
makes analytic calculation of counter-ion correlation pos-
sible. Such a model has been addressed by various au-
thors in the past, mainly for the issue of over-charging.
The novelty of our work is to use this model to analyze
the correlation between condensed counter-ions on differ-
ent colloids. Using image charge methods, we are able to
calculate the effective interaction between charged col-
loids separated by large distance. Not surprisingly,

II. THE TWO-FLUIDS MODEL OF STRONGLY
CHARGED COLLOIDS

Consider a charged dielectric media with bare surface
charge density σ0, and dielectric constant �� ∼ 1, im-
mersed in an aqueous electrolyte with dielectric constant
� ≈ 80. We shall only consider the regime of long Debye
length κ, i.e. low ion density in the bulk electrolyte.
At large distance (comparing with the Debye length)
from the dielectric media, the electric potential is well
described by the linearized Poisson Boltzmann theory,
with one important caveat: the effective surface charge
density σR inferred from the potential profile is much
lower than the bare value σ0. Some results show that
σR may even have opposite sign of σ0. Intuitively speak-
ing, most of the counter-ions are strongly confined into a
layer near the charged surface, the thickness of this layer
being a few times of the Gouy-Chapmann length. Via
a little abstract reasoning, it becomes natural to model
these strongly confined counter-ions as a two dimensional
liquid that can flow freely on the interface, which shall
be treated separately from the dilute electrolyte in the
bulk. As is well known, the latter is well described by

the linearized Poisson-Boltzmann theory.
For all practical purpose, it is reasonable to take the

approximation ��/� ≈ 0. The electrostatic potentials in-
side and outside the dielectrics then decouple from each
other. Let the layer of condensed counter-ions have an
average density σc = nc q, where q, nc is the charge and
number density of condensed ions. There is only one
boundary condition left for the outside potential:

�
∂Φ

∂n

����
∂Ω

= −σnet(x), (2.1)

where σnet(x) is the net surface charge density on the
interface, due to both the fixed surface charge density
σ0 and the mobile layer of condensed counter-ions with
number density nc(x). At the level of mean field theory,
nc(x) is related to the potential on the interface by the
following self-consistent condition:

nc(x) = n0e
βqΦ(x), (2.2)

where the constant n0 should be determined by the con-
straint that the average number density of counter-ions
is fixed to be nc. At the level of linearized PB[4] , we
shall see that n0 = nc. Therefore

σnet(x) = σ0 − qn0 e
βqΦ(x).

= (σ0 − qn0)− βq2n0Φ(x). (2.3)

If the layer of condensed counter-ions do not neutralize
the bare charges, there is an inhomogeneous part in this
boundary condition. This can be treated separately, see
analysis below. For now we shall assume σ0 = qnc, so
that the boundary condition becomes homogeneous:

�
∂Φ

∂n
= n0βq

2Φ(x). (2.4)

This can also be written into the following convenient
form:

�GC
∂Φ

∂n
= Φ(x), (2.5)

where

�GC =
�

n0βq2
=

�

βσ0q

is the Gouy-Chapmann length. [5]
To have an intuitive understanding of the counter-ion

layer, let us consider a dielectric sphere with a layer of
condensed counter-ions, immersed in a media with di-
electric constant �, and with a uniform external field E0.
The potential outside the sphere can be written as

Φ(x) = −E0r cos θ +
p cos θ

4π�r2
, (2.6)

where p is the effective dipole moment of the sphere com-
posite system, induced by the external field. Substituting
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boundary condition. This can be treated separately, see
analysis below. For now we shall assume σ0 = qnc, so
that the boundary condition becomes homogeneous:

�
∂Φ

∂n
= n0βq

2Φ(x). (2.4)

This can also be written into the following convenient
form:

�GC
∂Φ

∂n
= Φ(x), (2.5)

where

�GC =
�

n0βq2
=

�

βσ0q

is the Gouy-Chapmann length. [5]
To have an intuitive understanding of the counter-ion

layer, let us consider a dielectric sphere with a layer of
condensed counter-ions, immersed in a media with di-
electric constant �, and with a uniform external field E0.
The potential outside the sphere can be written as

Φ(x) = −E0r cos θ +
p cos θ

4π�r2
, (2.6)

where p is the effective dipole moment of the sphere com-
posite system, induced by the external field. Substituting

• Boundary conditions �� ∂φ
�

∂n − �∂φ∂n = σnet

• �� → 0, −�∂φ∂n = σnet

• σnet = σ0 + σc

• Mean field theory σc = q nce−βqφ

• at threshold of over-charging, σ0 + qnc = 0

• Linearization of exponential:

Gouy-Chapmann length

In the strongly charged limit, σ0 → ∞, �GC→0

The BC reduces to Φ(x) = 0, x ∈ ∂Ω.

Effectively a conductor!

Electrolyte: ε, κ

Dielectric

Iso-electric Point

φφ�

Fixed surface charge
mobile counter-ions

33Thursday, May 12, 2011



• Potential can be expanded in Legendra polynomial

• Substituting into BC, we find

• Comparing with a dielectric sphere in uniform field

• The effective dielectric constant becomes large for large sphere

• Condensed counter-ions make sphere looks like conductor!

Simple Example: Sphere in Uniform Field

2

Chapmann length) for Tata’s experiments and Grier’s
experiments.
Manning discovered the phenomenon of counter-ion
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thors in the past, mainly for the issue of over-charging.
The novelty of our work is to use this model to analyze
the correlation between condensed counter-ions on differ-
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����
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is fixed to be nc. At the level of linearized PB[4] , we
shall see that n0 = nc. Therefore

σnet(x) = σ0 − qn0 e
βqΦ(x).

= (σ0 − qn0)− βq2n0Φ(x). (2.3)

If the layer of condensed counter-ions do not neutralize
the bare charges, there is an inhomogeneous part in this
boundary condition. This can be treated separately, see
analysis below. For now we shall assume σ0 = qnc, so
that the boundary condition becomes homogeneous:
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∂Φ

∂n
= n0βq

2Φ(x). (2.4)

This can also be written into the following convenient
form:

�GC
∂Φ

∂n
= Φ(x), (2.5)

where

�GC =
�

n0βq2
=

�

βσ0q

is the Gouy-Chapmann length. [5]
To have an intuitive understanding of the counter-ion

layer, let us consider a dielectric sphere with a layer of
condensed counter-ions, immersed in a media with di-
electric constant �, and with a uniform external field E0.
The potential outside the sphere can be written as

Φ(x) = −E0r cos θ +
p cos θ

4π�r2
, (2.6)

where p is the effective dipole moment of the sphere com-
posite system, induced by the external field. Substituting
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this back into the boundary condition Eq. (2.5) we find

the dipole moment as:

p = 4πa3�E0
a− �GC

a+ 2�GC
, (2.7)

We should compare this result with that of a sphere

with dielectric constant �eff immersed in a uniform exter-

nal field. The potential outside the sphere is also given

by Eq. (2.6) [6] with the induced dipole moment given

by

p = 4πa3�E0

�
�eff/�− 1

�eff/�+ 2

�
. (2.8)

Comparing this with Eq. (2.7), we find that the effective
dielectric constant of the sphere with a layer of condensed

counter-ions is given by

�eff = �
a

�GC
= α �. (2.9)

For the case of highly charged colloids, the Gouy-

Chapmann length is typically a few anstrongs, while a
is a few hundreds nanometers. Therefore the effective di-
electric constant of the sphere becomes much larger than

that of water, even though the dielectric constant of the

solid sphere is zero! This is clearly due to the polarization

of the counter-ion layer. Indeed, if the Gouy-Chapmann

length is much smaller than all other scales in the prob-

lem, we should be able to neglect the left hand side of the

boundary condition Eq. (2.5). It then reduces to that of

Neumann, which pertains to conductor. It is interesting

to note that the effective dielectric constant Eq. (2.9) de-
pends linearly on the sphere radius. This suggests that

the sphere with counter-ion layer, when treated as an ef-

fective media, is “dispersive”. We shall see shortly that

due to this dispersion, the image of a point charge near

a flat boundary is not strictly a point charge, but rather

the combination of a point charge and a line charge.

III. FLAT BOUNDARY

Now consider a infinitely large plate which has a layer

of condensed counter-ions. The system is again overall

neutral, and is immersed in an electrolyte with dielectric

constant � and inverse Debye length κ = 1/�DB . We ex-

pect that the plate behaves somewhat like a conductor,

and therefore a point charge inside the electrolyte should

be attracted towards the plate. Our analysis below in-

deed verify this expectation.

The geometry is illustrated in Fig. 1. The point charge

Q is at distance d to the right of the dielectric plate.

Since � = 0 for the plate, the potential to the left of

the plate is completely decoupled from that to the right,

we can simply fill the left half space with the dielectrics

without changing the potential in the right half space,

which is what we concern about. We would like to know

the reaction potential acting on Q due to the polarization

ρ

ε = 0

r2
r1

Linearized PB

ε, κ

d

Q

P

r

z

O

Q

−2Q

FIG. 1: A point charge Q is at a distance d to the plate.
The dielectric constant vanishes in the left half space. Fur-
thermore, there is a layer of condensed counter-ions on the
interface. The image charges consist of a point charge Q� and
a line image extending to the left. The origin of the coordi-
nate system is chosen to be the mid point of Q,Q�. The z
axis points to the right. The images consist of a point image
Q� = Q (blue dot at the symmetric position) together with a
line image (represented as the blue wiggly line) extending to
the left with total charge −2Q.

of the counter-ion layer as well as the dielectric boundary.

More precisely, we want to find the total potential Φ in

the right half space in the form of

Φ(�r) =
Q

4π�r1
e−κr1 + χ(�r), (3.1)

with r1 the distance between the source charge Q and the

field point. The first term is the potential created by the

source charge in the bulk electrolyte with inverse Debye

length κ, in the absence of the dielectric boundary. It is

the Green’s function of the linearized Poisson-Boltzmann

equation, as is well known. The second term in Eq. (3.1)

is the potential by the polarized plate, i.e. the reaction
potential, which must be smooth in the right half space

and vanish as �r approaches infinity. Furthermore, it must

also satisfy the linear PB equation in the electrolyte, as

well as the boundary condition Eq. (2.5).

We shall use the image charge method, and postulate

that the reaction potential can be produced by a distri-

bution of image charges in the right half space. Guided

by symmetry, we postulate that there is a point charge

Q� in the symmetric position, and a line image which

starts from Q� and extends to the infinity. This situa-

tion is illustrated in Fig. 1. Let the line image has linear

charge density λ(ζ), with ζ running from −d to −∞. The

total potential at position �r = (x, y, z) can therefore be

εeff = ε a
�GC

� ε

a: spherical radius
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• Total potential

• Total charge of line image is -2Q
• Far away from the plate, the images appear as a point charge -Q
• Q is attracted towards plate, which looks like a conductor again!
• Tendency of over-charging becomes clear

Point Charge Near Overall Neutral Plate
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Chapmann length is typically a few anstrongs, while a
is a few hundreds nanometers. Therefore the effective di-
electric constant of the sphere becomes much larger than

that of water, even though the dielectric constant of the

solid sphere is zero! This is clearly due to the polarization
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length is much smaller than all other scales in the prob-

lem, we should be able to neglect the left hand side of the

boundary condition Eq. (2.5). It then reduces to that of

Neumann, which pertains to conductor. It is interesting

to note that the effective dielectric constant Eq. (2.9) de-
pends linearly on the sphere radius. This suggests that

the sphere with counter-ion layer, when treated as an ef-

fective media, is “dispersive”. We shall see shortly that

due to this dispersion, the image of a point charge near

a flat boundary is not strictly a point charge, but rather

the combination of a point charge and a line charge.

III. FLAT BOUNDARY

Now consider a infinitely large plate which has a layer

of condensed counter-ions. The system is again overall

neutral, and is immersed in an electrolyte with dielectric

constant � and inverse Debye length κ = 1/�DB . We ex-

pect that the plate behaves somewhat like a conductor,

and therefore a point charge inside the electrolyte should

be attracted towards the plate. Our analysis below in-

deed verify this expectation.

The geometry is illustrated in Fig. 1. The point charge

Q is at distance d to the right of the dielectric plate.

Since � = 0 for the plate, the potential to the left of

the plate is completely decoupled from that to the right,

we can simply fill the left half space with the dielectrics

without changing the potential in the right half space,

which is what we concern about. We would like to know

the reaction potential acting on Q due to the polarization
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FIG. 1: A point charge Q is at a distance d to the plate.
The dielectric constant vanishes in the left half space. Fur-
thermore, there is a layer of condensed counter-ions on the
interface. The image charges consist of a point charge Q� and
a line image extending to the left. The origin of the coordi-
nate system is chosen to be the mid point of Q,Q�. The z
axis points to the right. The images consist of a point image
Q� = Q (blue dot at the symmetric position) together with a
line image (represented as the blue wiggly line) extending to
the left with total charge −2Q.

of the counter-ion layer as well as the dielectric boundary.

More precisely, we want to find the total potential Φ in

the right half space in the form of

Φ(�r) =
Q

4π�r1
e−κr1 + χ(�r), (3.1)

with r1 the distance between the source charge Q and the

field point. The first term is the potential created by the

source charge in the bulk electrolyte with inverse Debye

length κ, in the absence of the dielectric boundary. It is

the Green’s function of the linearized Poisson-Boltzmann

equation, as is well known. The second term in Eq. (3.1)

is the potential by the polarized plate, i.e. the reaction
potential, which must be smooth in the right half space

and vanish as �r approaches infinity. Furthermore, it must

also satisfy the linear PB equation in the electrolyte, as

well as the boundary condition Eq. (2.5).

We shall use the image charge method, and postulate

that the reaction potential can be produced by a distri-

bution of image charges in the right half space. Guided

by symmetry, we postulate that there is a point charge

Q� in the symmetric position, and a line image which

starts from Q� and extends to the infinity. This situa-

tion is illustrated in Fig. 1. Let the line image has linear

charge density λ(ζ), with ζ running from −d to −∞. The

total potential at position �r = (x, y, z) can therefore be

4

written as

4π�Φ(�r) =
Q

r1
e−κr1 +

Q�

r2
e−κr2 (3.2)

+

� −d

−∞
dζ

λ(ζ)�
(z − ζ)2 + ρ2

e−κr(z−ζ).

With details relegated to App. B, we find the following

results:

Q�
= Q, (3.3)

λ(ζ) = − 2Q

�GC
e(ζ+d)/�GC . (3.4)

Therefore, the linear charge density exponentially decays

with a characteristic length �GC as ζ goes toward negative

infinity. The total charge of the line image is

� −d

−∞
λ(ζ)dζ = −2Q. (3.5)

If the distance d between the source charge and the

plate is much larger than �GC , the overall effect of all im-

age charges can be well approximated by a point charge

−Q at the symmetry point. Qualitatively speaking, the
dielectric plate behaves as a conductor plate, when probed
from a distance longer than �GC. We have arrived at this

same result by a direct analysis of the boundary condi-

tion Eq. (2.5). In this regime, then, the reaction potential

acting on the point charge Q is approximately

φQ = − 1

4π�

Q

2d
e−2κd. (3.6)

The point charge is therefore always towards the plate.

The attraction is however doubly screened. This is, of

course, a generic feature of all image charge effects.

IV. TWO-PLATE PROBLEM

Consider now two identical, strongly charged plates

with bare surface charge densities σ0. The renormalized

surface charge density is σR � σ0. The density of con-

densed counter-ions is therefore given by σc = σ0 − σR.

A precise analytic calculation of σR as a function of σ0 is

still a controversial problem. Nevertheless, there are sev-

eral numerical works which indicate that the renormal-

ized charge density σR may become zero, or even change

sign as the bare charge density σ0 becomes sufficiently

high.

Since our theory is linear in the surface charge densities

σ0 and σc, we can treat each plate as a linear superpo-

sition of two plates, one carry low bare surface charge

density σR but with no condensed counter-ions, and the

other carries a layer of condensed counter-ions with den-

sity σc, but is overall charge neutral. We shall assume

that σR is small enough so that linear PB theory can be

applied. Now the interaction between two original plates

can be expressed as the summation of interactions for

the following three sub-problems. In the first problem,

two σR plates interact with each other, through the lin-

earized PB theory The corresponding potential energy

is due to the direct Coulomb interaction between two

charged plates, whose value per unit area is well known:

Udirect =
2σ2

R

�κ(eκd − 1)
. (4.1)

In the second problem, a σR plate interacts with a neutral

plate with a layer of condensed counter-ions with density

σc. It is easy to see that the interaction between these

two plates vanishes identically. Now in the last problem

two neutral plates with condensed counter-ions density

σc interact each other. Since both plates are charge neu-

tral, there is no direct Coulomb interaction. The poten-

tial energy is completely due to correlation effects, and
therefore must be doubly screened. We shall calculate

this correlation energy as follows.

Let us first consider an ion condensed onto the left

plate, as shown by the big black dot in Fig. 2. With-

out the right plate, the precise overall effect of the left

plate would be easy to calculate. As we have shown in

the preceding section, we only need to introduce an equal

but opposite image charge at the symmetric position, as

shown in Fig. 2. This image shall be referred to as the

primary image below. Now the primary image and the

source charge form a dipole with dipole moment p = 2qλ,
where λ is the distance between the ion and the plate.

[7] This dipole shall be called the dipole 0. In experi-

mental systems inside aqueous solution, λ is expected to

be roughly the Gouy-Chapman length, or the hydrated

radius of the ion, whichever is larger.

What we really want here is, however, the correlation

energy of the source charge due to the existence of the

right plate. Again using the method of image charges, the

lowest order effect of the second plate is to introduce an

image dipole at distance 2d to the right of the left plate,

which is labelled “image dipole 1” in Fig. 2. Clearly this

image dipole has the same orientation and moment as the

dipole 0. We should keep going and consider the image

of this image dipole due the existence of the left plate.

This gives us the image dipole 2, at a distance 2d to the

left of the left plate, again see Fig. 2. Both dipole 1

and dipole 2 interact with the source charge. These two

image dipoles are responsible for the lowest order reaction

potential acting on the source charge q. Other higher

order images are suppressed at least by a factor of e−2κd.

Moreover, the interaction between the image dipole 2 and
the source charge is identical to that between the image
dipole 1 and the primary image. It therefore follows that
the total interaction energy between the source charge

and the images dipoles 1, 2 is the same as the interaction

energy between dipole 0 and the image dipole 1.

In the linearized Poisson-Boltzmann theory, the inter-

action energy between two dipoles �p and �p�, at �r,�r� re-

4
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results:
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with a characteristic length �GC as ζ goes toward negative

infinity. The total charge of the line image is
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λ(ζ)dζ = −2Q. (3.5)

If the distance d between the source charge and the

plate is much larger than �GC , the overall effect of all im-

age charges can be well approximated by a point charge

−Q at the symmetry point. Qualitatively speaking, the
dielectric plate behaves as a conductor plate, when probed
from a distance longer than �GC. We have arrived at this

same result by a direct analysis of the boundary condi-

tion Eq. (2.5). In this regime, then, the reaction potential

acting on the point charge Q is approximately

φQ = − 1
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2d
e−2κd. (3.6)

The point charge is therefore always towards the plate.

The attraction is however doubly screened. This is, of

course, a generic feature of all image charge effects.
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eral numerical works which indicate that the renormal-

ized charge density σR may become zero, or even change

sign as the bare charge density σ0 becomes sufficiently
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Let us first consider an ion condensed onto the left
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out the right plate, the precise overall effect of the left
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the preceding section, we only need to introduce an equal
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source charge form a dipole with dipole moment p = 2qλ,
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[7] This dipole shall be called the dipole 0. In experi-

mental systems inside aqueous solution, λ is expected to
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image dipole at distance 2d to the right of the left plate,

which is labelled “image dipole 1” in Fig. 2. Clearly this

image dipole has the same orientation and moment as the

dipole 0. We should keep going and consider the image

of this image dipole due the existence of the left plate.

This gives us the image dipole 2, at a distance 2d to the

left of the left plate, again see Fig. 2. Both dipole 1

and dipole 2 interact with the source charge. These two

image dipoles are responsible for the lowest order reaction

potential acting on the source charge q. Other higher

order images are suppressed at least by a factor of e−2κd.

Moreover, the interaction between the image dipole 2 and
the source charge is identical to that between the image
dipole 1 and the primary image. It therefore follows that
the total interaction energy between the source charge

and the images dipoles 1, 2 is the same as the interaction

energy between dipole 0 and the image dipole 1.

In the linearized Poisson-Boltzmann theory, the inter-

action energy between two dipoles �p and �p�, at �r, �r� re-

4

written as

4π�Φ(�r) =
Q

r1
e−κr1 +

Q�

r2
e−κr2 (3.2)

+

� −d

−∞
dζ

λ(ζ)�
(z − ζ)2 + ρ2

e−κr(z−ζ).

With details relegated to App. B, we find the following

results:

Q�
= Q, (3.3)

λ(ζ) = − 2Q

�GC
e(ζ+d)/�GC . (3.4)

Therefore, the linear charge density exponentially decays

with a characteristic length �GC as ζ goes toward negative

infinity. The total charge of the line image is

� −d

−∞
λ(ζ)dζ = −2Q. (3.5)

If the distance d between the source charge and the

plate is much larger than �GC , the overall effect of all im-

age charges can be well approximated by a point charge

−Q at the symmetry point. Qualitatively speaking, the
dielectric plate behaves as a conductor plate, when probed
from a distance longer than �GC. We have arrived at this

same result by a direct analysis of the boundary condi-

tion Eq. (2.5). In this regime, then, the reaction potential

acting on the point charge Q is approximately

φQ = − 1

4π�

Q

2d
e−2κd. (3.6)

The point charge is therefore always towards the plate.

The attraction is however doubly screened. This is, of

course, a generic feature of all image charge effects.

IV. TWO-PLATE PROBLEM

Consider now two identical, strongly charged plates

with bare surface charge densities σ0. The renormalized

surface charge density is σR � σ0. The density of con-

densed counter-ions is therefore given by σc = σ0 − σR.

A precise analytic calculation of σR as a function of σ0 is

still a controversial problem. Nevertheless, there are sev-

eral numerical works which indicate that the renormal-

ized charge density σR may become zero, or even change

sign as the bare charge density σ0 becomes sufficiently

high.

Since our theory is linear in the surface charge densities

σ0 and σc, we can treat each plate as a linear superpo-

sition of two plates, one carry low bare surface charge

density σR but with no condensed counter-ions, and the

other carries a layer of condensed counter-ions with den-

sity σc, but is overall charge neutral. We shall assume

that σR is small enough so that linear PB theory can be

applied. Now the interaction between two original plates

can be expressed as the summation of interactions for

the following three sub-problems. In the first problem,

two σR plates interact with each other, through the lin-

earized PB theory The corresponding potential energy

is due to the direct Coulomb interaction between two

charged plates, whose value per unit area is well known:

Udirect =
2σ2

R

�κ(eκd − 1)
. (4.1)

In the second problem, a σR plate interacts with a neutral

plate with a layer of condensed counter-ions with density

σc. It is easy to see that the interaction between these

two plates vanishes identically. Now in the last problem

two neutral plates with condensed counter-ions density

σc interact each other. Since both plates are charge neu-

tral, there is no direct Coulomb interaction. The poten-

tial energy is completely due to correlation effects, and
therefore must be doubly screened. We shall calculate

this correlation energy as follows.

Let us first consider an ion condensed onto the left

plate, as shown by the big black dot in Fig. 2. With-

out the right plate, the precise overall effect of the left

plate would be easy to calculate. As we have shown in

the preceding section, we only need to introduce an equal

but opposite image charge at the symmetric position, as

shown in Fig. 2. This image shall be referred to as the

primary image below. Now the primary image and the

source charge form a dipole with dipole moment p = 2qλ,
where λ is the distance between the ion and the plate.

[7] This dipole shall be called the dipole 0. In experi-

mental systems inside aqueous solution, λ is expected to

be roughly the Gouy-Chapman length, or the hydrated

radius of the ion, whichever is larger.

What we really want here is, however, the correlation

energy of the source charge due to the existence of the

right plate. Again using the method of image charges, the

lowest order effect of the second plate is to introduce an

image dipole at distance 2d to the right of the left plate,

which is labelled “image dipole 1” in Fig. 2. Clearly this

image dipole has the same orientation and moment as the

dipole 0. We should keep going and consider the image

of this image dipole due the existence of the left plate.

This gives us the image dipole 2, at a distance 2d to the

left of the left plate, again see Fig. 2. Both dipole 1

and dipole 2 interact with the source charge. These two

image dipoles are responsible for the lowest order reaction

potential acting on the source charge q. Other higher

order images are suppressed at least by a factor of e−2κd.

Moreover, the interaction between the image dipole 2 and
the source charge is identical to that between the image
dipole 1 and the primary image. It therefore follows that
the total interaction energy between the source charge

and the images dipoles 1, 2 is the same as the interaction

energy between dipole 0 and the image dipole 1.

In the linearized Poisson-Boltzmann theory, the inter-

action energy between two dipoles �p and �p�, at �r,�r� re-

reaction potential

point image

line image

Our analysis here is essentially Debye-Huckel in a nontrivial geometry

Image charge method
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What if the charge is on the surface?
• Point image coincides with the source charge

• Repulsion between them diverges (nonsense)

• Short scale details become relevant, 2d fluid is no 
longer a fluid within scale of ion separation

• However, we only need the total potential far away

• From far away, source and all images form a dipole

• Dipole moment needs more careful calculation

• Crude estimate: 

3

this back into the boundary condition Eq. (2.5) we find

the dipole moment as:

p = 4πa3�E0
a− �GC

a+ 2�GC
, (2.7)

We should compare this result with that of a sphere

with dielectric constant �eff immersed in a uniform exter-

nal field. The potential outside the sphere is also given

by Eq. (2.6) [6] with the induced dipole moment given

by

p = 4πa3�E0

�
�eff/�− 1

�eff/�+ 2

�
. (2.8)

Comparing this with Eq. (2.7), we find that the effective
dielectric constant of the sphere with a layer of condensed

counter-ions is given by

�eff = �
a

�GC
= α �. (2.9)

For the case of highly charged colloids, the Gouy-

Chapmann length is typically a few anstrongs, while a
is a few hundreds nanometers. Therefore the effective di-
electric constant of the sphere becomes much larger than

that of water, even though the dielectric constant of the

solid sphere is zero! This is clearly due to the polarization

of the counter-ion layer. Indeed, if the Gouy-Chapmann

length is much smaller than all other scales in the prob-

lem, we should be able to neglect the left hand side of the

boundary condition Eq. (2.5). It then reduces to that of

Neumann, which pertains to conductor. It is interesting

to note that the effective dielectric constant Eq. (2.9) de-
pends linearly on the sphere radius. This suggests that

the sphere with counter-ion layer, when treated as an ef-

fective media, is “dispersive”. We shall see shortly that

due to this dispersion, the image of a point charge near

a flat boundary is not strictly a point charge, but rather

the combination of a point charge and a line charge.

III. FLAT BOUNDARY

Now consider a infinitely large plate which has a layer

of condensed counter-ions. The system is again overall

neutral, and is immersed in an electrolyte with dielectric

constant � and inverse Debye length κ = 1/�DB . We ex-

pect that the plate behaves somewhat like a conductor,

and therefore a point charge inside the electrolyte should

be attracted towards the plate. Our analysis below in-

deed verify this expectation.

The geometry is illustrated in Fig. 1. The point charge

Q is at distance d to the right of the dielectric plate.

Since � = 0 for the plate, the potential to the left of

the plate is completely decoupled from that to the right,

we can simply fill the left half space with the dielectrics

without changing the potential in the right half space,

which is what we concern about. We would like to know

the reaction potential acting on Q due to the polarization

ρ

ε = 0

r2
r1

Linearized PB

ε, κ

d

Q

P

r

z

O

Q

−2Q

FIG. 1: A point charge Q is at a distance d to the plate.
The dielectric constant vanishes in the left half space. Fur-
thermore, there is a layer of condensed counter-ions on the
interface. The image charges consist of a point charge Q� and
a line image extending to the left. The origin of the coordi-
nate system is chosen to be the mid point of Q,Q�. The z
axis points to the right. The images consist of a point image
Q� = Q (blue dot at the symmetric position) together with a
line image (represented as the blue wiggly line) extending to
the left with total charge −2Q.

of the counter-ion layer as well as the dielectric boundary.

More precisely, we want to find the total potential Φ in

the right half space in the form of

Φ(�r) =
Q

4π�r1
e−κr1 + χ(�r), (3.1)

with r1 the distance between the source charge Q and the

field point. The first term is the potential created by the

source charge in the bulk electrolyte with inverse Debye

length κ, in the absence of the dielectric boundary. It is

the Green’s function of the linearized Poisson-Boltzmann

equation, as is well known. The second term in Eq. (3.1)

is the potential by the polarized plate, i.e. the reaction
potential, which must be smooth in the right half space

and vanish as �r approaches infinity. Furthermore, it must

also satisfy the linear PB equation in the electrolyte, as

well as the boundary condition Eq. (2.5).

We shall use the image charge method, and postulate

that the reaction potential can be produced by a distri-

bution of image charges in the right half space. Guided

by symmetry, we postulate that there is a point charge

Q� in the symmetric position, and a line image which

starts from Q� and extends to the infinity. This situa-

tion is illustrated in Fig. 1. Let the line image has linear

charge density λ(ζ), with ζ running from −d to −∞. The

total potential at position �r = (x, y, z) can therefore be
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−q q −q q
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FIG. 2: Two parellel plates, shown as solid straight lines, are separated by distance d. A source charge q (big black dot) is
condensed on the left plate. It has a primary image −q (big open dot) just to the left of the left plate. The source charge and
the primary image form a dipole, which shall be called the dipole 0. Its dipole moment is 2qλ, pointing to the right. The right
plate creates an image dipole (dipole 1) with the same magnitude and orientation, at a distance 2d from dipole 0. The left
plate further produces another image dipole (dipole 2), at a distance 2d to the left of the left plate. Both dipole 1 and dipole 2
interact with the source charge. However, the interaction between dipole 2 and the source charge is identical to that between
the dipole 1 and the primary image. It therefore follows that the interaction energy between the source charge and dipole 1,
2 is the same as the interaction energy between dipole 0 and dipole 1. These two image dipoles are responsible for the lowest
order reaction potential acting on the source charge q. Other higher order images are suppressed at least by a factor of e−2κd.

the correlation energy of each condensed counter-ion is

u = − p2

4π�

∞�

k=1

1

4(nd)3
�
1 + 2κnd+ 2(κnd)2

�
e−2κnd

= − p2

16π�d3
�
−2d2κ2 log

�
1− e−2dκ

�
+ 2dκLi2

�
e−2dκ

�

+Li3
�
e−2dκ

��
(4.3)

At large distance κd � 1, the difference between the
full result Eq. (4.3) and the first order approximation
eq. (4.2) is exponentially small. In the short distance
limit, the difference is about 20% percent.

To calculate the total correlation energy between two
plates, we need to sum Eq. (4.2) over all charges con-
densed on two layers, and divided by two. [8] This gives
the interaction energy per unit area as :

U =
1

A

�

i

φiqi = −uσc/q. (4.4)

Note that this interaction energy is always attractive, and
is independent of the sign of the condensed counter-ions.

Several important conclusions can be drawn at this
stage. Firstly, the repulsion decays as e−κd, while the
attraction decays as e−2κd. It follows that if the renor-
malized charge density σR is nonzero, at sufficiently large
separation (comparing with Debye length), the interac-
tion between two charged plates is always repulsive. This
repulsion however may be too weak to detect experimen-
tally.

Secondly If the renormalized surface charge density is
sufficiently low, and if the separation is not two large

comparing with the Debye length, the direct Coulomb
repulsion may be overwhelmed by the attraction due to
correlation effects. This happens if the system is close to
the point of charge inversion. In this case, the interaction
between two plates is attractive at short separation and
repulsive at long separation.

Finally Let us discuss the role of multi-valence counter-
ions. Firstly, it reduces the renormalized surface charge
density σR, so reduces the repulsive part of the interac-
tion energy. Secondly, it increases the dipole moment p,
and also increases the density of condensed counter-ions,
therefore enhances the attractive energy.

V. MONTE CARLO SIMULATION

The physical modelling of the problems is illustrated in
Fig. 4, where the dielectric and electrolyte domains are
separated by planar interfaces. The surfaces are charged
with uniform surface charge σ. The counterions to neu-
tralize the system, each has charge q, are confined on the
surface, but movable on the located interface. The elec-
trolyte solution is a homogeneous medium described by
the dielectric constant ε and the inverse Debye length κ
under the framework of the Poisson-Boltzmann theory.

p = Max{2q�GC , 2qa⊥}

a⊥ is the separation between neighboring counter-ions
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Two-plate Problem: 
correlation energy of one ion due to existence 

of the other plate
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FIG. 2: Two parellel plates, shown as solid straight lines, are separated by distance d. A source charge q (big black dot) is
condensed on the left plate. It has a primary image −q (big open dot) just to the left of the left plate. The source charge and
the primary image form a dipole, which shall be called the dipole 0. Its dipole moment is 2qλ, pointing to the right. The right
plate creates an image dipole (dipole 1) with the same magnitude and orientation, at a distance 2d from dipole 0. The left
plate further produces another image dipole (dipole 2), at a distance 2d to the left of the left plate. Both dipole 1 and dipole 2
interact with the source charge. However, the interaction between dipole 2 and the source charge is identical to that between
the dipole 1 and the primary image. It therefore follows that the interaction energy between the source charge and dipole 1,
2 is the same as the interaction energy between dipole 0 and dipole 1. These two image dipoles are responsible for the lowest
order reaction potential acting on the source charge q. Other higher order images are suppressed at least by a factor of e−2κd.

the correlation energy of each condensed counter-ion is
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4π�
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1

4(nd)3
�
1 + 2κnd+ 2(κnd)2

�
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= − p2

16π�d3
�
−2d2κ2 log

�
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�
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�
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At large distance κd � 1, the difference between the
full result Eq. (4.3) and the first order approximation
eq. (4.2) is exponentially small. In the short distance
limit, the difference is about 20% percent.
To calculate the total correlation energy between two

plates, we need to sum Eq. (4.2) over all charges con-
densed on two layers, and divided by two. [8] This gives
the interaction energy per unit area as :

U =
1

A

�

i

φiqi = −uσc/q. (4.4)

Note that this interaction energy is always attractive, and
is independent of the sign of the condensed counter-ions.
Several important conclusions can be drawn at this

stage. Firstly, the repulsion decays as e−κd, while the
attraction decays as e−2κd. It follows that if the renor-
malized charge density σR is nonzero, at sufficiently large
separation (comparing with Debye length), the interac-
tion between two charged plates is always repulsive. This
repulsion however may be too weak to detect experimen-
tally.
Secondly If the renormalized surface charge density is

sufficiently low, and if the separation is not two large

comparing with the Debye length, the direct Coulomb
repulsion may be overwhelmed by the attraction due to
correlation effects. This happens if the system is close to
the point of charge inversion. In this case, the interaction
between two plates is attractive at short separation and
repulsive at long separation.

Finally Let us discuss the role of multi-valence counter-
ions. Firstly, it reduces the renormalized surface charge
density σR, so reduces the repulsive part of the interac-
tion energy. Secondly, it increases the dipole moment p,
and also increases the density of condensed counter-ions,
therefore enhances the attractive energy.

V. MONTE CARLO SIMULATION

The physical modelling of the problems is illustrated in
Fig. 4, where the dielectric and electrolyte domains are
separated by planar interfaces. The surfaces are charged
with uniform surface charge σ. The counterions to neu-
tralize the system, each has charge q, are confined on the
surface, but movable on the located interface. The elec-
trolyte solution is a homogeneous medium described by
the dielectric constant ε and the inverse Debye length κ
under the framework of the Poisson-Boltzmann theory.

4

written as

4π�Φ(�r) =
Q

r1
e−κr1 +

Q�

r2
e−κr2 (3.2)

+

� −d

−∞
dζ

λ(ζ)�
(z − ζ)2 + ρ2

e−κr(z−ζ).

With details relegated to App. B, we find the following

results:

Q�
= Q, (3.3)

λ(ζ) = − 2Q

�GC
e(ζ+d)/�GC . (3.4)

Therefore, the linear charge density exponentially decays

with a characteristic length �GC as ζ goes toward negative

infinity. The total charge of the line image is

� −d

−∞
λ(ζ)dζ = −2Q. (3.5)

If the distance d between the source charge and the

plate is much larger than �GC , the overall effect of all im-

age charges can be well approximated by a point charge

−Q at the symmetry point. Qualitatively speaking, the
dielectric plate behaves as a conductor plate, when probed
from a distance longer than �GC. We have arrived at this

same result by a direct analysis of the boundary condi-

tion Eq. (2.5). In this regime, then, the reaction potential

acting on the point charge Q is approximately

φQ = − 1

4π�

Q

2d
e−2κd. (3.6)

The point charge is therefore always towards the plate.

The attraction is however doubly screened. This is, of

course, a generic feature of all image charge effects.
What if the source charge Q is one of the counter-

ion condensed on the plate? The potential is still given

by the solution Eq. (3.2), except that we have to take

the limit d → 0. In this limit, the point image Q�
co-

incides with the source charge q, the reaction potential

acting on the source charge Q is therefore nominally in-

finite. The potential far away from Q in the right half

space is produced by the source charge and all its images,

and can be calculated using multipole expansion. Since

the combination of the source charge and all its images

is charge neutral, the leading order effect is an electric

dipole, whose moment is easily calculated:

p =

� 0

−∞

2q

λGC
ez/λ zdz = 2qλGC . (3.7)

Higher order multipole moments are suppressed by orders

of (�GC/d) � 1, where d is the distance to the plate,

and therefore can be ignored. [7] This result agrees with

Eq. (68) in Levin’s review paper.

IV. TWO-PLATE PROBLEM

Consider now two identical plates at the iso-electric

point, each carries a fixed surface charge density σc, and

a layer of condensed counter-ions with the same surface

charge density. The direct Coulomb repulsion between

these plates is clearly zero. Therefore any interaction

must be purely due to correlation effects.
Let us calculate the correlational potential acting on

a given ion condensed on the left plate. The geometry

is shown by the big black dot in Fig. 2. Without the

right plate, the precise overall effect of the left plate was

already calculated in the preceding section. The overall

effect can be described by an equal but opposite image

charg, which shall be referred to as the primary image
below. The primary image and the source charge form

a dipole with dipole moment p = 2qλGC . This dipole

shall be called the dipole 0. Now the effect of the right

plate is to introduce more image charges. The lowest

order effect is to introduce an image dipole at distance

2d to the right of the left plate, which shall be referred

to “image dipole 1” in Fig. 2. This image dipole has

the same orientation and moment as the dipole 0. We

should keep going and consider the image of the dipole

1 as reflected again by the left plate. This gives us the

image dipole 2, at a distance 2d to the left of the left

plate. Interesting enough, the distance between dipole 1

and dipole 0 is the same as that between dipole 2 and

dipole 0.

Both dipole 1 and dipole 2 interact with the source

charge. These two image dipoles are responsible for

the lowest order reaction potential acting on the source

charge q. Moreover, it is rather easy to check that the
interaction between the image dipole 2 and the source
charge q is identical to that between the image dipole 1
and the primary image. It therefore follows that the to-

tal interaction energy between the source charge and the

images dipoles 1, 2 is the same as the interaction energy

between dipole 0 and the image dipole 1.

In the linearized Poisson-Boltzmann theory, the inter-

action energy between two dipoles �p and �p�, at �r,�r� re-
spectively, is:

u =
1

4π�
(�p ·∇)(�p� ·∇�

)
1

|�r − �r�|e
−κ|�r−�r�|. (4.1)

Applying this result, we find that the correlation energy

of every source charge, up to the lowest order, is given

by

u = − p2

4π�

1

4d3
�
1 + 2κd+ 2(κd)2

�
e−2κd, (4.2)

which is always attractive.

We can keep going and calculate more image dipoles.

It is clear that n-th order image charges are at a distance

2nd from the source charge. Summing up all the con-

tributions from higher order image charges, we find that
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results:
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Therefore, the linear charge density exponentially decays

with a characteristic length �GC as ζ goes toward negative

infinity. The total charge of the line image is
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λ(ζ)dζ = −2Q. (3.5)

If the distance d between the source charge and the

plate is much larger than �GC , the overall effect of all im-

age charges can be well approximated by a point charge

−Q at the symmetry point. Qualitatively speaking, the
dielectric plate behaves as a conductor plate, when probed
from a distance longer than �GC. We have arrived at this

same result by a direct analysis of the boundary condi-

tion Eq. (2.5). In this regime, then, the reaction potential

acting on the point charge Q is approximately

φQ = − 1

4π�
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The point charge is therefore always towards the plate.

The attraction is however doubly screened. This is, of

course, a generic feature of all image charge effects.
What if the source charge Q is one of the counter-

ion condensed on the plate? The potential is still given

by the solution Eq. (3.2), except that we have to take

the limit d → 0. In this limit, the point image Q�
co-

incides with the source charge q, the reaction potential

acting on the source charge Q is therefore nominally in-

finite. The potential far away from Q in the right half

space is produced by the source charge and all its images,

and can be calculated using multipole expansion. Since

the combination of the source charge and all its images

is charge neutral, the leading order effect is an electric

dipole, whose moment is easily calculated:

p =
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−∞
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Higher order multipole moments are suppressed by orders

of (�GC/d) � 1, where d is the distance to the plate,

and therefore can be ignored. [7] This result agrees with

Eq. (68) in Levin’s review paper.

IV. TWO-PLATE PROBLEM

Consider now two identical plates at the iso-electric

point, each carries a fixed surface charge density σc, and

a layer of condensed counter-ions with the same surface

charge density. The direct Coulomb repulsion between

these plates is clearly zero. Therefore any interaction

must be purely due to correlation effects.
Let us calculate the correlational potential acting on

a given ion condensed on the left plate. The geometry

is shown by the big black dot in Fig. 2. Without the

right plate, the precise overall effect of the left plate was

already calculated in the preceding section. The overall

effect can be described by an equal but opposite image

charg, which shall be referred to as the primary image
below. The primary image and the source charge form

a dipole with dipole moment p = 2qλGC . This dipole

shall be called the dipole 0. Now the effect of the right

plate is to introduce more image charges. The lowest

order effect is to introduce an image dipole at distance

2d to the right of the left plate, which shall be referred

to “image dipole 1” in Fig. 2. This image dipole has

the same orientation and moment as the dipole 0. We

should keep going and consider the image of the dipole

1 as reflected again by the left plate. This gives us the

image dipole 2, at a distance 2d to the left of the left

plate. Interesting enough, the distance between dipole 1

and dipole 0 is the same as that between dipole 2 and

dipole 0.

Both dipole 1 and dipole 2 interact with the source

charge. These two image dipoles are responsible for

the lowest order reaction potential acting on the source

charge q. Moreover, it is rather easy to check that the
interaction between the image dipole 2 and the source
charge q is identical to that between the image dipole 1
and the primary image. It therefore follows that the to-

tal interaction energy between the source charge and the

images dipoles 1, 2 is the same as the interaction energy

between dipole 0 and the image dipole 1.

In the linearized Poisson-Boltzmann theory, the inter-

action energy between two dipoles �p and �p�, at �r,�r� re-
spectively, is:

u =
1

4π�
(�p ·∇)(�p� ·∇�

)
1

|�r − �r�|e
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Applying this result, we find that the correlation energy

of every source charge, up to the lowest order, is given

by

u = − p2

4π�
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which is always attractive.

We can keep going and calculate more image dipoles.

It is clear that n-th order image charges are at a distance

2nd from the source charge. Summing up all the con-

tributions from higher order image charges, we find that
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FIG. 2: Two parellel plates, shown as solid straight lines, are separated by distance d. A source charge q (big black dot) is
condensed on the left plate. It has a primary image −q (big open dot) just to the left of the left plate. The source charge and
the primary image form a dipole, which shall be called the dipole 0. Its dipole moment is 2qλ, pointing to the right. The right
plate creates an image dipole (dipole 1) with the same magnitude and orientation, at a distance 2d from dipole 0. The left
plate further produces another image dipole (dipole 2), at a distance 2d to the left of the left plate. Both dipole 1 and dipole 2
interact with the source charge. However, the interaction between dipole 2 and the source charge is identical to that between
the dipole 1 and the primary image. It therefore follows that the interaction energy between the source charge and dipole 1,
2 is the same as the interaction energy between dipole 0 and dipole 1. These two image dipoles are responsible for the lowest
order reaction potential acting on the source charge q. Other higher order images are suppressed at least by a factor of e−2κd.

the correlation energy of each condensed counter-ion is

u = − p2

4π�

∞�

k=1

1

4(nd)3
�
1 + 2κnd+ 2(κnd)2

�
e−2κnd

= − p2

16π�d3
�
−2d2κ2 log

�
1− e−2dκ

�
+ 2dκLi2

�
e−2dκ

�

+Li3
�
e−2dκ

��
(4.3)

At large distance κd � 1, the difference between the
full result Eq. (4.3) and the first order approximation
eq. (4.2) is exponentially small. In the short distance
limit, the difference is about 20% percent.

To calculate the total correlation energy between two
plates, we need to sum Eq. (4.2) over all charges con-
densed on two layers, and divided by two. [8] This gives
the interaction energy per unit area as :

U =
1

A

�

i

φiqi = −uσc/q. (4.4)

Note that this interaction energy is always attractive, and
is independent of the sign of the condensed counter-ions.

Several important conclusions can be drawn at this
stage. Firstly, the repulsion decays as e−κd, while the
attraction decays as e−2κd. It follows that if the renor-
malized charge density σR is nonzero, at sufficiently large
separation (comparing with Debye length), the interac-
tion between two charged plates is always repulsive. This
repulsion however may be too weak to detect experimen-
tally.

Secondly If the renormalized surface charge density is
sufficiently low, and if the separation is not two large

comparing with the Debye length, the direct Coulomb
repulsion may be overwhelmed by the attraction due to
correlation effects. This happens if the system is close to
the point of charge inversion. In this case, the interaction
between two plates is attractive at short separation and
repulsive at long separation.

Finally Let us discuss the role of multi-valence counter-
ions. Firstly, it reduces the renormalized surface charge
density σR, so reduces the repulsive part of the interac-
tion energy. Secondly, it increases the dipole moment p,
and also increases the density of condensed counter-ions,
therefore enhances the attractive energy.

V. MONTE CARLO SIMULATION

The physical modelling of the problems is illustrated in
Fig. 4, where the dielectric and electrolyte domains are
separated by planar interfaces. The surfaces are charged
with uniform surface charge σ. The counterions to neu-
tralize the system, each has charge q, are confined on the
surface, but movable on the located interface. The elec-
trolyte solution is a homogeneous medium described by
the dielectric constant ε and the inverse Debye length κ
under the framework of the Poisson-Boltzmann theory.

Including images at all orders (all attractive!)Correlation energy per 
condensed counter-ion
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Correlation Energy between Two Plates

• Adding up correlation energy for all condensed counter-ions

U = −Np2

4π�
1

4d3

�
1 + 2κd+ 2(κd)2

�
e−2κd

• with only one undetermined parameter p, which we can estimate.
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Monte Carlo Simulation: One Plate Problem

r

g(
r)

10 20 30 40

0.94

0.96

0.98

1

1.02

1.04

d = 20
d = 30
d = 40
d = 50

Unit: Angstrom

FIG. 5: Radial distribution functions for different distances.

Electrolyte: ε, κ

Dielectric
d

10 MC steps

L = 100 Å, N = 40,

q = 1 point charges �GC = 2.79Å

�DB = κ−1 = 30Å

100 X 100

Regions outside 300Å× 300Å are ignored.

10 million MC steps

Average separation between ions: 10Å
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Monte Carlo Simulation: Two Plate Problem

• Multiple image charges (up to 10) are take care of

• Regions outside (300A)^2 are treated analytically, 
using mean field approximation

• Surface charges are treated using linearized PB

L = 100 Å, N = 40,

q = 1 point charges �GC = 2.79Å

�DB = κ−1 = 30Å

100 X 100

Correlations of ions on two plates

U = −Np2

4π�
1

4d3

�
1 + 2κd+ 2(κd)2

�
e−2κd

•  The functional form of correlation 
energy is clearly confirmed

•  The coefficient is off by factor of 2

•  No free parameter fit!
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Summary
• DLVO is intrinsically flawed, even at level of Linearized PB

• Two fluids model is useful

• Condensed counter-ions make colloids like conductors

• Counter-ions as effective boundary conditions

• Correlation energy calculated using generalized Debye-Huckel

• Like-charge attraction understood using linearized PB

• Excellent agreement with numerical simulation

Outlook
•   More extensive simulation of two-fluids model

•   Simulations of primitive model (maybe charge regulated)

•   System slightly away from iso-electric point

•   Comparing with experiments
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