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Some aspects of convection in mantle-like material

Very large Prandtl number

Free boundaries

Significant amounts of internal heat generation
Not in steady-state : cooling

Large variations of viscosity

Non-Newtonian rheology (probably)



CONVECTION DRIVEN BY
INTERNAL HEAT GENERATION

Core has no
4 Uand Th

(K?)
but provides heat
To mantle



Radioactive elements

Nucleide | 233 235) | 232Th | 40K

Ty, | 446 | 0,70 | 14,0
(Ga)

Heat production in silicate Earth

(nocore) H = 5 pW kg'1 (X 1012w
kg'1).
Total heat generation rate 20 TW (20 x 1072 W)







Total flux ® = 40 TW = 40 1072 Watts
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Two dimensionless numbers characterize convection

(Pr— =)

poga ATh?

b

K 4

Hh?
KAT

H* =




1. Pure internal heating (zero heat flux at base of fluid layer)

In all the following H stands for heat production
per unit volume (what we wrote as pH before).

Only one dimensionless numbers (infinite Pr limit)

AT _th
H = o
fJ"HJ"'ﬁ
RHH:,og,w I+

kK L
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In steady-state, the heat flux out of the layer is known:
it must evacuate the total amount of heat released in the layer

O =Hh,

The unknown is the temperature difference across the upper

boundary layer, noted AT;.
We seek a relationship between the dimensionless
temperature and the only variable dimensionless number

(Pr— =)
I
Hh’
k

=f (Rap),
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Dimensionless temperature (Hh2/k)
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Constant for the local heat flux scaling law
Free boundaries

Heating mode Co Reference

[nternally heated 0.302 Parmentier and Sotin, 2000
Mixed § (0.346 Sotin and Labrosse, 1999
Heated from below 0.378 Hansen et al., 1992

+ From numerical calculations in the infinite Pr limit.
§ The fluid layer 1s heated from below and from within.



2. Layer heated from below and from within.

Two dimensionless numbers (Pr — « )

poga AT.h
d =

K 4

Hh?
KAT

H* =

& =A T;' Jx"ll AT
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AT HI -
AT, =—+C
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pgaHI® )

AK L
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AT; = — + C*ATH*/*Ra™!/*

1 f.
e = > 1+ C*H* /R4,

C*=1.24
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Constant for the local heat flux scaling law
Free boundaries

Heating mode Co Reference

[nternally heated 0.302 Parmentier and Sotin, 2000
Mixed § (0.346 Sotin and Labrosse, 1999
Heated from below 0.378 Hansen et al., 1992

+ From numerical calculations in the infinite Pr limit.
§ The fluid layer 1s heated from below and from within.



Temperature-dependent viscosity

(~7)
L= pexp| — .
/ f | ATh

Add one dimensionless number

viscosity ratio .,/ (T, + AT)

or
temperature ratio AT /ATg



Arrhenius temperature dependence ?

E+pV)
RT )

1= aexp (

(E4pV)T—T)

[ =2 L eXP
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Rheological temperature scale for mantle rheologies -

Creep regime E (kJ mole—!) V (ecm? mole™) ATp (K) §
Dry diffusion 261 6 02
Wet diffusion 387 25 62
Dry dislocation 610 13 39
Wet dislocation 523 4 46

T Representative values from (Korenaga and Karato, 2008).

T,=1700 K, p =6 GPa
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EXPERIMENTS WITH GLYCEROL
Solidifies at 18" C
High Prandl number (Pr = 9x103)

T

y

T+ AT









Tg+ AT

Numbers which define the experiments

o AT h 3
Ra = S L Pr =v/x
KV

A = hy/h
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1. Moderate viscosity variations
101 < viscosity ratio < =103
Two different thermal boundary layers

ot and dg, such that 61 >> 6

ATt and ATg such that AT+ > ATg
and such that AT + ATg = AT



Different viscosity values

U, at the top

W in the interior (away from the boundary layers)
ug at the base.

Because o5 is thin, u = pg.



ATt ATpg

0 =k=T K558
oT op
or
ATr = AT
St +dp
Kkh

S|z






[n the cold upper boundary layer, dissipation is associated with the bending of
a viscous layer as it is entrained into a downwelling current. For bending along
a circular trajectory, the strain rate is Uy /ér. Dissipation 1s achieved in the small
circular quadrant sector where bending occurs, 6V ~ 3%!1, Thus,

€EUT ™~ Mol — 3TIL
or

Dissipation in the hot interior is achieved with velocity gradients that are distributed
through the layer, implying that,

Up\~
EUB ™ J4i (T) n,



U 2 - U 2 y
Lo ik orh ~ 1, B pd e~ H!’Q;’IE+
3T h CP

: 2 -
€U.T "y ,L{“UT "y -’uH&TH

) 2 4 *
cuB  HiUp 7 g.ﬁT}l

FE

ATy w(ﬂ_w)“” Em(ﬁ_w)““‘ S_Tm(ﬂ_n)l“
ATp [ " Up 1% " Op [ +



(Mo f L) l/4
L+ (Lo f L) 1 /4
(f.,{ 0 fl A ) /3

[ L+ (H () ,rf A ) ] _1]—1 3°

where the Rayleigh number Ra, has been
calculated with the viscosity at the top.

PolU A Th}.

dy =

NU Y Rﬂ flj_,.-" 4

HFJL{H

) — ._1-;.._.. _1.
{ fif;;,-"' fal{,;} l ._I.

[ l + (H“‘fﬁig} 14)

—1/3
or ~hRa,




2.Large viscosity variations
viscosity ratio > =103

Upper part of the fluid remains stagnant.
Temperature scale for convecting interior
IS no longer AT, but ATg.

Heat flux scale is

| /3
ngﬁzk( J ) AT,

KL
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As argued above, ATy > ATp because the upper thermal boundary layer is
made of a thick stagnant lid and a thin unstable sub-layer. Also, ATp ~ ATg.

4/3 —1/3
i3 AT\ _13 [ AT /
Nu ~ Ru!.h3 ooR , op ~ hRa, SA .
AT AT

where Ra; is a Rayleigh number calculated with the interior viscosity p;,

B pﬂgm&ﬂﬁ

K 4

Rﬂ.;‘

A scaling for the thickness of the upper boundary layer can only be obtained in the
limit of AT > ATpg. In this case, ATr ~ AT ;

i AT 43
dr ~ hRa; ATo
R

o AT
BATR



Surface heat flux Q_/Qgr

1/3
Po8A\ 4/3
Q~Qr= k( f ) ATy,
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Non-Newtonian rheology

¢ =b~'o"exp(—H /RT).

J> — -v,?,-’f(ﬂ!jﬂ!:f — a”c:rb,)/Z

Apparent viscosity

ﬂ-” (l:" T - Tr; f{;'l"':f”
p— e — ex e — (.
- 26 ! P AT =1 =P

o N
€~
£

I — Tf;l
H.&TH

).



Apparent viscosity

0ij b ( T — TH) pl/n ( T — Tﬂ)
= ———=—"—€Xp| — = —7exp| —- ,
2e ij {Tf | A TR . — nA TH

e,"

—_—

u(o): which scale for magnitude of convective stresses ?



Add one dimensionless number : n

0ij b ( T — TH) pl/n ( T — Tﬂ)
= ———=—"—€Xp| — = —7exp| —- ,
2e ij {Tf | A TR . — nA TH

e,

—_—

Proper temperature scale ?
ATgor (n ATR) ?



What is the stress-scale for convection ?
e ~U/h

Use the dissipation equation

v = og ,
H_ILS e _QILS.
N Cf,,-,

Add boundary layer scalings
Q~kAT/d

5~ Jxh/U.

g~ peLalATs.




1. Moderate viscosity variations
101 < viscosity ratio < =103

Vicosity scale for the fluid interior :

I‘[ ) | "I;I.” ( T;' — T{} )
i = T eXp| — .
(U /h) = nATg

Use the dissipation equation again

13 pl/n T,-T,\(U\" : oag
oeh’ ~ -1 SXP | — o) e
( ;’;I;}T H&TH h (‘J”




Add the boundary layer scalings

¥ i - E.'i'
—— K .
o ~ hRa,, 2 Nu~ Ran},‘jE , U~ ;—RHF
!

where Ran is a “modified” Rayleigh number

n+2
pPoctg ATh n

; ; T." T TfJ +
nATpg

R“” —

These results involve the two new dimensionless numbers
n and ATg



In order to evaluate the impact of each number independently

AV
Poctg ﬁﬂrf{n—l—hl,, 1

b | e

l/npl/n
poatg AThU2)/n T,—T,
Ra; = ' . = Ra,exp +
wl/npl/n exp (_ Ii—1To ) AlR
ATp
ri— | I

Nu ~ Ruf’jﬂ REIF+



Nusselt number

50 | | | |

; ,
10— 1/
— 500 4"

) | | | |
102 103 104 105 106 107

Rayleigh number Ra;




Velocity
2,
|

[—

S
(\O)
|

@
Ra =200

10 | | | |
102 103 10* 10° 10% 107

Rayleigh number Raj




The modified Rayleigh number that enters these scaling laws, Ra,
can be written in terms of a reference viscosity pi,:
pﬁgaﬁﬂrg

K n

(l'}'l-’;” ( Tg' — Tu)
where , = —exp|l ———— ).
(f{'ﬂ.’z)lT nATp




Heat flux

)

2in+1
0~ K fos Naa
- Ts’ — Tf;l
K l Hh l fn e};p —
H,ﬁTH
This can be rewritten in the familiar form
1/3
ga 17
0 ~ k(ﬁf 8 ) AT
K [L;
where y; is the “effective” viscosity for convection
3n
| /1 Ii— 1o\ |
b /"exp | —
nATR
i — 1 2(n—1) *

K2 (poga AT) n+2°



Add boundary layer scalings
O~ LAT /5 and U ~ kh/8>

Explicit expression for convective stress scale

o~ peLaATo

[/
L _'{.'—
/ i
1
¥ T - T{J m
~ f":m'(p”rzgc;r&]“}*exp(— 3 ) +
| ATg

Substituting for o into rheological equation leads to viscosity z.



2.Large viscosity variations
viscosity ratio > =103

00 )#ﬂ Ei{s+1]
Q=Cnk (P08 — AT, |
T!' — Tf.i' n+2
kbhexp| —

ATp
H C(n)t
] 0.528
2 0.755
3 0.971

Numerical calculations by Solomatov & Moresi (2000)



Temperature difference across the unstable boundary layer
(from Solomatov & Moresi, 2000)

H A ﬂp‘fi‘x TR

2.4
3.6
4.8

fad [d =

Method: from independent determination
of boundary layer thickness
using the vertical velocity profile



Another way of determining ATj

1/3
. [ PoSA \ 4/3
Q — Cf y ( ) i ?-.f] .

KA

where C, is the value determined for constant viscosity fluids.
In this case:

b — C R-

<)




Rheological exponent n




Rheological exponent n

Value from laboratory experiments
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Rheological temperature scale for mantle rheologies -

Creep regime E (kJ mole—!) V (ecm? mole™) ATp (K) §
Dry diffusion 261 6 02
Wet diffusion 387 25 62
Dry dislocation 610 13 39
Wet dislocation 523 4 46

T Representative values from (Korenaga and Karato, 2008).

T,=1700 K, p =6 GPa



