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Optical micromanipulation
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SO

Optical momentum flow

e Maxwell’ s stress tensor

* * 1 * *
I,=ED;+HB,~ (E.D,+H,B,)

Ei, Di, Hi and Bi denote the electric field,
the electric displacement, the magnetic
field and magnetic flux respectively.

011 012 013
Ti= |o21 090 093
031 032 033

014, O,,, O35t Normal stresses (pressure like)
015 O3, O3, O,q, Oy3, O35t Shear stresses L2
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Optical forces

* Optical force density (momentum transfer)

f,=-08-3f, 8 =€,D,5;

I M il
(momentum density) ™

Total optical force, time averaged over the pulse X34 ¥ S

repetition period At

<F, >=Aitﬂ fdv dt:AitﬂT,.jdsjdt

'I?f

The momentum density, gi, cancels out in the
averaging process.
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Outline

Interference conservation

Lorentz lemma & Noether’s theorem

e Superposition principle & optical eigenmodes

SAM and OAM for generalised Bessel vector beams
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Optical spin vector
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Take away message

Conservation Convergence

conssersvastion | kinsarva s an|

noun

the action of conserving something, in particular
« preservation, protection, or restoration of the natural environment, natural
ecosystems, vegetation, and wildlife.
« preservation, repair, and prevention of deterioration of archacological, historical,
and cultural stes and artifacts
» prevention of excessive or wasteful use of a resource.
« Priyscs the principle by which the total value of a physical quantity (such as
energy, mass, or linear or angular momentum) remains constant in a system.

Simplest equation in the world
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Maxwell’s equations

E (energy density), S (Poynting vector) and
o (Maxwell’s stress tensor)

V- poH =0, B(F) =3 (@B B+ ol D),
| .
V x E = —up8:H, S(F) =3 (B' x H+Ex H"),
2 ~
V x H = ¢o0;E, #(F) =‘-’2— (B -E + poH" - H) I - E* © B
\ —eoE®E'—uoH'®H—uoH®H'),/
Conventions: Conservation:
E and H are complex fields
having only positive V- S(j:) i atE(f) = O,
frequencies components

F—(EH) V -5(F) + 8,S(F) = 0.

A% A\
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Interference conservation

F=FR+5 E(F) = E(F1) + Ex(F1, F2) + Exi(Fr, F2) + E(F),
F=F +ik E(F) = E(F) +iEwx(FR, F) - iEy(F, F) + E(F),

/ Ey(F1, F2) = %(GOE; «E; + poHj - Hy), \

E,, (interference energy) Si(FLF) = %(E{ x H; + E; x HY),
S,, (Poynting vector)

; , ¢* ;
G 1, (Maxwell’s stress tensor): o12(F1. F3) = E((eoE} ‘Ez + uoH} - Ho)I — ¢E} @ E;

- €E; ® E] — poH ® H; — poHz; ® HY).

- /

Lorentz lemma, V S12(F1, ) + 3 Ern(F1, F2) =0,
Feld-Tai reciprocity V - 612(F1, F2) + 0:S12(F1, F2) = 0.
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Noether’s theorem

The interference of any two fields is conserved: Fl and fz

In particular:

F = '_II‘

rotation
angle ¢ * "

F, = TF

If F is a solution of Maxwell’s equations, T is a transfor-
mation that leaves Maxwell’s equations invariant and TF is
the transformed field, still a solution of Maxwell’s equation,
then E\z(F,TF), S12(F,TF) and o12(F,TF) define the

canonical energy density, current and stress tensor associated

S with this transformation or symmetry.
N \ N e
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Conserving quantities: ldentity

A=]
Ena(F, AF) = }(€E® -E + uoHl" - H),
S1(F,AF) = %(E’ xH+E x H"),

C2
&IZ(}-’m — ’5

— E®@E" — uoH* @ H — uoH @ H").

((eoE* -E + uoH* -H)] — ,E* @ E

A Symmetry transformation

Nl
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Conserving quantities:

energy and momentum?
Al=iah

i
En(F,AF) = E(GOE* « %E + poH" « 3, H),

S12(F, A, F) = %(E x 3,H + 3,E x H*),

P
~ IC * - T
on2(F, AF) = 7((6013 + E + puoH" - 9, H)I

—— GOE* ® a‘E W~ 608,E ® E* S— MOH* ® G,H
— oo H® HY).
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Conserving quantities: Orbital momentum?

Ay = 10y,

i * -
E o (F, AgF) = E(GOE » 3E + poH" + 9,H),
Si2(F, AeF) = 5 (E" x d5H + 94E x H'),
i 2 "
612(F, ApF) = —-((€oB" + 3 + poH" - 35H)]

— €oE* X 8¢E — 603¢E RE* — [l,()l‘l.l X 6¢H
— [.L03¢H X H*)
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Conserving guantities: Spin?

i _( 0 iZO) Duality transformation
Sl — 8 Z O .
1/Zo applied to (E,H) (E,H) 4 (H.-£)

Eis(FiAF) = E‘E(E .H-H"-E),
Si2(F, A, F) = ;(GOE' x E + poH x HY),

5 12(F. AF) = g((E* .H-H'-E)i -E*'®H

— HR®E*"+H"®E + E® H").
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Question time

Definition: The total EM field is composed from a superposition of
partial fields.

Can we associate a conserving quantity to a partial field?

Why would we want this?
What is the challenge?

How many simultaneously conserving quantity can be associated with
a partial field?

.......

A% A\
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Decomposing an LG beam

Gaussian beamlet

Vortlet decomposition
decomposition

University of

St Andrews




Pinhole & LG beam

eEnergy conservation
£ = ¢onist,= / / uu*drdy

eMomentum conservation

'L
|||||||

p = const. = f/ S(uVau™)dzdy

eLinear motion of the center of gravity

<r> = g//ruuda:dy

— r+v z—z1

eAngular momentum

—— - ’
0.003 y. 91 —

M, =
M,

<L >vy— <Y > Uy
1
E / (zudyu™ — yud,u™)dzdy




Eigenmode superposition

Definition: Decomposition in

(EIZ(f))A=/E12(f,AF)d3)’, partial fields
F=2,F

(E1a(F))a = (EIZ (Zifi))A : >
Orthogonally

(En(F))a =) MilEn(Fi)a
o AMF = AF

Nl
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Simultaneous conservation

For a partial field to simultaneously conserve multiple quantities the eigenfunctions
of the associated operators need to be shared.

This is only possible for an ensemble of Hermitian operators that commute pairwise.

Compatible operators Incompatible operators
Ay — Zay waves A Za

Y Y
A, =10,

o) T
N
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Eigenmodes: Example

Mathieu beam; L=3

A

Picture from
wikipedia

A=Ay Ay -

A% _—
N ES '

.......
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Eigenmodes: multi-point OAM

4 point ; L=3 Intensity four fold symmetry; phase three fold symmetry

-
-«

Intensity Phase |

'
r 2 'z v T r T
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Summary eigenmodes

Optical eigenmodes are solutions of Maxwell’s equations that are additive
with respect to a conserving optical quantity.

Properties:
associated with a symmetry / operator

orthogonal i.e. not globally interfering

associated with a density, current and current flux

commuting operators lead to simultaneously additive properties
Next:

What is more important in the EM & QM convergence?
Operator or Symmetry

N

N N\ !
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Bessel beams

ez = agJe(kip)
€y — ayJE(ktp)
1 . —1 L, . 7
ez = 5(—iay+ay)Je-1(kep)tan(y)e ?+ 5 (1as + ay)Jet1(kep) tan(y)e ¢
Cx
E = exp(iwt —ik,z +{p) | ey
€z

Invariant operators Aqﬁa A27 At

are the same as in QM
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Locally polarised VBB

N-fold Annulus N-fold Lens

l IVortex mask '
/ e
A

radial polarise

Linear/circular
polarised
beams

p— -~ -\|

14

ZN

optical manipulation

Focal




AOM and SAM split for VBB

ex(6,€)) = ((ac —iay)Be-e + (az +iay)Bere) cos®(7/2) — ((az +iay) Bere—2 + (a — iay)Be—s
ey(6,€") = ((ay +iaz)Be—p + (ay —iaz)Beye) cos’(7/2) + ((ay — iaz) Berer—2 + (ay + iaz) Be—s
e:(£,€) = (—agz —iay)Bere—18in(y) + (—ag +iay)Be_p 41 8in(y)

with: B, = (=) Ju(k:p)et®®
Polarisation & phase equivalence

Eigenmode
Ee)(Li) = Eupare+an(l;i) nxEf+(xV) Ef = ((+1E/
E / ].,—. — E —_ / ].,—. —
.1, =0) =aee+an(l, =) nxE, +rxV) E

variable: (a,,a,)

]
~—~~ T/~ /~
QN
|
—t
— — — —
=
S|

nx H +(rxV), H+ = ((+1)H/
Definition: nxH, +(rxV) H = ((-1)H,
Ef = Eq401,i)= Eqgiasan(l,9) SAM + OAM = AM

E, = Euonl,—i)= Ey_araen(l,—i)

£ -
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Polarisation spin
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QM: Spin operator

Schrodinger’s equations including spin:

‘ 2
ih;)—\lq(r, t) = - -,—'-Vz\lu(r‘ t) 4+ Vir)W(r, t)
o 2m
L0 h? 2 , )
ih—WV_(r,t) = ——VV_(r. t)+Vir)¥_(r t)
o 2m
Using the spinor notation y = (¥4, ¥_) we have
d h? 2 ) / Interference conservation \
ihm\ _ —mv X + Vx
Conservation relations: 0 = v,'i'hz + 3eprz
; ST . Jiz = ip-(aVxa = x2Va)
— 'j + p * ’
) “h t . . \Pm = Xa2X1 /
J = ig—~(xVx" —x"Vx)
P = XX
Invariant symmetry operators - 0 1 o = 0 1 o, — 1. 0
(Pauli matrices) Oz = 1 0 4 -1 0 g =1
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EM in the Riemann-Silberstein form

1
Maxwell’s equations V-E=0 VxE= —EatB
in vacuum (complex 1
with w>0): V-B=0 VxB= ZatE

Normalisation such that
the energy density is:

hw(E*-E +B*-B) =

E

E, + iE; and B = B, + B,
Fr = Er-i-ZBr and Fz = EZ+ZB2

4 i
The ancillary field F, facilitates the V-F.=0 VxF,= Eath'
representation of the polarisation of the i
light field. V-F; =0 VXF;= ;()th'

£ -
N N iy
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RS spinor equation

F = (F,,F)) V-F=0 VXFz-EatF

Interference conservation:

0=V "-ji2+ Op1o

j12= —iCF;XFl =—?:CF;TXF1T—’I:CF;?: XFH
p12=F;'F1 =F;rF1r+F;zF1z

\ -.-‘.\‘;Sf_._\:‘,_-. A a0 . o
_\g-l"/
28PN :
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Some conserving densities

Operator T paAT)=F"-TF

P oo E'-E+B"-B

£ ihd,a, E* - (ihd,)E + B* - (ihd,)B

P, —ihd, o ~E* - (ihd,)E — B* - (ihid,)B

P, —~ihd, o ~E* - (ihd,)E — B* - (ihd,)B

P. —ihd.org ~E* - (ihd.)E — B* - (ihd.)B

! ~(ihr x V), 00 ~E* - (ihr x V),E - B*: (ihr x V)., B

L, ~(ihr x V),00 ~E* - (ihr x V),E - B* - (ihr x V),B

L —(ithr x V).oy ~E* - (ithr x V).E - B* - (ihr x V).B
Number of photons,.energy, linear 1 0
momentum and orbital angular momentum oo = ( 0 1 )

Nl
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Spin Vector

Additional invariant operators.

Conserving density and currents

Operator | T p12(T)=F"-TF J12(7) = —icF* x TF
So | hoo WE -E+B -B) he(B* x B—B* x B)
Sl ha'l 2h(Ez . Er + Bz : Br) zhC(E,- X Bz + E,; X B,-)
So ho o 2ﬁ(Ei -B, — E, - Bi) 2ﬁC(Er x E; +B, x Bz')
S3 ho 5 h(Er‘Er—Ei'E,‘—B,”Bi-l-Br'Br) 2hC(E,-XBr+BiXEi)

0=V "-ji2+ Op1o

7N\ \
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Spin eigenmodes

I 0 0 1 _( 0

Ei =u, Ei = —u; +u, E; = -, +u,
Eo; = u, Eo =u,; +u, Eo =u,; +uy
< Stokes parameters 100% Q 100% U | 100%V
+Q | +U P +v/+\
I = |E*+|E i
Qo U=0; V=0 Q-~0;U-0;V=0 “0;U~0;V>0
Q = |EP-|E], e | e
U = 2Re(EmE;), Q '”ﬁ v
W = 21m(E$E;), \J(/'
Q.o_u;’o_v.o q-o.u‘;'o.v-o Q-cr.u‘;'o.v-o
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Rotation properties and Lorentz invariance

/ — (ug,u,,u;): Rotation ah £z 53";‘:;’:9:(‘)
| | ~—, o Rotation angle

Yu

_/l/.-’v 3%»

In a Lorentz transformation
F is transformed using:

R} = exp(o,.0/2).
R = exp(i(ui01 + u202 + uzoz)o/2). tanh(6) = v, /c

A rotation of the coordinates implies
the application of R to the spinor F. (507 51,92, 83)
=> Rotation of § around u. ‘; behaves like a 4-vector

: 2 2 2 2
For coherent monochromatic plane wave we have: ST+ 55+ 55 = SO
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Summary

* Introduced optical eigenmodes mimicking QM
* Discussed their properties:
* conservation
» additivity of partial field superposition
* symmetry <> operator
e Possible link between SAM and OAM for vector beams
* Introduced a vector version of the optical spin

Next:

* Finite size optical eigenmodes
 Optical eigenmode imaging (indirect)
* Finite vortex eigenmodes

* Interactions with hard singularities
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