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Light in a Twist 



Outline 

•  The orbital angular momentum (OAM) of Light 
•  Topology of speckle lines 
•  Quantum entanglement and EPR 
•  OAM and EPR/Bell 
•  Measuring OAM 



That light has a momentum (History) 

•  The momentum of light 
–  Momentum/energy = k0/ω 


–  Spin AM/energy = /ω


(True both for photons and classical fields) 

•  The push of light 
–  Force = P/c  (e.g. 3mW -> 10pN) 

•  The twist of light (circularly polarised) 
–  Toque = P/ω (e.g. 3mW @633nm -> 1pN.µm) 

•  The twist of light (skew ray, @ f#, acting at r) 
–  Toque ≈ Pr/(2c.f#) 

•  The twist of light (helical phase, @ f#, acting at r) 
–  Toque ≈ P /ω (max≈ k0r/2f# ) 

•  Linear momentum 
–  Maxwell 
–  Abraham/Minkowski 

(1909/08) 
•  Spin AM momentum 

–  Maxwell 
–  Poynting/Beth (1909/36) 

•  Orbital AM (not spin) 
momentum 

–  Maxwell 
–  Various ≈ 1930s 

•  Orbital AM (helical phase) 
momentum in a beam 

–  Allen et al. (1992) 

P, optical power,  f#,  “f-number” of optics 



Getting started on Orbital Angular Momentum of Light 

Miles Padgett  

•  1992, Les Allen et al. 

•  1994, Les and Miles have dinner…... 



Orbital Angular Momentum from helical phase fronts 

r


z
 p


E


B
 E


B


p

z


θ#

θ#

pθ = 0 pθ ≠ 0 



Angular-momentum of light 

•  In the “classical world” all 
effects can be explained 
by the electro-magnetic 
field 
–  Angular momentum z-

direction requires linear 
momentum in φ-direction 

•  i.e. Lz = r pφ 
–  Linear momentum in φ-

direction needs component 
of E or B in z-direction 

•  Angular momentum 
requires field component 
in direction of propagation 
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Calculate AM from EM field 
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Spin AM (more complicated!) 

•  SAM requires both 
circular polarisation & an 
intensity gradient! 
–  B α Curl E 

–  e.g. if         ≠ 0  & σ ≠ 0 

–  Bz ≠ 0 
•  Intensity gradient 

approach gives right 
answer to 
–  Transfer of SAM to 

particles 
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Orbital angular momentum 

•  OAM arises from helical 
phasefronts 

–  Ez & Hz ≠ 0 
–  pφ ≠ 0 
–  Lz ≠ 0 

•  OAM arises from “skew 
rays” 

•  Skew rays give the right 
answer to 

–  Transfer of OAM to 
particles 

–  Generation of OAM 
–  Frequency shift 

E 

B 

r 

z p
p φ 

y 

x 



Optical vortices, Helical phasefronts , Angular momentum 

•  Description of 
light 
–  Intensity, I ≥0 
–  Phase, 2π ≥ φ ≥0 

φ = ωt +kz +θ 
 = 0, plane wave 
 = 1, helical wave 
 = 2, double helix 
 = 3, pasta fusilli 

etc. 

= vortex charge
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Angular momentum in terms of photons 

•  Spin angular momentum 
–  Circular polarisation 
‒  σ per photon 

•  Orbital angular momentum 
–  Helical phasefronts 
‒   per photon 

 = 0
 etc
 = 1
  = 2
  = 3


σ = +1


σ = -1




A double-start helix (=2) 



Optical Spanners 



Off-axis Spin and Orbital transfer 



OAM / SAM transfer to particle held in optical tweezers 



Making helical phasefronts 

•  Pass plane-wave through a 
spiral-phase plate (thickness α φ) 
–  step height= λ/(n-1) 



Designing  helical phase hologram 

•  Holographically 

•  Spiral Phase-plate 
 s= λ/(n-1) 

e.g.  = 1 


s

2π 

0 

+ = 



Making helical phasefronts with holograms 



Making a white-light vortex 

•  Fibre-coupled (≈spatially coherent) white-light source 
•  Hologram to create vortex 
•  Prism to correct chromatic dispersion 

Fibre-coupled 
(Xe) source 

Prism 

Hologram 



Dispersion in the vortex 

•  De-optimise 
dispersion correction 
–  Non-colinear spectral 

components 
•  Need to boost 

colour in dark core 
–  Chromascope 

(Berry) 



Acoustic Spanners 

Watt for watt, sound (in air) has 106 times more push than light (in vacuum) 



Free-space comms 



Annular Doppler shift for circularly polarised light 

•  Additional rotation of 
polarisation (at Ω) shifts 
frequency 


Δω = Ω 

         = σΩ   (σ=±1)


•  c.f. time speeds up if you 
rotate a clock! 



Annular Doppler for helically phased circ. polarised light -1 

•  Such a beam contains 
both SAM and OAM 

•  Example 1 
  = 3, σ =+1 

•  Four fold rot. Symmetry 
•  Rotate beam at Ω 

Δω = (+σ)Ω

      = JΩ 

         = 4Ω 



Rot. Doppler for helically phased, circ. polarised light -2 

•  The  SAM and OAM add 
or subtract 

•  Example 2 
  = -3, σ =+1 

•  Two fold rot. Symmetry 
•  Rotate beam at Ω 

Δω = (+σ)Ω


      = JΩ 

         = 2 Ω 



OAM in second harmonic generation 

•  Poynting vector  “cork screws”, 
azimuthal skew angle is 
‒  θ = /kr 

•  Does this upset a co-linear 
phase match? -No 

•  Frequency & -index both 
double 

•  “Path” of Poynting vector stays 
the same  

–  phase matching maintained 

2 infra red 
photons 

 = 0


1 green 
photon

  =20
“cork screwing” 

Poynting vector




OAM conserved in SHG 

•  OAM conserved in 
the light beam 

•  c.f. SAM in which  
OAM is not 
conserved 

•  But, down 
conversion is more 
complicated! 

 = 1, p = 0


 = 1, p = 1


 = 2, p = 1


 = 2, p = 0


 = 2, p = ?


 = 4, p = ?


2nd harmonic
fundamental




Further reading on OAM? 

92-02 -08 



Electromagnetism and beyond! 



What else for OAM 

Rotational 
Frequency Shifts 

Optical 
spanners 

Non-linear freq. 
conversion 

Vortex loops 

OAM 
communication 

White light vortices 



Optical Vortices before Angular Momentum 

And vortex lines in electron wavefunctions 



Fractality and Topology of Light’s darkness 

Mark Dennis (Bristol) 

Kevin O’Holleran 
Florian Flossmann 



Vortices are ubiquitous in nature  

•  Whenever three (or more) 
plane waves interfere optical 
vortices are formed 
–  Charge one vortices occur 

wherever there is diffraction 
or scattering 
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Map out the vortex position in different planes 

•  Either numerically or 
experimentally  one 
can map the vortex 
positions in different 
planes 



3-plane waves (= amplitude) 

•  Vortex threads are straight 
and parallel 



5-plane waves (= amplitude) 

•  Vortex threads form 
closed loops & open lines 



Modeling plane-wave interference 3D patterns 

•  Multiple plane-wave described in k-
space 

•  Use a discrete spatial spectrum, gives 
an interference pattern with 

–  lateral periodicity  2π/ Δk 
–  axial periodicity 2π/(Δk2/2k0) 

•  Can calculate interference pattern 
over a representative “Talbot cube” 

•  Tile cubes together to cover all space 

k-space 
kx 

ky 

Δk 

FT 



Within the “Talbot cube” 

•  Map out the vortex lines in 
3D 

•  Vortex lines re-enter cube 
–  Can “tile” the cube to gain 

knowledge over all space 



The tangled web of speckle 

•  ≈1600 plane waves c.f. Gaussian speckle 

•  Experiment 



Experimental recording of 3D interferograms 

SLM 
Laser 

Reference mirror 

Translating camera Relay optics 



Fourier to recover phase 

•  Use SLM to phase step the 
reference,  

•  Record intensity (12-bit) of 
EVERY pixel as a function of 
phase 
–  Over sample phase to give 

improved noise immunity  
•  FT of the pixel variation 

gives relative phase of 
random pattern with respect 
to reference 
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FT 

Aexp(iθ) 

typ. 8 or 16 steps 

For every pixel in image 



Vortex lines in Speckle 



Fractality of Light’s darkness 
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Closed vortex loops have a defined size distribution   

Classical (NA based) 
 resolution limit 

No. α 1/size2.5 

Loop size 
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Topological Features 

•  Ratio of loops to lines (tot. length)  
– 1:2.7 

•  Do vortex loops form links and knots ? 
– ≈4 loops per coherence volume (λ3/ΝΑ4)  
– 1/10,000 are linked! 





Loops have exponential chance of NOT being threaded   
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Diffraction grating (hologram) to make Knots 

Demo 
Hologram to shape 

phase AND intensity of 
beam 

Display hologram 



And the Knot 

Cross-sections through 
holographically created 

knot 

Tomographic 
reconstruction 



The Nature of Science 

Robert King, Kevin O’Holleran, Barry Jack  



Entanglement of OAM states 



Quantum Entanglement and Down Conversion 

355nm

BBO


Single 
Photon 

detectors


Correlation?


710nm


Conservation of 
momentum, energy  

Polarisation (Apin AM) 
Energy (frequency) – time 
Position – Momentum 
Spatial modes 

Entanglement of 



What is EPR? 

Particles are distributed in position, but each 
individual particle has precisely defined x1 x1-x2 = 0 

Particles are distributed in position, but each 
individual particle has precisely defined x2 

Measuring position of one particle gives instantaneous (non local) knowledge of the other particle 

One concludes that particles carry position information from source to point of measurement.  

Im
age position 

Generator 
of particle 

pairs 
Conserving 
momentum, 
energy etc 

The particles “started” from the same position (i.e. conservation) 

1 2 



What is EPR - continued 

Particles are distributed in momentum, but each 
individual particle has precisely defined p1 

p1+p2 = 0 
Particles are distributed in momentum, but each 
individual particle has precisely defined p2 

Measuring momentum of one particle gives instantaneous (non local) knowledge of momentum of the other particle 

One concludes that particles carry the momentum information from source to point of measurement.  

Im
age transverse 

 m
om
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Generator 
of particle 

pairs 
Conserving 
momentum, 
energy etc 

The particles “started” with the opposite momentum (i.e. conservation) 

1 2 



So what is the problem? 

p1+p2 = 0 

Quantum mechanics is either Incomplete, e.g. there are additional “hidden 
variables” (instructions) 

OR non local e.g. that measuring the position (momentum) of one particle 
instantaneously defines the position (momentum) of the other  AND creates 
uncertainty in the momentum (position) of both. 

A (much) more subtle test is “Bell” which shows that hidden variables cannot account for the observed correlations in a 2-state system 

x1-x2 = 0 

Generator 
of particle 

pairs 
Conserving 
momentum, 
energy etc 

1 2 

It seems we can measure 
momentum of 1 and know 
position from having measured 
the position of 2 

It seems we can measure 
position of 1 and know 
momentum from having 
measured the momentum of 2 



The problem with angle 

•  Angle is ambiguous 
‒  θ = θ + N x 360° 
‒  Δθ =  360° - Δθ  

0 360 

θ


Δθ


720 -360 

Δθ?




Conservation c.f. Entanglement (EPR) 

=2 =-2 

C
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Momentum Circular Polarisation  
(spin AM) 

Orbital AM (phase) 

Position Linear Polarisation 
Angular 
position 

Entanglement requires correlation measured in complimentary variables 



Making OR measuring phasefronts with holograms 

Light source 
OR detector 

Make interactive by using SLM 

Generate 

Measure 

Single-mode fibre 



Entanglement of OAM states 



Entangled Twist 

Jonathan Leach 
Barry Jack 
Sonja Franke Arnold 
(Glasgow) 

Steve Barnett (Strathclyde) 
Monika Ritsch-Marte (Innsbruck) 

Bob Boyd (Rochester) 
Anand Jha (Rochester) 

Gerald Buller (Heriot Watt) 
Ryan Warburton (Heriot Watt) 



UV pump

150mW

@355nm


Our experiment 

Holograms


Single mode 
single-photon 

detectors


Photon pairs

30,000 s-1


@710nm


Type -1 BBO


1,000 s-1




Angular Correlations 

Measure Correlations in 
Angle 

Measure Correlations in 
Angular Momentum 



Angular EPR 

  

€ 

Δ  s  i( )[ ]2 Δ φsφi( )[ ]2 = 0.004752 << 0.252

Angles ARE Entangled 



From EPR to Bell…. 

•  Quantum mechanics is either Incomplete, e.g. there are additional 
“hidden variables” (instructions) 

•  OR non local e.g. that measuring the position (momentum) of one 
particle instantaneously defines the position (momentum) of the other  
AND creates uncertainty in the momentum (position) of both. 

EPR establishes 

A Bell violation rules out hidden variables, leaving… 

•      Quantum mechanics is a non-local theory 



Quantum Entanglement with polarisation 
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Poincaré sphere equivalent for OAM 
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Complementary States 
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Any mode (on the sphere), described by  
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Measuring angle and angular momentum 

Holograms
150mW, 355nm


BBO


=
 =


SLM


APD


20kHz 

20kHz 

C=1000s-1 

Demo 
π -π 0 



EPR Orbital Angular Momentum and Angular Distribution 
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Conditional Probability for EPR 

0.961 > 0.888 



Bell  (Freedman inequality) c.f. Aspect et al. 1981  
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Poincaré sphere equivalent for OAM 
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Bell  for OAM states 
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Higher order Poincaré sphere equivalent for OAM 
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•  Bell violation for the angular 
variable 
–  Violation for  = 2,3,4, etc 
–  We get a violation for <24 

Bell  (CHSH) for OAM 

Angles have NO 
“Hidden variables” 



Entangled, tangles 

Hologram to make OR  
measure beam 

Non-local measurement 
of 

separated topological 
features  



Correlations to show Quantum Entanglement 

Two-state formation of  
links allows “Bell-test” 

Volume over which S>2 

Links are 
“entangled” 
only over 

finite volume 

OAM 
“entangled” 
along entire 
beam axis 
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Measuring the orbital angular momentum of single photons 

•  Martin Lavery, Johannes Courtial and Miles J. Padgett,  
•  University of Glasgow, Scotland 

•  Gregorius Berkhout and Marco Beijersbergen 
•  Leiden University, Netherlands  



Angular momentum in terms of photons 

•  Spin angular momentum 
–  Circular polarisation 
‒  σ per photon 

•  Orbital angular momentum 
–  Helical phasefronts 
‒   per photon 

 = 0
 etc
 = 1
  = 2
  = 3


σ = +1


σ = -1




Measuring Polarisation (spin AM) 

•  Polarising beam 
splitter give the 
“perfect” separation of 
orthogonal (linear) 
states 
–  Use quarter waveplate 

to separate circular 
states 

–  Works for classical 
beams AND single 
photons 



Measuring OAM - 1 

•  Observe rotation of 
trapped particle in 
optical tweezers 
–  But would be a 

challenge for a single 
photon! 

–  Various clever 
schemes now shown 
for OAM measurement 
in tweezers, ideal for 
mW beams 



Measuring OAM - 2 

•  Interference of 
helical beam with a 
plane wave gives  
spiral fringes 
–  Requires many 

photons in the same 
mode 



Measuring OAM - 3 

•  e.g. Diffraction pattern 
from a triangular 
aperture 
–  Gives sign and 

magnitude of #
–  Requires many 

photons in the same 
mode 



Making OAM 

•  Diffractive optical 
elements (hologram) 
–  “forked” diffraction 

grating 



Measuring OAM - 4 

•  Use diffractive optic 
to couple helical 
beam to single 
mode fibre(s) 
–  works for single 

photons 
–  “test” for one  at a 

time 
–  or multiple orders to 

test for multiple   



Measuring OAM - 5 

•  Use diffractive optic 
to separate N-OAM 
states 
–  works for single 

photons 
–  But efficiency only≈ 

1/N 



Measuring OAM – 6 

•  Rotating a beam 
with OAM shifts the 
frequency 
–  Gives sign and 

magnitude of #
–  In principle could 

work for single 
photons, but…. 

–  Try spinning a 
beam…. It’s hard! 



Measuring OAM - 7 

•  Use (image rotating) 
Mach Zehnder 
interferometer 
–  works for single 

photons 
–  Efficiency ≈ 100% 
–  But 2n states, require 

2n-1 interferometers 
(and 2n students!) 



Our wish list 

•  Works for single photons 
•  Separates (sorts) many states with 
≈100% efficiency 

•  Easy to align and operate 



It MUST be possible 

•  OAM states are “orthogonal” 
•  The Dove prism interferometer shows it’s 

possible 



It works for plane waves 

•  A “plane-wave” is focused by a lens  
•  A phase ramp of 2π displaces the spot 



It works for plane waves 

•  A “plane-wave” is focused by a lens  
•  A phase ramp of 2π displaces the spot 



It works for plane waves 

•  A “plane-wave” is focused by a lens  
•  A phase ramp of 2π displaces the spot 



It works for plane waves 

•  A “plane-wave” is focused by a lens  
•  A phase ramp of 2π displaces the spot 



So we need to convert helical phase to linear phase 

•  Image transformation 
‒  φ -> x and r -> y 
–  i.e. Lz -> px 

x 



We NEED image distortion…. 

•  Pin-Cushion and 
Barrel distortion 
make straight lines 
look curved… 
–  But must also make 

curved lines look 
straight  



Azimuthal to linear mapping 

•  Image 
transformation 
‒  φ -> x and r -> y 
–  Requires 

reformatter & phase 
corrector 

0 

120π 

Reformatter 

Phase corrector 

0 

120π 



The Experimental implementation 



The results -1 

Input mode Transformed mode Predicted output Measured output 
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Input mode Transformed mode Predicted output Measured output 
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Input mode Transformed mode Predicted output Measured output 



The results -2 

-5 
-5 

+5 

+5 



The results -3  

•  A misaligned LG beam is no longer a pure OAM 
state 

•  Mode sorter ≈ correctly measures the resulting 
superposition 

=1 input mode 



The results -4 

Input mode Transformed mode Predicted output Measured output 

•  It works for superpositions of modes 



The results -4 

Input mode Transformed mode Predicted output Measured output 

•  It works for superpositions of modes 



The results -4 

Input mode Transformed mode Predicted output Measured output 

•  It works for superpositions of modes 



Where next -1 

•  The principle works 
•  But the SLMs are inefficient (≈50% x 2) 

•  Use bespoke optical elements (glass/plastic) 
–  Prof. David J Robertson 
–  Prof. Gordon Love 

Reforma*er 

Corrector 

Input 

Fourier lens 



Where next -2 

View at the camera whist we change the OAM 



www.physics.gla.ac.uk/Optics 

ANGULAR MOMENTUM OF 
LIGHT & OPTICAL VORTICES 

MEDICAL OPTICS FOR 
DIAGNOSTICS AND 
TREATMENT 

OPTICAL 
TWEEZERS  

LASER MODES: FRACTALS & 
BOSE-EINSTEIN 
CONDENSATES 

OPTICS FOR 
ENVIRONMENTAL GAS 
MONITORING  

PUBLICATIONS 

• Software 

• Movies 

• Publications 

QUANTUM OPTICS & 
GHOST  IMAGING 

METATOYS 

ATOM 
OPTICS 

Areas of Research 



www.physics.gla.ac.uk/Optics 

optics 

OR ask me for a copy on a FREE memory stick! 



Interested in joining us for a PhD? 

  Fully funded University Scholarships 
  Fully funded Studentships from the Scottish Universities Physics 
Alliance 

  My Group: www.physics.gla.ac.uk/Optics/PhD/  
  Glasgow Physics & Astronomy: www.physics.gla.ac.uk 
  SUPA: www.supa.ac.uk/prize/prize.php 
  Or email: physci.gla.ac.uk for advice and specific contact information 



Questions 

•  Electron vortex beams can be made using e.g. spiral 
phase plates.  What does the B-field do at the end of the 
singularity?  (i.e. where’s the monopole!) 

•  How many plane waves does it take to make a link of 
vortex loops? 

•  Why are the SAM and OAM both quantised in units of ? 
•  How can one make (easily) the OAM equivalent of 

optical activity? 


