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1. Gapless & gapped topological media as momentum-space topological objects
2. Fermi surface as topological object

3. Fermi points in 3D (Weyl, Majorana & Dirac points)

* superfluid 3He-A, topological semimetals,
vacuum of Standard Model of particle physics in massless phase

* QED, QCD and gravity as emergent phenomena; quantum vacuum as 4D graphene
4. From Weyl point to fully gapped 2D topological media
* 3He-A film, 2D topological insulators, chiral superconductors
* bulk-surface correspondence, edge states
* 1D flat band in the vortex core and Fermi-arc on the surface of Weyl system
S. Dirac points in 2D & nodal lines in 3D
* topological semimetals, cuprate superconductors, graphene , graphite
* exotic fermions: quadratic, cubic & quartic dispersion; 2D flat band
* towards room-temperature superconductivity
6. Fully gapped 3D topological media
* superfluid 3He-B, 3D topological insulators, chiral superconductors,

vacuum of Standard Model of partlcle physics in present massive phase
* edge states & Majorana fermions in the vortex core

Fussian ACADEMY OF SCIENCES



3+1 sources of effective Quantum Field Theories
in many-body system & quantum vacuum

Lev Landau

I think 1t is safe to say that no one understands Quantum Mechanics

Richard Feynman

Thermodynamics is the only physical theory of universal content

Albert Einstein 1‘ o3
effective theories
Symmetry: conservation laws, translational invariance, of quantum liquids:
spontaneously broken symmetry, Grand Unification, ... two-fluid hydmdy4namlcs
of superfluid "He
& Fermi liquid theory of
liquid “He

missing ingredient
in Landau theories

Topology: you can't comb the hair on a ball smooth,
anti-Grand-Unification




classes of topological matter in terms of momentum-space objects

Fermi surface: vortex ring in p-space H=+co-p topological insulator:
» P, skyrmion in p-space
Py
=
Py (PZ) .‘ Pk
p > g ah
X =D=p .~ '\g&’——d/ LO==0
ADP=2mw
Weyl point: hedgehog in p-space
W
Py
py » P
d E (Py, pZ) > 0 7
<« Jod g0 D7 w@ o0
8® 5 Fermi surface S %
P, L ']
E (py,p7) < 0
s
p=p ) Fermi arc: Dirac string in p-space

flat band: half-quantum vortex in p-space

(vortex in p-space terminating on monopole)



bulk-surface correspondence

2D Quantum Hall insulator

3D topological insulator

superfluid 3He-B

superfluid 3He-A

graphene

semimetal with Fermi lines

bulk-vortex correspondence

superfluid 3He-A

chiral edge states

Dirac fermions on surface

Majorana fermions on surface

Fermi arc on surface

1D flat band on the surface

2D flat band on the surface

dispersionless zero mode in the core



2. Effective theory of vacuum with Fermi surface

two major universality classes of gapless fermionic vacua

Landau theory of Fermi liquid

Standard Model + gravity

vacuum with Fermi surface: vacuum with Fermi point:
normal 3He 3He-A, planar phase

gravity emerges from

Fermi point —+gPW(pM— eA, - et -W,)(p,- €A, - et -W,) =0

analog of
Fermi surface




Topological stability of Fermi surface

Energy spectrum of
non-interacting gas of fermionic atoms

:LZ_ _p2 sz
“P) = 2w T T o
e>0

e<0

occupied
levels:
Fermi sea

empty levels

v

/

Fermi surface
E = O p_pF
is Fermi surface a domain wall
ﬁ in momentum space?

Green's function

Gl=iw - &(p)

w

AD=2x

Fermi surface:
vortex ring in p-space

phase of Green's function

G(w,p)=IGle 1P

has winding number N = 1

no!

it is a vortex ring &




Route to Landau Fermi-liquid

* Fermi surface 1s robust to interaction:

winding number N=1 cannot change continuously,
interaction cannot destroy singularity

* Typical singularity: Migdal jump

n(p)

—

Pr P
* Other types of singularity: Luttinger Fermi liquid,
marginal Fermi liquid, pseudo-gap ...

_ _Zpw)
P e

Z(p,0) = (w* + e*(p))"

p (p)
y  Z
P
X
%F
AD=27

Fermi surface:
vortex line in p-space

G(w,p)=IGle P

* Zeroes in Green's function instead of poles ( for Y > 1/2) have the same winding number N=1

* Fermi surface in superconductors

Gubankova-Schmitt-Wilczek, Phys.Rev. B74 (2006) 064505




quantized vortex in r-space = Fermi surface in p-space

homotopy group

Topology in r-space Topology in p-space
Z
ﬁ@ in p—@ ® i\,
y p,P)
winding
/ *|' number /pF P
Nl — 1
AD=2n AD=2n
vortex ring Fermi surface
Y(r)=IPl ¢ ‘P G(w.p)=IGle ®
scalar order parameter Green's function (propagator)
of superfluid & superconductor
classes of mapping S! — U(1) classes of mapping S! — GL(n,C)
manifold of space of

broken symmetry vacuum states non-degenerate complex matrices



non-topological flat bands due to interaction

Khodel-Shaginyan fermion condensate JETP Lett. 51, 553 (1990)
GV, JETP Lett. 83, 222 (1991)

Nozieres, J. Phys. (Fr.) 2, 443 (1992)

E{n(p)} SE{n(p)} = [e(p)dn(p)d’p =0
solutions: €(p) =0 or On(p)=0

e
(p) S (p) <€)
A ”0” ‘ : “0”
‘y’“ Pr 7 ."““‘l; . flat Aband p‘2 F 7
Sn(p)=0 Sn(p)=0
e(p) =0 on(p)=0 e(p) =0  dn(p)=0

splitting of Fermi surface to flat band



Flat band as momentum-space dark soliton terminated by half-quantum vortices

half-quantum vortices/' P=p,

in 4-momentum space e=0
Khodel-Shaginyan

fermionic condensate

(flat band)

phase of Green's function changes by 7t across the "dark soliton"



Weyl points: superfluid *He-A, Standard Model, topological semimetals

magnetic hedgehog vs Weyl point

% 1 o8

Y

hedgehog in r-space

e
“o (§<

o(r) =1

. ——
any difference ?

right-handed and left-handed | hedgehog in p-space
massless quarks and leptons

are elementary particles _A
in Standard Model O'(p) P

close to Fermi point

H=+co-p
right-handed Weyl electron =
hedgehog in p-space with spines = spins



Topological invariant for right-handed and left-handed elementary particles

hedgehog with spines (spins) hedgehog with spines (spins)

outward (N3= +1)

inward (N3=-1)

right
neutrino

H=+co-p
g(p)=+cp

H=-co-p
g(p) =-cp

H=o0-g(p)

_ 1 i A, af A ok A
Ny=——e¢, [ds' 8@ gxd g)

over 2D surface
around Fermi point

E=cp
p ()
y Z
P
X
left
neutrino

A\



Chiral Weyl fermions in Standard Model

left particles 25 53
uL 1.
+1/6 +1/6
+2/3 -1/3
uL L.
+1/6 +1/6
+2/3 -1/3
uL L.
+1/6 +1/6
SUQ2),
0 -1
VL eL
-1/2 -1/2
hedgehog with H=-co-p
spines (spins) Ny=-1
inward (N;=-1)
|
Ny, = C
ST o4 Wy

general topological invariant
in terms of Green's function

&

quarks

SUB)c

leptons

Family #1 of quarks and leptons

A 1A right particles
Uy R
+2/3 -1/3
+2/3 -1/3
Ug R
+2/3 -1/3
+2/3 -1/3
Ug R
+2/3 -1/3
0 -1
Vr Cr
0 -1
H=+co-p hedgehog with
— spines (spins)
Ny =+1

over 3D surface S in 4D momentum space

life exists at low T

ecause Fermi points are stable

DQ

outward (N;=+1)

tr f "G G 6V 6 ' !




From massless Weyl particles to massive Dirac particles

ﬁ@assive Dirac particles?

Dirac particle - composite object:

LE=cp mixture of left and right Weyl particles &
p, )
N=+1 \ §9 p,@)
E=cp ~ 1 TeV~10'°K Py N=+1-1=0
py (PZ) / E2 C2 2 2
, =cp*+m

fully gapped vacua
can be also topologically nontrivial
3He-B, topological insulators, ...)

N=-1
ﬁ@m topologically trivial ?




Weyl fermions in 3+1 gapless topological cond-mat
topologically protected Weyl points in:

topological semi-metal (Abrikosov-Beneslavskii 1971),
3He-A (1982), triplet Fermi gases

Gap node - Weyl point
(anti-hedgehog)

N3 =—1

_ 1 ko~ ~ ~
N, —geijkfds g-@,2x9, 8

over 2D surface S
in 3D p-space

—

N3 :1 SZ
p*=p?+p2+p? Gap node - Weyl point
X y Z
(hedgehog)
2 ) .
H=|2m " Py +1p) 2@ g1(p) +i Z&(Pp)

c(p,—ip) - Lnj fu g1 —i g/ -3



emergence of relativistic QFT near Fermi (Dirac) point

original non-relativistic Hamiltonian

2 . .
% -u cp t+ip) 2@ 1P +i g(p)
H = : _ | =1-g(p)
cp,—ip) - 4y g1p) —igHMm —-g3(p)
Y 2m
close to nodes, i.e. in low-energy corner left-handed

relativistic chiral fermions emerge particles

H=N3CT'p —

E==xcp

right-handed
particles

top. invariant determines chirality
in low-energy corner

ﬁ chirality is em@
@ic invarian@
)




bosonic collective modes in two generic fermionic vacua

Landau theory of Fermi liquid Standard Model + gravity
collective Bose modes:
Fermi .
surface propagating A
Fermi oscillation of position
point of Fermi point
p—=p-eA
collective Bose modes form effective dynamic
of fermionic vacuum: electromagnetic field
propagating
oscillation of shape -
«— — propagating > -—

of Fermi surface oscillation of slopes

E2 = ¢2p? — gi*p. p,

form effective dynamic
gravity field

Landau, ZhETF 32, 59 (1957)

two generic quantum field theories of interacting bosonic & fermionic fields



relativistic quantum fields & gravity emerging near Weyl point

Atiyah-Bott-Shapiro construction:

linear expansion of Hamiltonian near the nodes in terms of Dirac I'-matrices

primary object:
tetrad

e M

E=vp(p-pFp)

linear expansion near
Fermi surface

emergent relativity | H = ¢ ak e -(pg - pg)

hedgehog in P-space

: : secondary object:
linear expansion near

Weyl point metric

gV = T]azb ea“ ebv

gW(p,- €A, - et -W )(p,- eA, - et -W,) =0
effective metric: effective effective
emergent gravity SU(2) gauge isotopic spin

field  effective
electric charge

effective
electromagnetic

field e=+1or -1

all ingredients of Standard Model :

gravity & gauge fields
are collective modes

chiral fermions & gauge fields

emerge in low-energy corner of

together with spin, Dirac I —matrices, gravity & physical laws:
Lorentz & gauge invariance, equivalence principle, etc

vacua with Weyl point



crossover from Landau 2-fluid hydrodynamics to Einstein general relativity
they represent two different limits of hydrodynamic type equations

equations for g4V depend on hierarchy of ultraviolet cut-off's:
Planck energy scale Epy, .k Vs Lorentz violating scale £y . ents

E Planck >> E Lorentz E Planck <<E Lorentz

emergent Landau emergent general covariance
two-fluid hydrodynamics & general relativity

3He-A with Fermi point Universe

ELorentz << EPlanck ELorentz >> EPlanck

~3 9
ELorentz ~ 10 EPlanck ELorentz > 10 EPlanck




quantum vacuum as crystal 4D graphene
Michael Creutz JHEP 04 (2008) 017

@ Fermi (Dirac) points with N3 = +1

O Fermi (Dirac) points with N3 = -1




4. From Fermi point to intrinsic QHE & topological insulators

_ 1 k2 . -
N; —geijkfds g-(apigxépjg)

over 2D surface S

in 3D momentum space

3+1vacuum with Fermi point

l dimensional reduction l

hedgehog
in p-space

Fully gapped 2+1 system

~ B 1 N ~ N
Ny = —— Jdp.dp, g-@,, 8x0, &

skyrmion
in p-space

over the whole 2D momentum space
or over 2D Brillouin zone



From Weyl point to quantum Hall topological insulators

N3 ——e

87

A Jds" g @, 8x0,8

over 2D surface S

in 3D momentum space

top. invariant for Weyl point in 3+1 system

% T 0%

. hedgehog
Dz ~ 2D trivial in b-space
N 3(pZ) =0 insulator p-5p
I Wey _ _
k'S ° : point N3 = N5(pz <po) - N5(pz >po)
@ ~0
3 %
Dy $ at each p, one has 2D insulator
~ 2D topological Hall or fully gapped 2D superfluid
N 3(192) 1 insulator
Px
~ _ 1 ~ ~ ~
N3(pz - fdpxdpy g'(apxgxapyg) ]
skyrmion
over the whole 2D momentum space .
or over 2D Brillouin zone =0 ﬁo 1n p-space
top. invariant for fully gapped 2+1 system =0- -w\./f O =0

\‘\
;"q- e\@ O-=0
M
=>



topological insulators & gapped superconductors in 2+1

topological insulator = topological gapped superconductor =
bulk insulator superconductor with gap in bulk
with topologically protected but with topologically protected
gapless states on the boundary gapless states on the boundary

p-wave 2D superconductor (Srp,RuO, ?), SHe-A thin film,
CdTe/HgTe/Cd insulator quantum well, planar phase of 2D triplet superfluid

P? :
- _ c(p, +1
generic example: H=| ?2m o Pt ipy) pP=p2+p>
3He-A thin film cp —ip) —P*, .
oY 2m

fully gapped for u = 0



Topological invariant in momentum space

2 .
H = % —u ptipy) 2P g1(p) +i g(p)
- . p2 H = . _ =T g(P)
cp,—ip) - 5+ W g21(P) -1 2(p) 23(p)
pr=p2 +Py2 ;
X ully gapped 2D state at w# 0

~ 1 2 A A~ A
Ns = 4n fd p g-@, gx apy g) | Gv, JETP67. 1804 (1988)

Skyrmion (coreless vortex) in momentum space at u > 0

? unit vector
?px g(p )py
sweeps unit sphere

N3(u>0)—1




quantum phase transition:
from topological to non-topologicval insulator/superconductor

p2

o [2m c(p, +ipy) 23 g1(p) +i Z(p)
B | P = . =T-g(p)
clp,—ip,) - 5 W g1(P) -1 2P -g3(p)
N
Topological invariant in momentum space AL
~ 1 2 - - - wivial |3 ]
_ rivia
Ny =—— Jdp g -@,ex0, S E——
ﬁ3 =0 insulator W

-ﬁ=}
u=>0
intermediate state at uw = 0 must be gapless | quantum phase transition

AN5 # 0 is origin of fermion zero modes
at the interface between states with different N;



p-space invariant in terms of Green's function & topological QPT

N=—L e trfdpdoGdG'GdG'Gd G

24 WA GV & Yakovenko
~ J. Phys. CM 1, 5263 (1989
N Ny=6 ys (1989)
. |
quantum phase transitions |
in thin 3He-A film |
N3 =4 |
| |
I fransition between plateaus
N | must occur via gapless state!
N3 — 2 |
| | |
| gap | :
| |
a
v =0>|/ \ :gp g,
2 >

T T T film thickness
a) as as

QPT from trivial plateau-plateau QPT
to topological state between topological states



topological quantum phase transitions

transitions between ground states (vacua) of the same symmetry,
but different topology in momentum space

example: QPT between gapless & gapped matter

T (temperature)

A
no change of symmetry
& along the path

different asymptotes

LTn l ; “AIT when T=>0

/ - qC\ \

: ‘ g - parameter of system
topological topological
semi-metal insulator

quantum phase transition at §=¢ ¢

other topological QPT:
Lifshitz transition,
transtion between topological and nontopological superfluids,
plateau transitions,
confinement-deconfinement transition, ...

QPT interrupted
by thermodynamic transitions

no symmetry change
T along the path

line of
1-st order transition

dc q

N 2-nd order transition

broken symmetry

—_— -~

Y, A, line of
14st order transition

line of
2-nd order transition




interface between two 2+1 topological insulators or gapped superfluids

gapped state gapped state

gapless
interface

D<O

* domain wall in 2D chiral superconductors:
P - component

2 —1 +1
2L —u c(p, +ip,tanh x ) l:x Py l? Py
H=| " ) N3=-1 Ny =+1
: p >
c(p,— ip,tanh X ) — 5, tu 0 X

Py|- component




Edge states at interface between two 2+1 topological insulators or gapped superfluids

gapped state

&

E(p,)
. left moving
edge states
empty .
- P
0 y
occupied

Index theorem:
number of fermion zero modes
at interface:

V = N+—N_

8

gapped state

GV JETP Lett. 55, 368 (1992)



Edge states and currents

2D non-topological
insulator

or vacuum

N3=O

2D topological
insulator

E(py)

o left moving
* edge states

Py

occupied

2D non-topological

&

current Jy = Jleft +Jrig

ht =0

insulator
or vacuum
N 3 - O
> x
E(p,)
. . empty
right moving .

edge states

occupied




Intrinsic quantum Hall effect & momentum-space invariant

2~
c VA
S cs — N : f d x dt A F A - electromagnetic field
l16m T ' u
P-space invariant I'-space invariant
electric current J =05 ../ 8A = N E
X CS X 4 37y . . o
. T film of topological quantum liquid
Z ~yY
A N.
/ y ’ E 3
A I
x,J 8 . ;
quantized intrinsic Hall conductivity 6 i :
(without external magnetic field) . ! i
5~ 4 —_— ! i
— c [ ' I
Oxy -3 : : ' :
47 D I ! i
GV & Yakovenko ! : ! :

J. Phys. CM 1, 5263 (1989) film thickness



general Chern-Simons terms & momentum-space invariant

(interplay of r-space and p-space topologies)

1 = wvi [ ;2 I J
Scs 16_75 N3IJe dethu va

r-space invariant
p-space invariant protected by symmetry

%

~ 1 2 W ~-1 V ~-l gl (-1
N3H=24_ﬁzemtr [fdpdooKIKJG() G G8'G'GdG]

I
I{[ - charge interacting with gauge field A

real, artificial or auxiliar
K=e for electromagnetic field A / > &

w

A
K=o ,  for effective spin-rotation field A” (A = vH Z)
w 0

. A : A
id/dt —yo-H = id/dt - O-AO |
applied Pauli magnetic field plays the role of components of effective SU(2) gauge field AMI



Intrinsic spin-current quantum Hall effect & momentum-space invariant

spin current J © = 1 (YNSS d[—]z/dy + NSe Ey)

~ 4m

T

spin-spin QHE

I

2D singlet superconductor:

s-wave: N,
p,tip; Ny=2
d._+ idxy: N =4

XX-Yyy

— SS

ry 47

spin/spin N
o

film of planar phase of superfluid 3He

Ospin/ charge N . GV & Yakovenko

Xy A7t J. Phys. CM 1, 5263 (1989)

spin-charge QHE




planar phase film of 3He & 2D topological insulator

p? :

oo 5, — W c(px+zpy0Z)
: p?

c(p,— ip,0y) — 5+

~ _ i NP
N = _1emtr [[¢’pdo G G' G’ G'Gd G']=0

~ 1 2 1 5 U W |
N = _nzemtr [[dpdoo,G8"G' Gd' GG G ]

~+ ~

~ o+
N3=N3

~ ~ ~+ ~
+N3=O NSQ=N3 —N3=2

spin quantum Hall effect

. zZ 1
t = — in-
spin curren JX pp NSe E, spin-charge QHE

spin/charge N GV & Yakovenko
= —s¢ N _=2 J. Phys. CM 1, 5263 (1989)
Y 47




Intrinsic spin-current quantum Hall effect & edge state

spin current JXZ= 4— (YN dH"/dy + N E,)
m A

spin-charge QHE

E(p,)-V/2
left mOVlng t ’,”.i ** V/2
spin up spin/charge N
se . %

A g Py OX = Dy
: i / \

left moving
spin down

right moving
spin down

electric current is zero
spin current is nonzero




From Weyl point to quantum Hall topological insulators

N3 ——e

87

A Jds" g @, 8x0,8

over 2D surface S

in 3D momentum space

top. invariant for Weyl point in 3+1 system

% T 0%

. hedgehog
Dz ~ 2D trivial in b-space
N 3(pZ) =0 insulator p-5p
I Wey _ _
k'S ° : point N3 = N5(pz <po) - N5(pz >po)
@ ~0
3 %
Dy $ at each p, one has 2D insulator
~ 2D topological Hall or fully gapped 2D superfluid
N 3(192) 1 insulator
Px
~ _ 1 ~ ~ ~
N3(pz - fdpxdpy g'(apxgxapyg) ]
skyrmion
over the whole 2D momentum space .
or over 2D Brillouin zone =0 ﬁo 1n p-space
top. invariant for fully gapped 2+1 system =0- -w\./f O =0

\‘\
;"q- e\@ O-=0
M
=>



3He-A with Weyl points: for each Ipz | < ppcos A
Topologically protected one has 2D topological Hall insulator with

Fermi arc on the surface zero energy edge states E (pz)=0
(Dirac valley or Fermi arc PRB 094510,PRB 205101)

~ A 2D trivial
N 3(Pz) =0 insulator
T
PFpCOSA & :_‘ P o2
I S . - — —
e?, o
4 "®
h Weyl
point
T|E = 2D topological Z |7
NE - topologica ol B
s £ N3(pz) =1 4 insulator £ s
ol | P sl B
4
w.:': Chd — ppCOS A
0® % ..
Weyl ¢
AL point - 2D trivial /:XR
N5(pz) =0 insulator




Edge states at interface between effective two 2+1 topological insulators & Fermi arc

/)’

~yY ~yY

c)@
N3=N_ /&% N3=N,

&
gapped state 7 x gapped state
O . O
., left moving
empty”x. edge states
Index theorem: Py on the edge of insulator with
number of fermion zero modes 0 Na =1
at interface: 3
. one fermion zero mode
occupied _ 1
V = N + ~ N — vV =
GV JETP Lett. 55, 368 (1992) D
y
E<Q Fermi arc in 2D:

D Fermi surface which terminates
———- R
—pr E=0 D ¢ on two points:

projections of Weyl points

E>O0




Fermi arc:

Fermi surface separates positive and negative energies, but has boundaries

E (Py, pZ) >0
Fermi surface
E (Pya pZ) <0

\

ordinary Fermi surface
has no boundaries
\

Pz

Fermi surface of bound states
may leak to higher dimension

Fermi surface of localized states is
terminated by projections of Weyl points
when localized states merge with

continuous spectrum

R
E
0.8,
L spectrum of 0.41
edge states on 0
left wall -0.47
_|:|__S

PRB 094510

R spectrum of
1 edge states on

0. right wall




3D matter with Weyl points:
Topologically protected flat band in vortex core

Pz 2D trivial

N3(pz) =0 insulator
T
. ~ :‘_: 2®
COSA®g — — — — —
PFr o® . ;: -
flat I Weyl
band point
at each p, between two values: 7D topological
2D topological Hall insulator: N (py) =1 QH inpsulafor
zero energy states E (p,)=0, i
in the vortex core direction
(1D flat band 1011.4665) d of vortex line
% ¢ o
®
g ._' _____ — P COS A\
e
e? $ ..
Weyl ¢
point -~ | 2D trivial
N5(pz) =0 insulator

V =1 1 -1 1| GV & Yakovenk
Ny(p,) = o Jdpy dpydo G 6, G G 3, GG I, G Yakoeko




Topologically protected flat band in vortex core of superfluids with Weyl points

Epz, Q) flat band

in spectrum of fermions

\ / bound to core of 3He-A vortex
\/ (Kopnin-Salomaa 1991)
\/

f§ £

continuous spectrum

flat band of bound states \\/

termn.lates on Zerocs Weyl at band Weyl

(i.e on Weyl points)




topology of graphene nodes

N= Lu[KfaH'dH]
4

K - symmetry operator,
commuting or anti-commuting with H

close to nodes:

HNo 1 =Ty + TyPy

E/yp

Hn- o1 =Ty - TyPy

k./a

ky/a



exotic fermions: bilayer graphene

massless fermions with quardatic dispersion double cuprate layer
semi-Dirac fermions surface of top. insulator
fermions with cubic and quartic dispersion neutrino physics

N= Lur[KfaH' 9 H]

4ti
N=+1 N=+1 =0 N=+2
E E
py py E E py
p + p = P
X X
E=cp E=cp E 2c p + 4m 2/ 2m)
Dirac fermions massive fermions massless fermions

with quadratic dispersion



multiple Fermi point T. Heikkila & GV arXiv:1010.0393

cubic spectrum in trilayer graphene N=1+1+1 =373
N=+1 N=+1 N=+1

E=cp E=cp E=cp

multilayered graphene

N=1+1+1 +.. E=p

what kind of induced gravity
emerges near degenerate Fermi point?

route to topological flat band on the surface of 3D material



Flat bands in topological matter

flat band: half-quantum vortex in p-space

i
\ II
\j

| ¥
a. *O Ny =1

K1N=+1

“"""_“"__“ boundary of
N =0—1qpz

No=—1 No=+1N;=—1 No=+1N; = —1
HEE TN

P ﬁ flat ' flat ﬁ’ flat  flat ?
~/ band |band ' . band | band '
= = =

C.

nodal spiral in multilayered graphene
generates flat band with zero energy

in the top and bottom layers

nodes in graphene
generate flat band on zigzag edge

nodal lines
in cuprate superconductors
generate flat band on side surface




formation of nodal spiral in bulk (together with flat band on the surface)
by stacking of graphene layers

>O-_|_—|_a_

Hi,j = (O’xpx + pry)éi,j + (O'_|_I+ + O—t—)éi,j+1

>O-_|_ _I_ o__ N{A
[+ >1_
><py
Dz
YO+ T oo N=1

Ny= Lt [KfaH' o H]
47ui

>O-_|_—|_a_



Emergence of nodal line from gapped branches by stacking graphene layers




Nodal spiral generates flat band on the surface

projection of spiral on the surface determines boundary of flat band

wA

Coutside Cinside

Ny= Lt [KfaH" o H]
47ui C

at each (py,py) except the boundary of circle
one has 1D gapped state (insulator)

Noutsige = O trivial 1D insulator

Ninsige=1  topological 1D insulator

at each (py,py) inside the circle
one has 1D gapless edge state
this 1s flat band



Nodal spiral generates flat band on the surface

boundary of flat band
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Helicity of nodal spiral
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Spiral in rhombohedral graphite (McClure 1969)

Fig. 2. The Fermi surface ol rhombohedral

graphite. The surface is centered on one of the

six vertical zone edges, The widths of the surfaces

have been magnihied by more than an order of
magnitude,

Fig. 1. The crystal lattice of rhombohedral

graphite. The numbering of the groups of

neighbors of the central 4 atom is explained in
the text.



Gapless topological matter with protected flat band on surface or in vortex core

Stacked Dirac points leading
to a spiral Fermi line
o

Si.ngle—lvayer gr.aphene Gap nodes in high-T, superconductors: Pz Fermi (Dirac) points in 3He-A
with Dirac points Fermi lines in p.-direction

at p = prl monopole
with topological charge
N3 - +1

Pz

at p = —prl monopole
with topological charge
N3 =1

non-topological flat bands due to interaction E(p)

Khodel-Shaginyan fermion condensate R
JETP Lett. 51, 553 (1990)
GV, JETP Lett. 53, 222 (1991) flatband .-

Nozieres, J. Phys. (Fr.) 2, 443 (1992) <D, p, p

‘0
*
&

splitting of Fermi surface to flat band

4
4

r




flat band in soliton
2 2 2
H =7, (p, +P, =P )/2M + T,C(2)p,

nodes at P, = 0 and pX2= sz

N= Lu[KfaH" 9 H]
4mi

soliton spectrum in soliton
te
E(py)
R .. flatjband
0 Z - T
-Pr Pe




Flat band on the graphene edge

471

L tw[KfaH" 9 H]

flat band: half-quantum vortex in p-space

N=+1

flat band in the vortex core

Nz=-1 Nz=+1Nzg=-1 Na=+1Nz =1
— Eeee—

P = flat flat T flac fHa <
band | band |
=

Il
o band [hand
= =

pz Dirac

1 point

- 0®
RS
L] ‘..
4

flat band
% s
=
=
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Dirac
point
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Surface superconductivity in topological semimetals:
route to room temperature superconductivity

2 ~ interatomic
Y distance

: /

£ trface y
1

supereonducto A(z

I
1
1

topological :

semimetal :
: k\
PR B N

_ - - Turface

—— superconduct

Extremely high DOS of flat band gives high transition temperature:

normal superconductors: _ d2 p 1 flat band superconductivity:

exponentially suppressed 1= f > linear dependence
transition temperature 2h E (p) of TC on Coupling g

TC = Tpexp (-1/gv) "Recent studies of the correlations between the internal Tc - gSFB

. . T ? suggest that superconductivity might be localized at the

interaction | |DOS interfaces between crystalline graphite regions
of different orientations, running parallel to the flat band
graphene planes." PRB.78,134516 (2008) area

microstructure of the samples and the transport properties T T
interaction



PHYSICAL REVIEW B 81. 184513 (2010)

§

Stripes of increased diamagnetic susceptibility in underdoped superconducting Ba(Fe,_,Co,);As,
single crystals: Evidence for an enhanced superfluid density at twin boundaries

B. Kalisky,!%*% ], R. Kirtley,!** J. G. Analytis,'*# Jiun-Haw Chu,'* A. Vailionis,!*
I. R. Fisher,!*# and K. A. Moler!243.4.4

Kathryn Moler:
possible 2D superconductivityof twin boundaries

FIG. 1. (Color online) Local susceptibility image in underdoped
Ba(Fe,_,Co,),As,. indicating increased diamagnetic shielding on
twin boundaries. (a) Local diamagnetic susceptibility, at T=17 K.
of the ab face of sample UDI1 (x=0.051 and T.=18.25 K), showing
stripes of enhanced diamagnetic response (white). In addition there
is a mottled background associated with local T, variations that
becomes more pronounced as T— T,.. Overlay: sketch of the scan-
ning SQUIDY's sensor. The size of the pickup loop sets the spatial
resolution of the susceptibility images. [(b) and (c)] Images of the
same region at (b) T=17.5 K and (c) at T=18.5 K show that the
stripes disappear above T,. A topographic feature (scratch) appears
in (b) and (c).



relativistic quantum fields and gravity emerging near Weyl point

Atiyah-Bott-Shapiro construction:
linear expansion of Hamiltonian near the nodes in terms of Dirac I'-matrices

=€ kTt (pk pk) linear expansion near Weyl point

i

effective tetrad: emergent I'—matrices

emergent gravity g“"(pu— eAM - €T 'Wu)(pv' eAV - €T 'Wv) =0
. ' ,
effective metric: effective effective
emergent gravity SU(2) gauge isotopic spin
effective field  effective
electromagnetic electric charge
field e =+1or -1

what gravity & gauge fields
emerge in vacua with quadratic
Dirac point in bilayer graphene ?
all ingredients of Standard Model :
chiral fermions & gauge fields &

emerge in low-energy corner

hedgehog in P-space

together with spin, Dirac I —matrices, gravity & physical laws:
Lorentz & gauge invariance, equivalence principle, etc



Fermions in 2+1 bylayer graphene

single layer

zwelbeln
N B A 0 ()(p)+ie)(p-A)
= | — Oxpx + pry =
P — D, 0 e (p)-iey)(p-A) 0
double layer
zwelbein
N B 0 [(e1(p) +i &p)-(p -A)]?
(p,—p,) 0 [ey(p)-ie)-(p-A)]*> 0

anisotropic scaling: Xx=bx', t= b ¢



2+1 anisotropic QED emerging in bylayer graphene

o ( 0 (p,+ip) ) ( 0 [(e)(p) +i €x)(p ~A)]2
(p, = ip,)? 0 [(e;(p) —ie)(p-A)]? 0 )

anisotropic scaling: x=bx', t= b2 t, B= b_2 B',E= b_3 E, S=S

SQED =f d2X dt ( B2 — E4/3 )

b2 b2 b+ b
3+1 isotropic QED emerging in Weyl semimetal
isotropic scaling: x=bx', t=bt , B= b2 B ,E = b2 E , 5S=1S'
3 2 2
SQED=dedt(B - F )
B> b b+ b
2+1 isotropic QED emerging in single layer graphene
2 2 2.3/4
Sqep = dxdt (B - E)
B> b b



3D topological superfluids / insulators / semiconductors / vacua

gapless topologically fully gapped topologically
nontrivial vacua nontrivial vacua

&

3He-A, 3He-B,
Standard Model Standard Model
above electroweak transition, below electroweak transition,
semimetals, topological insulators,—»
4D graphene triplet & singlet
(cryocrystalline vacuum) chiral superconductor, ...

Bi2T€3



Present vacuum as semiconductor or insulator

3 conduction bands
of d-quarks
electric charge q=-1/3

[T
R
o
\—

3 conduction bands
of u-quarks, q=+2/3

((
XA

conduction electron band, q=-1

neutrino band, q=0

\

]
I

neutrino band, q=0

\ /,
\ /
v (7
U

/

valence electron band, q=-1

3 valence u-quark bands

)
J))

q=+2/3
3 valence d-quark bands
q=-1/3 Quantum vacuum:
Dirac sea

electric charge of quantum vacuum
Q= E qa= N [-1 + 3x(-1/3) + 3x(+2/3) ] =0

dielectric and magnetic
properties of vacuum
(running coupling constants)



fully gapped 3+1 topological matter

superfluid 3He-B, topological insulator Bi,Tes , present vacuum of Standard Model

* Standard Model vacuum as topological insulator

Topological invariant protected by symmetry

1 1 el P | PR W |
NK_M?emtrdeKGa G G3'GGd'G

over 3D momentum space

G is Green's function at =0, K is symmetry operator GK =+/- KG

Standard Model vacuum: K=Ys Gys =-v5G

(D

8 massive Dirac particles in one generation



topological superfluid 3He-B

HTZ =— T2H
p2
% —u CgO-p 5 K = Ty
H= p2 = (2—]/}1*_M T3+CBO°p'Cl
Cgpo-p  — Ak T U
1/m*
non-topological superfluid topological 3He-B
NK — O NK — +2

Dirac vacuum

ﬁNK:_l 0 Nymtl—— 0 Um*=0
Dirac

Dirac M oG
Ng = -2 Ng =0 . P

topological superfluid non-topological superfluid P +M

GV JETP Lett. 90, 587 (2009)



Boundary of 3D gapped topological superfluid

p2
Z_m* — M+U(Z) CBO'-p

2
cgOP  —5 4 U

Majorana particle = Majorana anti-particle
1/2 of fermion: b = b+

spectrum of Majorana zero modes

A
Hym =32 - 0 X P = ¢ (OxPy—OyPx)

X,y
vacuum 3He-B
Nk =0 Ng =+2
<
0
u—U(z)
Majorana
fermions
on wall \ Nk =+2
VZ

helical fermions




fermion zero modes on Dirac wall

Dirac wall —~M(z) co-p
\ H -
co-p + M(z)
Dirac vacuum Dirac vacuum
Volkov-Pankratov
Nk =-1 Nk =+1 ’
S = 2D massless fermions
in inverted contacts
JETP Lett. 42, 178 (1985)
M<0 M>0
z nodal line
AM
chiral
fermions

Dirac point
at the wall

Dirac point

in Bi,Tes Dirac point is below FS:
nodal line on surface of topological insulator

Bi2T€3



Majorana fermions: edge states

: 2
on the boundary of 3D gapped topological matter ZLm* _u+U2) cop
H =
C()'.p _Lz + _U(Z)
* boundary of topological superfluid >He-B 2mx " M
X,y
~U
vacuum 3He-B a N (2)
Majorana
fermions
N =0 Ng =+2 on wall \ Ng =+2

NK=O

spectrum of fermion zero modes

* Dirac domain wall Hym = ¢ (0xpy—0Oypx)
helical fermions
AM
chiral
fermion

Volkov-Pankratov,
2D massless fermions

No = —] H = o in inverted contacts
K COP  +M@)]  JETP Lett. 42, 178 (1985)

» 2 —M(z) co-p




Majorana fermions on interface in topological superfluid SHe-B

x
p2
S~ W Oy CxPx+OyCyPy+0,C,D,
H =
Ny =+2
2 N = —2 K
OxCxPx+OyCyPy+0,C,P,  — # +u K

phase diagram

domain wall

one of 3 "speeds of light" changes sign across wall

NK:+2

Majorana
fermions

spectrum of fermion zero modes

> Z Hym = ¢ (OxPy—0OyPx)




Zero energy states in the core of vortices in topological superfluids

vortices in fully gapped 3+1 system

fermion zero modes in vortex core




Bound states of fermions on cosmic strings and vortices

Spectrum of quarks in core of electroweak cosmic string

quantum numbers: () - angular momentum & P, - linear momentum

E (pz.Q) E (pz,Q)

=-1

W/
//N{\\
WA ([
)] \\\

=-2

Pz

E(p,) = - cp, for d quarks E(p,) = cp, for u quark

asymmetric branches cross zero energy

Index theorem: | Number of asymmetric branches = N
N is vortex winding number

Jackiw & Rossi
Nucl. Phys. B190, 681 (1981)



Bound states of fermions on vortex in s-wave superconductor
Caroli, de Gennes & J. Matricon, Phys. Lett. 9 (1964) 307 N K —
E =0
(Q, Pz ) E (pZ ; Q)
: ’ E(Q,p,) = -Qwg(p,)
@ _ //. z 0 \Mz
'*““-.”. Q=-7/2 %__&
o W = AZ/ EF<<A Q=-5/2 \/
‘\\ Q=-3/2 \/
o —
. R —rlg
e 17231251272 0
®
~ Pz
LI ;§
\0\‘ asymmetric ;%
branch /"\
oo -
s o o . as function of Q /- -\
Angular momentum Q is half-odd integer no true fermion zero mOd?S:
in s-wave superconductor no asymmetric branch as function of p,
Index theorem for approximate fermion zero modes: Index theorem for true fermion zero modes?
Number of asymmetric Q-branches = 2N is the existence of fermion zero modes
N is vortex winding number related to topology in bulk?

GV JETP Lett. 57, 244 (1993)



fermions zero modes on symmetric vortex in 3He-B

topological 3He-Batu>0: Ng =2

.
®

E@Q.pz=0)

bk L_ read

O
woa

>
— D W A

(=)
S

EQ='Q(DO

Qi
for p-wave

s integer
superfluid 3He-B

A=

W

(=)

E(pZ’Q) E(pZ’Q)

leYolele)
TR L
— DN W

Pz

OORRL o)

.L&)N»—t

W

AN\
A\

helicity + helicity —

gapless fermions on Q=0 branch form

1D Fermi-liquid

Misirpashaev & GV
Fermion zero modes in symmetric vortices in superfluid 3He,
Physica B 210, 338 (1995)



fermions zero modes on symmetric vortex in 3He-B

topological 3He-Batu>0:| Ng =2
E(@Q,p,=0) E (pz,Q)
o e
S TN
] BB ~—T—~
"o AN —
‘. = \_/
* 1333 Q Q=0 />.< Pz
\Q\‘ 8;; ;-§
. A
yr.—'_*t\' /'\
Eq=-Qug gapless fermions on Q=0 branch form
wo=A%/Ep << A 1D Fermi-liquid
Q is integer

for p-wave superfluid SHe-B

Misirpashaev & GV
Fermion zero modes in symmetric vortices in superfluid 3He,
Physica B 210, 338 (1995)



topological quantum phase transition in bulk & in vortex core
1/m*

non-topological superfluid | topological superfluid 3He-B

NK=O NK:+2
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superfluid 3He-B as non-relativistic limit of relativistic triplet superconductor

ca-p+ pM - ug Y5A
H = relativistic triplet superconductor
Y54 - cO-p - BM + ug
cp << M
l uw << m
p2
5 — CnO-
H = 2m 5P superfluid 3He-B
c,0 P
O T T



phase diagram of topological states of relativistic triplet superconductor

A

M

co-p+ PM - ug YsA
H =

Y5A — co-p - BM + ug



energy spectrum in relativistic triplet superconductor

RV

gapless spectrum
at topological
quantum phase
transition

| uR|<u;

7
TN

| MR|>pL’|;

M
soft quantum phase ‘
transition:

Higgs transition
in p-space
co-p+ PM - ug Y54

Ys5A — co-p - BM + ug



spectrum of non-relativistic 3He-B

u=0

soft quantum phase
transition:
Higgs transition
in p-space

at topological

gapless spectruml
quantum phase

M.A. Silaev & GV
arXiv:1005.4672.




fermion zero modes in relativistic triplet superconductor

~—

S~—

7

co-p+ PM - ug YsA

H=

Pz

YsA — co-p - BM + ug

vortices in
topological superconductors
have fermion zero modes

generalized index theorem ?




possible index theorem for fermion zero modes on vortices

(interplay of r-space and p-space topologies)

1 3 -1 1 1 -1 1
N, = mtr [[&’p dwdp G&, GG, G'Ga, G'Gd, G'Ga, G']

for vortices in Dirac vacuum

N S = N winding number

E (pz)

~—

-
'\




Conclusion Momentum-space topology determines:

universality classes of quantum vacua

effective field theories in these quantum vacua

topological quantum phase transitions (Lifshitz, plateau, etc.)

quantization of Hall and spin-Hall conductivity

topological Chern-Simons & Wess-Zumino terms

quantum statistics of topological objects

bulk-surface & bulk-vortex correspondence

fermion states on walls & quantum vortices: Majorana fermions, flat band, Fermi arc, etc
chiral anomaly & vortex dynamics, etc.

flat band & room-temperature superconductivity

superfuid phases 3He serve as primer for topological matter: quantum vacuum of Standard Model,
topological superconductors, topological insulators, topological semimetals, etc.

we need: low T, high H, miniaturization, atomically smooth surface, nano-detectors, ...
and fabrication of samples with room-temperature surface superconductivity
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Emergence & effective theories

Weyl & Majorana fermions

Vacuum polarization, screening - antiscreening, running coupling

Symmetry breaking (anisotropy of vacuum)

Parity violation -- chiral fermions . .
Vacuum instability in strong fields, pair production unlty of thSlCS
Casimir force, quantum friction
Fermionic charge of vacuum
Higgs fields & gauge bosons
Momentum-space topology
Hierarchy problem, Supersymmetry

Torsion & spinning strings, torsion instanton
Fermion zero modes on strings & walls
Antigravitating (negative-mass) string
Gravitational Aharonov-Bohm effect
Domain wall terminating on string
String terminating on domain wall
Monopoles on string & Boojums

Witten superconducting string

Soft core string, Q-balls

Kibble mechanism Z &W strings

3He Grand Unification

Dark matter detector skyrmions cosmic physi cal Neutrino oscillations
; ; i fi Alice strin . Chiral anomaly & axions Gap nodes
Primordial magnetic field A% 1g| trin gs | | vacuum | g, & ssosin. Strine theory Low -T scaling
Baryogenesis by textures  Pion string CI;’ Toiol tip ’GUTg y mived state
; ; -violation,
Cosmological & & stm.zgs . hish-T & chiral Broken time reversal
Newton constants  Inflation ngh Energy 1l chira 1/2-vortex, vortex dynamics
dark energy  Branes . |cosmology Physics SURE Films: FQHE
dqu matter . matter conductivity Statistics & charge of
Effective gravity __creation o skyrmions & vortices
.o w
Bi nlzetrtc .& vacuum . Condensed di . I Edge states; spintronics
cgnfor:ma §;av1ty gravity Gl’aVlty 3He Matt Imensionat r, fermions in vortex core
Sra-vlton, ! tZon atter systems | Critical fluctuations
pin connection .
Rotating vacuum black Ph Bose Mixture of f:ondensates
Vacuum dynamics hol Plasma enome Vector & spinor condensates
I I s QCD . condensates| BEC of quasipartcles,
conformal anomaly | PhYSlCS nology
ergoregion, event horizon neutron magnon BEC & laser
Hawking & Unruh effects hydrodynamics meron, skyrmion, 1/2 vortex
black hole entropy stars quark nuclear phase Ge'neml; relaff‘l;tstzc;
Vacuum instability matter physics transitions| disorder SP"; ;upeglut iy
Superfluidity of neutron star . random multi-flui i )
vortices, glitches Quark condensate  Nuclei vs quantum phase transitions anisotropy rotating superfluid
shear flow in;tability Nambu--Jona-Lasinio 3He droplet & momentum-space topology Larkin- Imry-Ma Shear flow instability
Vaks--Larkin Shell model flat band topological insulator Magnetohydrodynamic

Turbulence of vortex lines
propagating vortex front
velocity independent

Reynolds number

Color superfluidity Pair-correlations Relativistic plasma,,ccoc of random
Savvidi vacuum Collective modes Photon mass

Quark confinement, QCD cosmology Vortex Coulomb
Intrinsic orbital momentum of quark matter plasma

matrices



