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Overview UNIVERSITY

m Experiments on dimerized antiferromagnets
m [wo-dimensional model systems
m Puzzling quantum Monte Carlo (QMC) results

m Cubic triplon interactions
m Critical field theory
m Scenario and consequences

m Enhanced correction exponents
m Finite-temperature QMC results
m Conclusions

N ca
revolutionizes everything we thou, e knew abou
why chalk squeaks on a blackboard!”

cf. L. Fritz et al., Phys. Rev. B 83, 174416 (2011) 2



Dimerized Antiferromagnets

Various Mott insulators consisting of
periodic arrays of coupled spin dimers
with antiferromagnetic exchange

TICuCls;, KCuCl,, NH,CuCl,, (CsHgN,F),CuCl,,
BaCuSi,Og, (CsH,,N),CuBr,, SrCu,(BO,),, ...

» Singlet-product ground states
» BEC of magnetic excitations (triplons)

CON

> Fractional magnetization plateaus ./I._//‘ ZT}Z/‘

» Impurity-induced magnetic order vOYMIYe . @
- ‘/0 0/ o 0/.
./. ./. ./.

\®/ \®/ \®/
v A\ /

» Pressure-induced magnetic ordering transitions
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Pressure-Induced Magnetic Order UNIVERSITY

Quantum phase transition in TICuCl,
from a spin gapped phase

to an antiferromagnetically ordered phase T
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Two-dimensional Spin Dimer Models

Exploring quantum criticality in idealized 2D setups

SU(2) invariant exchange — columnar
& (J'J).=1.90948(4)
H=> J;S;-5, (A.W. Sandvik
(i) — b o AIP CP 2010)
_ P staggered Various non-frustrated
A dimer arrangements

—  — have been considered
_ (J'J).=2.5196(2)

G @

4 (S. Wenzel et al. PRL 2008)
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Quantum Phase Transition UNIVERSITY

Two-dimensional array of coupled spin dimers with a single transition

RN quantum criticial PR
~ 7
SN regime 7 quantum
— | thermally \ // q
disordered \ p disordered
\
/
\' .

1 quantum 1 Jd
critical point '
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Nature of the Quantum Critical Point UNIVERSITY
In accord with the quantum-to-classical mapping, — tutorial talks
the transitions is expected to belong to the 3D O(3) by M. Vojta

universality class (dynamical critical exponent z=1)

Effective action of AF order parameter field from spin path-integral - %\w

Sac = sB+bH_eSZ/dT |- 9, (7) "”“‘*"f"”
|

) -T- _ d.T Jij Qi(?‘) . Qj(_’r)
For columnar dimers: / ;

2D quantum O(3) non-linear sigma' model

J+.J JS?
7 (Ozn )2+T(Uyﬂ)2

S
43T + J")a?

Leg = Orn)?+52-

S. Chakravarty, B.l. Halperin, D.R. Nelson, PRL (1988)
F.D.M. Haldane, PRL (1988), A.V. Chubukov, S. Sachdev, J. Ye PRB (1993)
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Collective Berry-Phase Terms UNIVERSITY

Effective action contains a generic contribution
from the spin Berry phase terms

P !
S,é:fSZ(—l)ffD dr[ﬂ duiij - (8,7; X d:7;)
j.

lead to vanishing contributions for smooth field configurations
In the continuum limit
— does not modify quantum criticality

contributions from singular configurations relevant within the quantum

disordered regime
— dangerously irrelevant terms

F.D.M. Haldane, PRL (1988); N. Read, S. Sachdev, PRL (1989) ¥
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Quantum Monte Carlo Simulations UNIVERSITY
Different approaches: |
(continuous-time) path-integral QMC ~ — tutorial talks
stochastic series expansion QVIC by A. W. Sandvik

Effort scales linearly in both inverse temperature and the system size

Early studies from the mid 19901, e.qg.
A. W. Sandvik, D. J. Scalapino (1994)
M. Troyer, M. Imada, K. Ueda, PRL (1996)

Very detailed studies recently, e.g.
L. Wang, K.S. Beach, A. W. Sandvik, PRB (2006)
S. Wenzel, W. Janke, PRB (2009)

Confirmed expectations for various dimer geometries, but... X



Staggered Dimer Model

RWTHAA

CHEN

MMHWE@%MV

Significant deviations in several combinations of critical ¢+ \x o
exponents from 3D O(3) values in detailed QMC study: =

— 1.8 &
—200 e
55 e, columnar
- . B "\-\a\ -
= LS BV = 0.515(4)
T 24} "t :
z -26} :ﬁéw
_,g| staggered / ..
Biv = 0.545(4) =i
-3.0¢ a'l_\“.\
(a) .
-3.2 - ' : L LN
2.0 2.5 3.0 3.5 4.0 4.5

In(L)

S. Wenzel, L. Bogacz, W. Janke, PRL (2008)
but: F. J. Jiang, U. Gerber, J. Stat. Phys. (2009): use large lattices only

staggered L
v = 0.689(5) __,::_'LV'
. & i
& v = 0.709(6)
(’ columnar
3.0 35 1.0 15

In(L)
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Effective Low-Energy Theory UNIVERSITY

Additional cubic term from the staggered dimer model:

1 |
Leg = Orn)?
T = B2 N

JS? o, S 24 o +_
5 (Oyn)” + i <3J T 5) d;n(n x @ n)

JS237 T .
" (9,n)?

_|_

Absent in the columnar dimer model:

1

( T4 Js2
4(3J 4 J")a?

1 (dxﬂ)2+7(dyﬂ)

Leg = Orn)*+S

Similar cubic terms were derived before also for related models,

but typically ignored in the further analysis

e.g. A. Parola, PRB (1989); T. Einarsson, H. Johannesson, PRB (1991);
D. Yoshioka, et al. PRB (2004); K. Takano, PRB(R) (2006) 1



, RWTHAACHEN
Bond-Operator Representation UNIVERSITY

Spin operators on a given dimer represented as
SO{;2 = :l:%(s'*z‘a, + rl,s T ieaﬁ},rgr},)

In constrained bosonic Hilbert space .S tt t.

’X’y’Z

—tgy=_1_ _
Is)=s"l0) @(m} 111))

——

1
it ) =2]10)=—=(|11)—[11)) . .
V2 sisi + 31t =1

,)=1/10)=—=([t1)+]11))

—toy=_1_
t,)=t710) V—2(T1)+H))

S. Sachdev, R. N. Bhatt, PRB (1990)
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Cubic Interaction Terms UNIVERSITY

Triplon Hamiltonian upon the background of a singlet product state

¥o) = [T, 5710
H —_ EO _I_ Hz _I_ H3 _I_ H4 _I_ Hhard-core

V.N. Kotov, etal., PRL (1998) 1



Harmonic Approximation
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Triplon dispersion near the quantum critical point

staggered dlmers

el \J’35J
/ "
- J'=3J N
/
/ \
| / | \ ]
L ,A‘.i. i
...... | L
K

minimum at Q=(

0,0)

columnar d|mers

=l treshold

2-p_artlcle

minimum at Q=(

— Only for the staggered dimers model do the

cubic interactions enter the low-energy theory

0,m)
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Conditions for Cubic Terms UNIVERSITY

High symmetric models do not allow for cubic terms,
e.g. the bilayer model

Cubic terms are low-energy effective only if the ordering wave vector on
the dimer lattice is located at Q=0.

Another example:
herringbone lattice

15
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Critical Field Theory ONIVERSITY

Derivation of a ¢* theory from the bond-operator formalism

ty = 2(Q, +i7,) S. Sachdev, in Quantum Magnetism (2004)

Effective action after expansion of momenta near the ordering wave vector Q

| - - -
S, = 5 / d’rdt [cﬁ(axga)z + Ci(a}?@)z + mo@z}

| . oo -
+5 f d* rdt(m,° +2i/mz70:@) m, o< (J'=3J)

For the staggered dimer model: m, o< (J')
Si=n [ Prdeog G x

Next, integrate out the massive field 77 6
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Critical Field Theory UNIVERSITY

For the staggered dimer model the conventional ¢* theory

1 A, . 5 .
Su=2 / d*rdt[c;(3,:@) + c3(8,@)° + (3:9)° + mo@” ]

+ ;—2 d*rdt(p?)?

gets supplemented by the most relevant cubic term
S =in [ drde - @5 x 3.9

What is the relevance of this cubic term?

17



. RWTHAACHEN
Nature of the Cubic Term UNIVERSITY

Cubic terms
S =i [ drdeg- 0.5 % 0.9)
Sy =iy [dirdtn - (31 x 0.1)
resemble the topological ©-term of 1D AF quantum spin chains

S . . . .
Sp = iE / dxdtn-(0n x d.n) =2miSQ9|n(x,7)]

This could suggest to express

Sy = 4mid / dy Qlny(x,7)]

ny(x,7) = n(x,y,7)

However, no quantization emerges here.
18
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Criticality with Cubic Terms UNIVERSITY

At tree-level, the cubic term is irrelevant in D=d+1=3:

Scaling dimension  [¢lc = (D —2)/2,
luglg = D —4[¢lg =4 — D,
[Yole = D —2 —3[plc =2 — D)/2

Similar conclusion from Wilson RG flow equations at one-loop level:

4 — Dy — kNS
dl 6

dy Z—Dﬁ
a2 7

Relevance of cubic terms at the Wilson-Fisher fixed point?

— Non-perturbative, Monte-Carlo analysis directly in D=3

19
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Classical Monte Carlo Analysis UNIVERSITY

Determine scaling dimension from correlator scaling at the
Wilson-Fisher fixed-point

Yol = D — Ap

C(r) = (OF)0(0)) o

7240
of the composite operator related to the cubic term
OF) = @(r) - (0,9(r) x 0,¢(r))

Here, we consider the classical Heisenberg model in D=3

H=-J)Y S-S,
(i)

Efficient simulations possible using the Wolff cluster algorithm
— performed right at the critical point, 7,=1.442928(4) J

U. Wolff, PRL (1989); K. Chen, et al. PRB (1993) 2
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Classical Monte Carlo Analysis UNIVERSITY

Linear discretization of composite operator using two-point forward formula

O(r) = @(r) - (0:9(r) x 9,¢(r)) .

Of,lattice =5 - (Sf+€_x X Sf‘l‘é’y)

Layer integral merely exhibits
extensive distribution

Q(z) = Y.,, O(x.y.2)/(4x)

Histogram

.e. width increases proportional to

=L .
\

# sites within each layer 21
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Classical Monte Carlo Analysis UNIVERSITY

MC data consistent with a fast algebraic decay of the correlators

Cay(r) = (O(1,0,000(0)
C:(r) = (0(0,0.n00)  wf~_

. . 10‘5;—
Overall fit results in =

[Volwr =—0.410.2

10°F

C_(L/2), C(L/I2)

=Y

Consistent with weak o

irrelevancy of the cubic operator 0 L ._ —
)

at the Wilson-Fisher fixed point L/2

22
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Proposed Scenario UNIVERSITY

m Dimerized AF of Type A:

columnar dimers, bilayer, incomplete bilayer, plaquette lattice, CaVO-lattice

critical properties described by conventional ¢* theory
— conventional 3D O(3) universality class quantum criticality

m Dimerized AF of Type B:

staggered dimers, herringbone lattice, dimerized honeycomb lattice

critical properties described by ¢* theory with cubic interactions
— asymptotic 3D O(3) critical behavior with anomalously

large corrections to scaling due to irrelevant cubic terms



Correction Exponent from QMC

RWTHAACHEN
UNIVERSITY

Corrections to leading scaling at the quantum critical point

(me) ~ L7/ (1 4 ¢, L7°)

Can arrive at standard 3D O(3) values for 8/ v, but with rather low w

Ol B/v w x?/d.o.f.
2.5194 0.525(1) ref 4.0
2.5196 0.529(1) ref 1.33
2.5198 0.533(1) ref 1.1
2.5194 ref 0.63(3) 1.7
2.5196 ref 0.55(2) 0.6
2.5198 ref 0.48(3) 2.6
3D O(3)Ref.  0.5188(3) 0.782(13)

M. Hasenbusch, J. Phys. A (2001) 2
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Finite-Temperature Susceptibility UNIVERSITY

Linear scaling of the uniform susceptibility in the quantum critical regime

y o< T =T  AV.Chubukov, S. Sachdev, J. Ye PRB (1993)
All considered models exhibit leading low-T behavior with a linear decrease
y/T=A—-BT, B>0

Models with cubic terms exhibit enhanced corrections terms (i.e. B)

0.1 T T T T T ' ' 0.1

0.09 -— : 0.09 k bilayer e
colunnar dimers _

colunnar dimers

2 008 |- _
staggered dimers

—s [ =128
0.07 I — [ =256 - 3 J
— [=512 0.07 m—— I}F?inngnc
staggered dimers ~
0.06 —— - 4 : 0.06 : ' : - - ' '
0.05 0.1 0.2 0.4 0 0.1 0.2 0.3 04 25

T/J T/J
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Critical Binder Ratio UNIVERSITY

Characteristic quantity based on

forth-order cumulant of the order parameter ul -_"mH““““n-.,ﬁ_hstaggered
2.35 ‘dlmers
0, = ((m{)*)/((m})*)’ oS

QZ(‘IF)

2.25¢

vario‘JS“-e._m_
Type A
models

Lack of true universality:

2.20¢

]

Dependence on boundary conditions B —_—
aspect ratios S W]élnzel ot 4l

coupling anisotropies ' PRL 2608

well documented and understood ( )

for classical (e.g. Ising) systems y
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Summary UNIVERSITY

Quantum phase transitions in dimerized antiferromagnets realized
In well characterized insulators

Cubic terms appear in the critical field theory of certain dimerized
antiferromagnets (focus here is on 2D)

These terms do not feature quantization like Berry phase terms in 1D
They appear to be weakly irrelevant at the Wilson-Fisher fixed point

Dimerized antiferromagnets in 2D with cubic terms show 3D O(3)
exponents, but with anomalously large corrections to scaling

This is in accord with all the presently available numerical data

Theory: Better analytical characterization of scaling corrections
QMC: Cluster-shape dependence needs to be better understood

27





