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S(r,R) = —Trpalnps  von Neumann Entropy
(Reny1)
JEDifficult to measure.

Klich, Levitov, PRL 102, 100502 (2009)

Song, Rachel, Le Hur, PRB 82, 012405 (2010)

Song, Flindt, Rachel, Klich Le Hur, PRB 83, 161408(R) (2011)
Song, Laflorencie, Rachel, Le Hur, PRB 83, 224410 (2011)

*Difﬁcult for Numerics (Melko) easy for DMRG

*Area Lawz Numerics Eisert, Cramer, Plenio, RMP 82, 277 (2010)

FImpurities
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Example Model
Definition

Gapless Systems: Kondo

Impurities. Scaling, Screening

Cloud.

Intuitive Pictures:
Impurity Valence Bonds (IVB)
Single Particle Entanglement
(SPE). Fixed Point
Entanglement (FPE).
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% Gapped Systems

A

% Boundary Fields
(TFIM)
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A SPIN CHAIN MO




EXAMPLE MODEL

- et - K et
J1-J2 Spin Chain with Impurity 27 e e Rl
- >
R—1 R—2 T
H=Ji (515 +551-5)+ > 5 S+ G- S
= =2
» Impurity: Boundary or Spin J2=0, Bethe Angatz, Frahm, Zvyagin
Impurity J}{ ASO" | J Phys Cond Mat 9, 9939 (1997)
pFor Jo < J5 directly J1 :
related to the Kondo Model Gapless Phase! Dimerized Pha
S Eggert, I Affleck, PRB 46, 10866 (1992). 0.1~ Spinons ' Solitons Ground-state
N. Laflorencie, ESS, T Affleck, JSTAT, P02007 (2008) 1 q - -
: Dimerization
» Logarithmic corrections for g>0 g'=0 g<0 Patterns
0.2+ U o s o e e | e e A
Jo < J5 Ty Ry o R :
. / : MG point
Log Corrections , s 3
0.3 '&4 0.5 Jo

No Log Corrections

CuGeO3
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Cardy, Calabrese, JSTAT P06002 (2004)

S=1/2 spin chain with PBC: Critical Models

R
e gln — sin (%)] + $1

-

S=1/2 spin chain with OBC:

Non Universal Independent of BC

\

2
Sl -~ “In [—R sin (W—T>] +Ing + et

6 i R 2
Affleck, Ludwig PRL 67, 161 (1991)

Univer sal BC dependent (thermodynamic impurity entropy)

Impurity entanglement entropy should exhibit Universality
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IMPURITY
ENTANGLEMENT

The entanglement has both a uniform and an alternating part

S(r, R) = Sy(Jg, 7, R) + (—=1)"Sa(Jk, 7, R)
N. Laflorencie, ESS, M.-S. Chang, I Affleck, PRL 96, 100603 (2006).

P. Calabrese, J. Cardy, J. Stat. Mech. (2010) P04023
P. Calabrese, J. Stat. Mech. (2011) P01017

Then we can define the impurity entanglement as:

Simp = S(impurity) — S(no impurity)

The entanglement from a system with one site removed 1s
subtracted ! (Also an alternating part).
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Only Impurity, Single Site Impurity Entanglement
Simp = S(l — 1,L)

1 1 s
L 2(5 + Mimp) 111(5 + Mimp);  Mimp = (57)

el
Spin Boson Problem, NRG
Le Hll]f', PRL 98, 220401 (2007), Ann. Phys. 323, 2208

e
lefl a [P s

FEigenvalues of Pgﬁ
Only Impurity, Negativity

Sodano, Bose, Bayat, PRB 81 064429(2010), PRB 81 100412 (2010)
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U R B

Sir s R) = Sylde, s R) — Su(l,r — 1, R=1); n>1

The entanglement from a system with one site removed 1s
subtracted ! (Also an alternating part).

Note that : Simp # S(J}() = S(J}( = 0)

Wednesday, July 27, 2011
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HOWwW DOES IT WORK ?

1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 1 1 1 I 1 1 1 I 1 1 1 I
: R even (a)
1.0 < -.-llll"““!!-ll---.-- —1.0
:-. ----.-.--EHH!-..-. - "-' I ;;aEE! :
- E‘?g:- LA S L - SRS '@EE -------- X
~ 08| o —o0.8
o - ]
e Mk T
P 0.6
~9 - : i
S X I i
N oalic =m S(J,=0.41,r,R=102) i = u S(J,=0.41,r,R=101) {04
a8 S(J=1.0,r,R=101) N o8 S(J’,=1.0,r,R=100)
& — Syp('=0.41,r,R=102) AN — 8§, =0.41,rR=101) &
0.2 - S - 8, (J/_K=0.41,rR=102) 702
L o T e ey e O I | B s B AN W e S £ e I =
o.o 1 1 L L 1 1 1 - [ 1 0
0 100 20 40 60 80 100

2R
SU(T,R)zgln S —|—1ng—|—8—1

Cardy, Calabrese, JSTAT P06002 (2004) n R 2
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HOW DOES IT WORK ?

0-‘ L] L L] I L L} L] I L] L L] I

E 02| 4
)
GO S =0.41,rR=102)
0.1~
o 20 40 ¥ 60 00 S0 ) 100

2R
St )2 gln [— sin (%)] +Ing + =L

Cardy, Calabrese, JSTAT P06002 (2004) n
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HOWwW DOES IT WORK ?

Asol‘ |
J1 L
Gapless Phase' Dimerized Pha
0.1 Spinons | Solitons Ground-state
: Dimerization
e Patterns
0.2l g>0 gI_O g<0 42 s BE Sy e e A
A B
Critilcal poiPL: > _ MG point
07202 0.3 04 405 Jo
J3

Sy (r, R) ~ gln

Cardy, Calabrese, JSTAT P06002 (2004)

4

T

2R s (m“) Sy S1
A b 1 s s e
R g

2
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KONDO PHYSICS

T>>T, Impurity Spin Free Electrons

T<<Ty Impurity Spin—Electron Electrons with
Singlet phaseshift 7t/2

Screening Cloud ?

Wednesday, July 27, 2011
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AF

A L—1
a0 B T T
it JKSimp ) 101 704?701 A Z (% wi-l-l,a - ¢i+1¢i,a)
g=i
ea/J}{
i , .
L In the spin sector: Same low
energy effective Hamiltonian
S Eggert, I Affleck, PRB 46, 10866 (1992).
N. Laflorencie, ESS, I Affleck, JSTAT, P02007 (2008)
JK X J}(
R—1 R—2
H:J}((l' 2—|—J251'S‘3)—|— Sr' r+1‘|‘JZZSr'Sr—I—2
=2 ==
C 2R g ol S1 1 _1
SU(T,R)zgln —Slﬂ(E) —|—lng—|—§ TN B S R e
s
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Simp(R/§K=Constant)

UNIVERSALITY,

SCALING

100 E L] L L] L I T L L L] I L] L] L L I L L] L T I L L] L E
g O R=400, J’,=0.41, £, =25.65 ;
[ O S A R=86, J’,=0.60, &, =5.58 i
1 ®,
F M _
E 1PN ]
10-2 3 M@ E
: Qeﬁé*h y
10°F R
- 3, :
g o
10°F O
1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 Newdm
0.0 0.2 0.4 0.6 0.8
r/R

Simp == 1Tmp (T/Ra T/f}()

ESS, M.-S. Chang, N. Laflorencie, I Affleck JSTAT L01001 (2007)

s
o

Wednesday, July 27, 2011

14




UNIVERSALITY,
SCALING

In(2)—f 7R'_ ;'/1_'(;_"_" LR AL PRG54 RS4RI LR PRS0 OO PR A AL PR S R 4241 EE LA
r/R= 4

e @ Reven T (&) R odd

[ /R=1/3 T
_ 4
= E T
S Mg,

L > Oy
o] <« qE /2r \ wE 12r
2 A J,=0.800 "/ od:p 3 \‘— W
o & J,=0.600
Q 015 [ oses R mana Frm=1r ¥ 0:1
] - K 1 I & T *
12 [0 0,040 ET (Rodd i &
= L > J°,=0.370 %%‘ i ] THR=1/5 7 55

-3 FO J,=0300 = G o) - + 3
U)'g L x se=0250 O 5 B +
% J=0225 F B . YR=1/3 <
i J’K=0'200 0 L PRI B R R A ] “ Ik
0 02,04 A\
0.01 1 1 IIlIIlI 1 1 IIIIIII 1 1 IIIIIII 1 1 lllllll \l 1 1 lllllll 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII 0-01
10° 10 10" 10° 10 =0 10° 10" 10° 10’
r/EK rlEK

Simp == Simp (T/Ra T/f}()

ESS, M.-S. Chang, N. Laflorencie, I Affleck JSTAT L01001 (2007)
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UNIVERSALITY,
SCALING

Asolt |
Ji .y
Gapless Phase' Dimerized Pha
0.1+ Spinons | Solitons Ground-state
: Dimerization
gl G20 T g=07=0gz0 /. Patems St gy
) === = B
Critical point_ _ MG point
| | D >
AT 00 " L0300 042 08 Jo

Simp == 1Tmp (T/Ra T/fK)

ESS, M.-S. Chang, N. Laflorencie, I Affleck JSTAT L01001 (2007)
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FERMI LIQUID THEORY

Free Hamiltonian density for left-moving spin bosons

Perturbation theory in:

Simp e

O
O

[1+x(1-r/R)cot(nr/R)]n/12
Smp(J‘K=1 .0.r,R=400), £, =064

S mp(J'c=1.0.1,R=401), £, =065

——
—

—
=

Hipe = —(7T§K)HS,L(O)
7€k /(12R)][1 + 7(1 — r/R) cot(nr/R)]

HEr
i

~

1 s 1) = [R26xT (60) oth2m T

T,U/T 'L TK

Sl L= Cimpt I Lt

400 ESS, M.-S. Chang, N. Laflorencie,

I Affleck JSTAT L01001 (2007)
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FERMI LIQUID THEORY

Perturbation theory in:

Simp e

10°

ESS, M.-S. Chang, N. Laflorencie,
I Affleck JSTAT L01001 (2007)

Free Hamiltonian density for left-moving spin bosons

Hint e _(WgK)HS,Ij@

€k /(12R)][1 + w(1 — r/R) cot(nr/R)]

(a)

[1+x(1-r/R)cot(nr/R)]/12
J,=0.60
J,=0.45

(b)

10

, 172 ’
~J’ . exp(1.376/J’,)

From M(H)

From E_((R)

From Fig. 4(a)
From Fig. 2 R Odd
From Fig 2 R Even

10

4poox |

po

A e S R A e R e

0

100 200 300
r

400 1 2 3 4 5 610

1,
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FIXED POINT
ENTANGLEMENT

Let us take Ji- — O (Weak Couphng leed point)

In(2)—>c-1 %0 % B | —
0.6 .r Cccc 0.03 \ - Slmp(J —1 r R—100) =
- % —- 8, (', =1.nR=101) 1
0.5 000 0.027% _. s _(J,=1,r,R=400) -
- %y  Sme M|\ — s, (,=1rR=d01) ]
0 0.4F o, 001R -
# oaf 2
[ o S,,,(J/c=0.r,R=100) S D e T
0.2 , s, (J=0,rR=400) %0
C @,
0.1 n 0000
- | | | OOOO
0.0 1 1 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 O 8 1
r/R
; DMRG with spin inversion
p
Simp(T/R)
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)

FIXED POINT

ENTANGLEMENT

Let us take J,- — 0 (Weak Coupling Fixed point)

Gapless Phasei Dimerized Pha

Spinons Solitons Ground-state

Dimerization

Wednesday, July 27, 2011

G210, 200 og=0"" g=0 SR
R el R B
Critical poin&l __ MG point
01 02 .03 04 05 Jo
k
f DMRG with spin inversion
p
S 1mp (T/ R)
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HOw CAN THIS BE NON-
ZERO ?

Start with singlet ground-state

P >= (1/V2)[ 1> | 4> —| |> | ]

The density matrix for the entire system:

1

pp =y >< gl = = || 1><T | @] I><l | +] I><l |@ ] f><1

| =<l | @[z =] I><T @ it !]

Do partial trace:
E Defined on sites 2,3...R

pzl( pul —Puj )
2\ —Ppy P

Wednesday, July 27, 2011 18
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Asol .

J :
[ Gapless Phase' Dimerized Pha
0.1 Spinons ' Solitons Ground-state
; Dimerization
g>0 g|=0 g<0 Patterns
0.2 T
Critical point_ _ MG point
| | JAR\
01 02 .03 04 05
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9
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IMPURITY VALENCE BOND

‘:\ VB
o/\o HIH\IOOH o o/\. H
A ! B

When a singlet (IVB) 1s cut by the boundary we get In(2)

S ( 1 o ) ln 2 G. Refael, J. E. Moore, PRL 93, 260602 (2004).
tmp ESS, M.-S. Chang, N. Laflorencie, 1. Affleck, JSTAT L01001 (2007)

p 1s the probability that the IVB is in part A

U (x)|*°dz, ¥(x)~ sin(rz/L)
A
Where V() is the wavefunction with a single Soliton (L. odd)

Wednesday, July 27, 2011 21




IVB ENTANGLEMENT

O S,p(x=0,r.R=200) DMRG
— (1-p) In(2)

Wednesday, July 27, 2011
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IVB ENTANGLEMENT

c
0.5 jombemoeg @ Simp/(2In(2))
e B IVB/(2In(2))
0.4} 0..
"o
0.3 | 0.-
0.2} 0.-0
..()
0.1} ’-<> _
..O
0.0 : l lﬁo-()-a-&
50 100 150
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IVB ENTANGLEMENT

ASOI‘ I
J1 Lt e
Gapless Phase' Dimerized Pha
0.1+ Spinons | Solitons Ground-state
: Dimerization
2 Patterns
0.2l g>0 gI_O g<07 R O SR Sl o
T B
Critical point_, __ MG point
| | D -
0.1 02 .03 04 05 J2
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NON-ZERO DIMERIZATION

R LT YT T Y YT Y XY Y Y Y Y Y Y Y Y Y YY Y YYYYYYYYYYYY)
e A A OO O \\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

20 40 60 80
site
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SINGLE PARTICLE
ENTANGLEMENT

Consider tight binding model with a single particle
pa = p|1)(1] + (1 —p)|0){0
Where |1) is the state with the particle in A

Then we get:
Sspg = —plnp — (1 — p)In(1 - p)

For R odd and .J}, = 1a soliton 1s present we use this:

HHHIH
1 3,

Wednesday, July 27, 2011
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SINGLE PARTICLE
ENTANGLEMENT

In(2)

>
i / -~ -pIn(p) (1-plin(1-p)
/ v S, =11,R=401) DMRG 3
0.2 A
=
/ \
s *‘\
| I - 2y
0.2 0.4 0.6 0.8 1
r'R
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SINGLE PARTICLE
ENTANGLEMENT

Gapless Phasei Dimerized Pha
Spinons ! Solitons Ground-state

Dimerization

Patterns

Q
-——--n----
o

0.2l g>0 (P2 By A e "
————— B

Critilcal poilnl\ a _ MG point 3

01 02 .03 04 05 Jo

J3 ‘
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SINGLE PARTICLE
ENTANGLEMENT

For the total entang]ement there’s an additional term:

._.._.._.1._...._.._.,_,,_,._. Loddandszl
1 :

- E\]O\ZS 5 B e %)] In(2)
ot

For L odd and J; = 1 a soliton is present we then get:

R Y R VA G

— plup= (=Pl =p)+ |5 + (-1 )| @

Wednesday, July 27, 2011 26




TOTAL ENTANGLEMENT
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TOTAL ENTANGLEMENT

Asol$

J1

0.1}

Gapless Phasei Dimerized Pha

Spinons : Solitons Ground-state
: Dimerization
ol Tog20 g0 g<0 0 TEIRTEE S
) — === = B
Critical point_, _ MG point
| | | -
0.1 02 .03 O Jo

7Al
4 05
s A
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SOLITON ANSATZ AT
J2=J/2

n

T e
Thin soliton state: [n)=|— ... = T — ... =)

Orthogonal TS-ansatz N,
Variational Ansatz: [U).g) ~ > 5% |n)
n=0

3
Whs) = D Ciglvidle; Rodie
_1i7j:0 % R2—
wn:iwzﬂ’—fﬁ e B e
o) = |Z = = ..i.l— = T>|¢2>:iziolwz;+nu e~
AR i —_ l>!¢3>=RTil¢r_+ll+n\T e T
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THE FATE OF THE SPE

i@ I ] I I ] ] I 1 Ll ,-1—‘4 I I I I 1 I I I <
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DL Ay Yo 3

E /Iv AMA v\\ |

£ ~ &A A& h7AS 1

0.5 & A AV -

E A o d

i N A AN 3

0.4 = 7 A £ e'\ ¥

g- 2 ,'tfb g 'P In(p) - (1-p) In(1-p) ;"\ =
—— - f vd < (J 05J‘ =1,r,R=401) " ,"A 9
a) B NA A 3
0.3 6)iA A mp(.l2 =0.4,J', =1,r,R=401) A‘b\ -

: x’a O Sppld,=03.'=1,r,R=401) a?;., :

0.2~ X 0 (0,2, J\=1r.R=401) -
0.1f E
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THE FATE OF THE SPE

ASOI‘ I
J1 st
Gapless Phase' Dimerized Pha
0.1 Spinons | Solitons Ground-state
: Dimerization
= Patterns
0.2l g>0 gI_O g<0 /T EiaoPasarees -
A B
Critical point_, __MG point
| | i D -
0.1 02 .03 04 05 J2
J3
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ALMOST EXACT
RESULTS J2=J/2

-~ (-pn(2)

¢ S ipl:=0.5.0'=0,r,R=100)
A Sim(J2=0.4,J’K=0,I‘,R=400)
O SJ,=0.30'=0,,R=400)
_ & s

% © S, (4,20, =0,r,R=400)
?,. o Sim(J2=0.2,J’K=0,I',R=4OO)

Universal at critical point. Analytical expression !7?

/ 0.25 0.5 o 1
r’'R
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Asold

J1

0.1}

ALMOST EXACT
RESULTS J2=J/2

Gapless Phasei Dimerized Pha
Spinons ! Solitons Ground-state
Dimerization

Patterns
M L A N AR O B (IRratpet o oL S e N LT = 3% A
————— B
MG point
e -
0.5 9
_

Universal at critical point. Analytical expression !7?
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INTUITIVE PICTURE

 SPE, TS, OTS
- |VB L i
. | Incommensurate
A 1) FLT' ~/ Correlations
sol g | -
Gapless Phase' Dimerized Pha
0.1 Spinons ' Solitons Ground-state
: Dimerization
' Patterns
0.2l g>0 gI_O g=0 s e R A
R B
Critical point_, MG point
| Inl\ | | ®/ =
0alF5-0:2 = 20:3-5 204 =05 Jo
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BOUNDARY FIELDS

0-8 1 1 1 1 I

Critical TFIM [ e

----------------
AERSCOO00 - Sscessy
.=
=
=

7,

i vv,vi:;:f-f' O DMRG: Free - Free Ar‘::: KA
VAN - o A  DMRG: h_=0.01 p. W

\ VV Soa b Z N Vv
4L\ -7 . — S

A < DMRG: h,=0.03 RS V7

-l . _ »
0.2 4 v  DMRG: h,=0.1 2
n > DMRG: hb=°'3 ;

g a DMRG: Fixed - Fixed >
. ——  (112)In((2R/)sin(nr/R)+0.238272
i — — - (112)In((2R/)sin(=r/R))-0.106142

! 1 1 1 1 I 1 1 1 1 | 1 1 1 1 | 1 1 1 I 1 1 1 .

o
100 200 300 400 500

Zhou, Barthel, Fjaerestad, Schollwock, PRA 84 050305

g=1 free, g=1/v/2 fixed
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BOUNDARY FIELDS

0-8 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1
- ”"""‘.o'. ““‘AA AA““ A ..::
0.6 ,"f"/ AA“AAA AAAA“AA
- f In(2)/2 Y, R
- O AAAA <S‘<s<5« A
— [P /e “,<<‘-‘« AAA
K k= . SA
m ) AAA dc,,‘;(f( ) AA
P
hh 0.4 /K <q<"“‘ AAA
~ Wa ,«*: L TE T TR A T TR R PR AV
WicY: 2ok O DMRG: Free - Free s
O s o A  DMRG: Fixed Up - Fixed Down
Y2 < DMRG: Fixed - Free
0.2 5 O  DMRG: Fixed - Fixed
w ——  (112)In((2R/n)sin(nr/R))+0.238272
i - —- (1/12) In(R sin(nr/R))-In(cos(xx r/4R)-0.1329

.—.  (1112)In((2R/n)sin(r/R))-0.106142 q
1 1 1 I 1 1 1 1
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