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Caging 
Between the ballistic and the diffusive regimes, the caging 
regime extends with supercooling.

Charbonneau, Ikeda, van Meel, Miyazaki, PRE (2010)
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Hard Sphere Glasses 

Parisi and Zamponi, Rev. Mod. Phys. (2010)
Zamponi, Nature (2008)



Crystal Nucleation 

Auer and Frenkel, Nature (2002)

Radius 



Proc. Roy. Soc. A (1952)



Geometrical Frustration 

FCC Lattice    vs.  Icosahedron Triangular Lattice 
AND 

2-Simplex 
(triangle) 

~AND 
3-Simplex 

(tetrahedron) 



Geometrical Frustration in 4D 

D4 Lattice 
IS NOT  

Simplex Based 

The 24-cell comes to the mind of any 
good schoolboy (and is unique)!

4-Simplex

Pfender and Ziegler, Notices AMS (2004)



2D Packing 

Simple Square Rotated Simple Square 



3D Packing 

Simple Cubic Body-Centered Cubic 



4D Packing 

Simple Hypercubic D4 

(1/2, 1/2, 1/2, 1/2) 



Alternatively via FCC 

Tetrahedral Holes

Octahedral Holes



4D Equation of State 

van Meel, Frenkel, Charbonneau, PRE (2009)
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Nucleation Barrier 

Cluster Size 

In 3D, the surface tension 
is 2-3 times smaller for similar 
supersaturations!

van Meel, Frenkel, Charbonneau, PRE (2009)



How frustrated is it? 

Laird and Davidchack, J. Phys. Chem. C (2007)
van Meel, Charbonneau, Fortini, Charbonneau, PRE (2009)

At fluid fluid-crystal coexistence density



van Meel, Charbonneau, Fortini, Charbonneau, PRE (2009)
Liquid/crystal structural resemblance vanishes with dimension.

A Possible Explanation 
Bond-order parameters à la Steinhardt and Nelson 



Some Speculation 

Could the icosahedral configuration in fact help crystallization…

Conway and Sloane, a.k.a. the bible of sphere packings (1999)





What Have We Learned? 
• 4D is truly hard to crystallize! 

– Optimally packed cluster matters little. 
– Polytetrahedral frustration dominates. 

• 3D is marginally frustrated. 
– Monodisperse hard spheres freeze rather easily. 
– Icosahedral order is not singular. 



D-testing! 

K. Chang, NYT, 29/07/2008

And further, my son, take note 
of this: of the making of books
theories there is no end, and 
much learning is a weariness 
to the flesh.

-Ecclesiastes 12:12

cf. Francesco’s talk and
arXiv:1107.4666v2



Disclinations in 2D 

Basis for KTHNY 2D 
melting theory: at high 
densities 5-7 defects are 
paired.

Curvature and size 
dispersity lead to an 
imbalance in defects and 
to an ordering length 
scale. Sausset and Tarjus (2010)

Watanabe and Tanaka (2008)



Bond Spindles (Disclinations) in 3D 

Nelson, Defects and Geometry in Condensed Matter Physics (2002)

In (frustrated) Euclidean space:

e.g.



Bond Spindle Lines 
Frank-Kasper phases are polytetrahedral
with ordered disclinations.

Nelson, Defects and Geometry in Condensed Matter Physics (2002)
Charbonneau, Charbonneau, Tarjus (in preparation)



3D

4D
5D

Ordering is appears to vanish
with dimension.

Charbonneau and Charbonneau (in preparation)



q=6 bond spindle network 

Although the network of 5-fold
spindles percolates, it still leaves 6-7
defects per particle...

Charbonneau, Charbonneau, Tarjus, arXiv:1108.2494v1



(Agnostic) Static Length 

• Rigorous bounds between length and time 
scales imply the divergence of a point-to-set 
length when the relaxation time diverges 
(Montanari and Semerjian, 2006; Cavagna et 
al. 2007). 
 

• Is there a growing static length of spindle 
order? 



Pinning Overlap 

Berthier and Kob,
arXiv:1105.6203v1

Charbonneau, Charbonneau, Tarjus, arXiv:1108.2494v1



Static v Dynamic Lengthscale 

Charbonneau, Charbonneau, Tarjus, arXiv:1108.2494v1
Flenner, Zhang, Szamel (2011)
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Summary 

• The topological defect scenario may only 
work for  

• In d=3 Euclidean space, it is (seemingly) not 
a useful description. 

• May work on S³ with a smaller radius. 
• A static lengthscale can be defined, but it 

does not seem to play a key role at early 
stages of the dynamical slowdown. 



Collaborators: 
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Special thanks to: 
• David Nelson (Harvard) 
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