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QD

Theory

Thermalization & perfect fluid

LHC results agree

almost perfectly with RHIC
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Shear viscosity

Song, Bass, Heinz, Hirano, Shen, PRL 106 (2011) 192301 [Duke - OSU - Tokyo0]
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Conclusion: 1 <4mn/s <2.5

Remaining uncertainty mainly due to initial density profile
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Event-by-event fluctuations

Initial state generated in A+A collision is grainy
event plane # reaction plane
= eccentricities €1, €2, €3, €4, etc. #0

+=0.4 fm/c
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|ldea: Energy density fluctuations
in transverse plane from initial
state quantum fluctuations.
These thermalize to different
temperatures locally and then
propagate hydrodynamically to
generate angular flow velocity
fluctuations in the final state.

= flows V1, V2, V3, V4,... c
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Theory
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Power spectrum

Theory
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Entropic history of a HI collision
Decoherence
Equilibration Isentropic expansion
dS/dy= 0| 1500 | 4500 5100 5600

pQCD+CGC

: : hydrodynamics
_ pQCD+HTE:, E :
L[ |' |' '
- | | >
Tdeco T therm T hadro

1/Q 0.5-2 fm/c ?!
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Density matrix

The state of a system (ensembile) is specified by the density matrix:
— AT 1. 2 .
p=p’s tw(p)=L u(p’)<t (P|p|¥)=0 V|¥)
The density matrix evolves according to the von Neumann equation:

at [H p] N P(t) — e—th/hp(O)eth/h

The unitary time evolution implies that the von Neumann entropy

Sn = tr(plnp)

does not change with time: Information about the quantum system is never lost.

However, not all information about the quantum system may be recoverable
by an observer, in principle or in practice: “coarse graining” or “entanglement”.

10
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Equilibration

Yukalov [Laser Phys. Lett. 8 (2011) 485] gives the following definition:

A system equilibrates from an initial state p(0), if the expectation value of all
observables reaches a steady-state limit:

lim (A (1)) = tr| (A |

t—>00

A system thermalizes, if the expectation value of all observables reaches a
steady-state limit, which is independent of the initial state p(0):

lim<A(t)> = tr[p*A]

t—>o0

A thermalized system is in a steady state and has “forgotten” all information
about its initial state (except conserved quantum numbers).

11
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Thermalization

Thermalization means that a system loses all information about its history.

This can happen in two ways:

1. The system exchanges information with its environment (heat bath). This is
true thermalization. The thermal state of the system is characterized by a
density matrix, which only depends on the conserved quantum numbers
(energy, particle number, charge, etc.). The entropy of the system is a measure
of its information loss to the environment. In this case, the quantum state of the
system becomes entangled with the quantum state of its environment.

2. The state of the system evolves by itself into a complicated superposition of
components that cannot be distinguished by any practical measurements. This
is apparent thermalization, implied by the coarse graining inherent in physical
observations. A single eigenstate of the system can appear thermal (eigenstate
thermalization). The physical mechanism by which a system can evolve into
such complex states under its own dynamics is called quantum chaos.

12
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Coarse-grained entropy

Evolution of the “standard map” system: p,., =p, +%sin(2ﬂ:qn); q,,=9,+p, (modl)

[M. Baranger, V. Latora, A. Rapisarda, Chaos, Solitons and Fractals 13 (2002) 471]
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General picture
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dt to amplitude of initial fluctuations.
P g ' | Kolmogorov-Sinai (KS)
. entropy growth rate
i : >
initial linear equilibrium phase

Initial fluctuations: initial state dependent
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Nakajima-Zwanzig theory

For a highly complex system (many degrees of freedom) usually only simple,
slowly varying observables (few-body, low resolution, etc.) can be measured.

Split the density matrix into a relevant part pr that determines the value of the
observable A and an irrelevant part pi that has no influence on the value of A:

p=pp+tp, with (A)=tr(pA)=tr(pA); tr(p,A)=0
Define a projection operator P such that:  p, = Pp

Then: %pR =—PLp,.(t)—iPLe"""™""p, (0)- deG(T)pR(t —7)
0

where L = %[H,O] G(t)=PLe """ (1 — P)LP (memory kernel)

[For a review, see e.qg.: J. Rau, BM, Physics Reports 272 (1996) 1]
15
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Time scales

An important question is which observables A should be considered to define
the relevant part pr of the density matrix. These should be experimentally
measurable quantities, which implies that they should vary only on observable
time scales: they must be slowly varying observables.

In many cases the memory kernel, which describes the feedback from the
irrelevant degrees of freedom, decays much faster than the characteristic time
scale on which the value of the observables change. The evolution equation for
pr then becomes effectively Markoff.

Any analysis of the problem of entropy creation and thermalization in the
Nakajima-Zwanzig formalism thus starts from an analysis of time scales.

Note: The projector P ensuring tr(PpA) = tr(pA) is called the Kawasaki-Gunton
projector; the resulting evolution equation for pr is called the Robertson
equation. Because p is time dependent, P depends on time.

An alternative formulation is due to Mori, who defined the projector such that
tr(PmpegA) = tr(oeqA), which makes Pw time independent.

16
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Relevant entropy

The relevant entropy Sr =tr(pr In pr) generally increases with time (but not
necessarily monotonously), because information gets transferred into irrelevant
degrees of freedom. Special case: 1-P = projector on the environment.

The relevant entropy is “in the eye of the beholder”.

C = conserved observables
E = experimentally relevant observables
S = “slowly varying” observables

A = all observables R —
relevant entropy P
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Omphaloskepsis?

The relevant entropy is “in the eye of the beholder”.

Does this mean that it is not a property of the system?
Or can an isolated system “observe itself” ?

In a certain sense, yes: A system “observes itself” via the Hamiltonian, which
governs its time evolution. But the Hamiltonian generally has special properties:

e Only 2-body interactions for non-relativistic many-body systems;
e Only local interactions for quantum field theories.

= The short-term evolution of a quantum system is thus oblivious to many-body

or long-range correlations. From the “point of view of the system itself’ they form
part of the irrelevant density matrix p.

w The parts of a system hidden behind an event horizon are always irrelevant
for its observable time evolution.

18

Friday, August 19, 2011



Entanglement entropy - |

Consider a vacuum QFT in a large box.

An observer restricted to subvolume A
will experience a reduced density matrix

p.=Try(p)=Tr, (‘O><OD

Special case of Nakajima-Zwanzig projection!

B

The entanglement entropy between A and Bis defined as  |S, =—Tr,(p,Inp,)

It measures the loss of information to the observer from not knowing exactly what
the state of the field in the subvolume A s, if she does not know the state in B.

Sa is a useful measure of how entangled the wave function of the ground state | 0)

is between A and B. Naively, one would expect that any mode component in A with
wave number k “knows” about the presence of B if it is located within distance A/k of

the boundary.
19
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Entanglement entropy - Il

2

kmax
Therefore one expects (Srednicki, 1993): S, ~ J.(BA)E% ~ Kk |[0A| k..,
k

The entanglement entropy is thus proportional to the surface area of A. If one
chooses kmax ~ Mpi , Sa becomes the Bekenstein entropy of a black hole with
surface area II1dAll. Black hole entropy is thus a form of entanglement entropy.

Interactions introduce finite corrections to the UV divergent entanglement entropy.
These provide a measure of the range of quantum correlations in the ground state

wave function.

Another variant is when the QFT is not considered in the vacuum state, but at finite
temperature T. The entanglement entropy then receives a contribution proportional
to llAIl = Vol(A), which is precisely the thermal equilibrium entropy.

In QFT, Sa can be generally calculated with the replica trick:

. Jd ; . Z,
S,=—Tr, (pA lnpA) =~—lim,_, g(TrA pA) =-lim,_, anLZ A)n ]
A

20
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AdS/CFT

For a (d+1)-dimensional QFT with a holographic gravity dual, Sa can be calculated
in the dual theory from the area of the extremal surface ya in the bulk, with has the
same boundary dA as A: d(ya) =0A.

OA

SA

_ Il
4G1(vd+2)

OA

event horizon

At finite temperature, a BH is present,

and the surface ya picks up a part of the

event horizon, thus accounting for the
thermal equilibrium entropy of A.

YA

see review by:
Nishioka, Ryu,
Takayanagi,
arXiv:0905.0932

21
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Husimi coarse graining

A minimal coarse-graining of a quantum system is achieved by projecting its
density matrix on a coherent state (Husimi [“Fushimi’] 1940):

Heup)=(lplz) with 2= =t = py =[2)H(d

The Husimi phase-space density is positive semi-definite and can be used to
define a coarse grained entropy (Wehrl, 1978):

DD 1 (e, p)In H (x, p)
2mh

Sp = _Tr[pH lan] = _J

As opposed to the von Neumann entropy S = -Tr(plnp), the Husimi-Wehrl entropy
is not conserved by unitary evolution. Its value depends on A, but its growth rate
at large times is independent of the smearing A (Kunihiro et al. [KMOS], 2008).
Far off equilibrium it is equal to the Kolmogorov-Sinai (KS) entropy growth rate:

dS e ﬂ,a>0 ]
dtH > 2 A, = Siq

23
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Husimi |l

Husimi density can be understood as smearing of the Wigner function with a
Gaussian minimum-uncertainty wave packet:

dp’ dx’ 1 A
HA(Z%QT;t) = / pﬂh €xp <—E(P —p')2 - %(x - 55/)2) W(p’,x’;t)

Special case of Gaussian smearing with 0,0x = h/2:

dp'dx' (_(p—p')2 C(x=xY)’

Hapax(p,x;t)z J.27t\/ﬁ exp >
pVx

2
20, 20,

]W(p',x';t)

Formally, the Husimi transformation of the density matrix is of the form:

pH — FHP — F(Gp’Gx)p
with op,2= hA/2, 0,2= h/2A. Note that " is not a projection operator:

F(Gp,Gx)z =F(\/§Gp,x/§ax)

24
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on 2 {pr}: Formal proof

Can the Husimi coarse graining be understood as a projection on “coarse”,
relevant degrees of freedom, i.e. can we find a projector Py so that

p,=P,p with P;=P,?
This implies:  det p,, =(det P, )det p
Now:  (detP,) =detP, — detP,=0 or detP, =1
Since the eigenvalues of Py are either O or 1:
detP, =1 it P,=1,; detP, =0 otherwise.

Because Py cannot be |, we conclude that det pn = 0. But pn is diagonal in
the coherent state basis; this implies that one diagonal element must vanish.

But <Z|PH|Z> = <Z|P|Z>, thus unless p has a zero diagonal element, i.e. in
general, such a projector Py cannot be found.

25
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Quantum quench

The decay of an unstable vacuum state is a common problem, e.g., in cosmology

and in condensed matter physics. Paradigm case: inverted oscillator.

A p2

Ay =2 4

2

m(t)2 2

with  m(1)” = 0°0(-1)— 1°0(¢)

V(x)

- 1
Wigner function: W (q,p;t) = /du e P (q+ §u| p(t) |

V(x)

V(x)

26
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Wigner
function

Husimi
function

t=2
t=2
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Wigner vs. Husimi

4 T
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Husimi
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Wigner vs. Husimi
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Wigner vs. Husimi
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The ETH

The Eigenstate Thermalization Hypothesis (ETH - Deutsch '91, Srednicki '94):
(WA, )=(A)

E,mc

for any complex many-body system and few-body operator A or other slowly
varying observable.

Corollary: The eigenstate of a few-body operator A is superposition of energy
eigenstates with thermally distributed probabilities:

_ . 2 —EIT
E

Over time, phases of different components diverge from each other; eventually
the pure state becomes indistinguishable from a mixed state:

|‘PA(I)><LPA(I)|:ECECZ'ei(ELE)I/h|LPE><‘PE' — Z|CE|2|\PE><‘PE|
E.E' E

S— —zE:|cE|2 ln( cE|2)

28
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Entropy growth
2) where Cp = z Cp

|E-E,|<L1AE(1)

2
S)— - |é, | In (\ é,
EOC
with amplitudes remaining coherent within energy bands AE(t) ~ hit.

Consider again the quantum quench to the inverted oscillator:

cos+ xdx'p (x"
Y, (x)= 2 ! '[0 - with  p,(x)=+v2E+A°x’
nh JPe(x)

De-phasing leads to a block structure of the density matrix:
—2E,/hw h

e .
with Ax=

J2ThoE, 22x

T="2hw is the “temperature” determined by the initial wave packet.

S() =Y, Y p(E,.xp)In(p(E,.x5))= At

o

p(E,,x;z)= @(Ax—’xﬁ — x,e”

JAE

29
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YM-QM model

A simple example of a non-trivial chaotic quantum system is given by the infrared
limit of SU(2) gauge theory (Yang-Mills Quantum Mechanics):

H = Epl +—2x

izk
2

Further simplification: X1 =X, X2 =Y, X3 =0 (X-y model):  H = %(pi + p§)+ %xzyz

Solve equation of motion for Husimi density H(X,Y,Px,Py,t) using superposition of
Gaussians with time-dependent positions and widths:

H(E.0 =Y exp| —2,¢,(0(& ~E7M)(§, -7 ®) | with & =(xy.p,.p)

Evolution conserves the coarse grained Hamiltonian

2
5{H=%(p§+p§) gz x*y? —4—Z(x +y°)+

30
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YM-QM - the movie

Folx,.xt=0) |

10

FolP,:P,t=0)
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Position space xi, X2 Momentum space p1, p2

Hung-Ming Tsai & BM, arXiv:1011.3508
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QD '

Theory
YM-QM equilibration
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(D« S
YM-QM equilibration - 1l

Theory

Initial Husimi density is approximately
a narrow microcanonical distribution
peaked around E = 100. Final Wehrl
entropy should agree with micro-
canonical equilibrium, and it does!

24.06/32
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4
T. Kunihiro, BM, A. Ohnishi, A. Schéfer, T. Takahashi
2 & A. Yamamoto, PRD 82 (2010) 114015
0
DLL 2
g
= 4t e =3.20
£=0.87 ------
6 £2020 LLE = Local Lyapunov exponents:
-8 : ' ' = Eigenvalues of the Hesse matrix

0 50 100 150 200

ILE = Intermediate Lyapunov exponents:
= Growth rate of distance between
neighboring gauge field config’s

GLE = Global Lyapunov exponents:
= Asymptotic divergence rate of
neighboring gauge field config’s
= Standard definition of LE’s

Re(2E)
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Summary

m Different definitions of relevant entropy:
Coarse graining, Husimi transform, (ETH) dephasing
Projection, relevant density matrix, entanglement

® [inear growth of coarse grained entropy determined by sum
of Lyapunov exponents: KS entropy growth rate

® \What are the holographic dual descriptions?
Entanglement entropy
How is coarse graining implemented in holography?
How are Lyapunov exponents manifested?
Is there an analogy to KS entropy growth rate?
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