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@ Motivation: Adiabatic and beyond

e Generalised Langevin equation
@ [solated system

@ System plus the environment/bath

e Coupling to electron bath
@ Influence functional
@ Langevin equation

@ Application to molecular conductors
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Molecular electronics

U
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Seminal paper in molecular electronics
“Molecular Rectifiers”, A.Aviram and M. A. Ratner, Chem. Phys. Lett. 1974, 29, 277 ~
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Joule heating, Current-induced forces
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Adiabatic (Born-Oppenheimer) dynamics

Hamiltonian for a system of electrons and ions:

H=Te+ Ton+ Vo(P) + Vepn(?, B) + Vou(R)
Born-Oppenheimer approximation:

Hgo = H — Tpn
>
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Adiabatic (Born-Oppenheimer) dynamics

Electrons only see static ions:

Hgo(R, r)®i(R, r) = £i(R)®i(R, r)
Forces to the ions:

mR = —(®o|VrHgo(R, r)|®o)
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Adiabatic (Born-Oppenheimer) dynamics

Electrons only see static ions:

Hgo(R, r)®i(R, r) = £i(R)®i(R, r)
Forces to the ions:

mR = —(®o|VrHgo(R, r)|®o)

No energy transfer between electron and phonon subsystems!
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Ehrenfest dynamics

Time-dependent Schrédinger equation:

in 2w () = go( (L), V(1)
Force to the ions:

mR = —(¥(1)|VrHgo(R(), r)|W(t))
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Ehrenfest dynamics

Time-dependent Schrédinger equation:

in 2w () = go( (L), V(1)
Force to the ions:

mR = —(W(1)|VaHgo(R(t), 1) ¥(t))
Energy transfer possible,

but not good enough for Joule heating problem
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Joule heating: Simple perturbation analysis

@ Suppose we have one harmonic oscillator (phonon),

coupling with the electronic environment. Energy transfer

between electrons and the phonon mode could be
modelled by a rate equation,

N = B(N+1) — AN,
with N the phonon occupation number.
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Joule heating: Simple perturbation analysis

@ Suppose we have one harmonic oscillator (phonon),

coupling with the electronic environment. Energy transfer

between electrons and the phonon mode could be
modelled by a rate equation,

N = B(N+1) — AN,

with N the phonon occupation number.
@ At steady state,

. B 1
N_0—>N_A_B %
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Joule heating: Simple perturbation analysis

@ Suppose we have one harmonic oscillator (phonon),
coupling with the electronic environment. Energy transfer
between electrons and the phonon mode could be
modelled by a rate equation,

N = B(N+1) — AN,
with N the phonon occupation number.
@ At steady state,
B 1

A-B 41

N=0—N=

@ For equilibrium electrons with temperature T,, we have

W
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Why Ehrenfest fails?

The energy transfer predicted from Ehrenfest dynamics
N=BN—-AN<O

— The phonon keeps losing energy!
E. J. McEniry, Y. Wang, D. Dundas, T. N. Todorov, L. Stella, R. P. Miranda, A. J. Fisher,

A. P. Horsfield, C. P. Race, D. R. Mason, W. M.C. Foulkes and A. P. Sutton, EPJB, 77,
305 (2010)
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9 Generalised Langevin equation
@ [solated system

@ System plus the environment/bath

2

i

o
Semi-classical Langevin dynamics Jing Tao L (DTU)

11/45




Motivation: Adiabatic and beyond Generalised Langevin equation Coupling to electron bath
00000000 0000
000000000 0000
I 0000000

Semi-classical dynamics from influence functional

Influence functional approach:

@ Start from the fully quantum-mechanical problem
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Semi-classical dynamics from influence functional

Influence functional approach:

@ Start from the fully quantum-mechanical problem

@ Split into the system (ions), and the bath/environment
(electrons)
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Semi-classical dynamics from influence functional

Influence functional approach:

@ Start from the fully quantum-mechanical problem

@ Split into the system (ions), and the bath/environment
(electrons)

@ Given configuration of the system, trace out the bath
(electrons), and get an effective action for the system
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Semi-classical dynamics from influence functional

Influence functional approach:
@ Start from the fully quantum-mechanical problem

@ Split into the system (ions), and the bath/environment
(electrons)

@ Given configuration of the system, trace out the bath
(electrons), and get an effective action for the system

@ Semi-classical Langevin equation
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Semi-classical dynamics from influence functional

Influence functional approach:
@ Start from the fully guantum-mechanical problem

@ Split into the system (ions), and the bath/environment
(electrons)

@ Given configuration of the system, trace out the bath
(electrons), and get an effective action for the system

@ Semi-classical Langevin equation

References:
Phonon bath: Feynman&Vernon1963,Caldeira&Leggett1983, Schmid1982,

Electron bath: Chang&Chakravarty1985,Hedegard&Caldeira1987
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e Generalised Langevin equation
@ [solated system
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Hamiltonian for an ion moving in some potential:

. PP )
=2+ V()
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Evolution operator with path integral
Evolution operator in coordinate basis
b
iHt/h : iHAt /R N
(ble~Ft/h| 2y = lim (b| (e*’ / ) \a) I
N—+oco T
N—1 é ]
= I|m dx;(x;|e ’HA’/hx i
H (%1 X-1) I
with
XN = b, Xo = a. z
(1]
b -
R
A 4
o = = 9Dace
:
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Evolution operator with path integral

(xjle Ay
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Evolution operator with path integral

(xjle A x4

~
~

<Xl_|e—iﬁzAt/the—iV()“()At/h|Xj_1> « Trotter
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Coupling to electron bath
Evolution operator with path integral

(Xj|e—iﬁ/At/h|Xj_1>

Q

<Xj|e—iﬁzAt/Zmﬁe—iV()?)At/h|Xj_1> « Trotter

/ dpy / dbj (x;1p;) (pjl e~ P A2 ol (ol | @ VAU B )
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Evolution operator with path integral

<Xj|e—iFIAt/ﬁ|Xj_1>

~ <Xl_|e—iﬁzAt/2mhe—iV(f()At/h|Xj_1> « Trotter

~ / dpj / o (x;1p;) (pjl &~ 7 A2 ol (ot | e VAU R

Q

/ doj(x5lipy) e PIAY2M (pyx; 1)@~ VS-DAYR o (x| p)) = gPi/h
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Evolution operator with path integral

(xj€~"AY i)
~ <Xl_|e—ii)ZAt/2mhe—iV()“()At/h|Xj_1> « Trotter
~ [ oby [ dbfmi (e o) gl MRy

~ [ dnlpe oAU byl y)o MDA () — bl

Q

/ dpje—fmzAt/2mhe—iV(Xjf1)At/hei()q—)w)p;/h
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Evolution operator with path integral

<Xj|e—iFIAt/h|Xj_1>

~ <Xl_|e—ibzAt/2mhe—iV()“()At/h|Xj_1> « Trotter
~ [ oby [ dbfmi (e o) gl MRy

~ [ dnlpe oAU byl y)o MDA () — bl

Q

/ dpje—fmzmﬂmhe—iv()qq)At/hei()q—XH)p//h
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Evolution operator with path integral

Evolution operator in coordinate basis

<b|e—iI:It/h|a

LITOOH/dX’eXP th ( — X 1>2_V(X,~_1)]

/Dxexp{ <1mx V() )}
/Dxexp{ S(X,X}

N
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Semi-classical approximation

Evolution operator in coordinate basis

(ble~Ft/h| g) = / DXexp{ - / dt( mx? — V(x)>}

Pick out the classical path:

X = Xel + 65
we get

(blela) ~ exp {’sc,}

</ D&XP{ /4 (1m§2 V"(xc/)az)}

o
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Coupling to electron bath
Semi-classical approximation

Evolution operator in coordinate basis

(ble~Ft/h| g) = / DXexp{ - / dt( mx? — V(x)>}

Pick out the classical path:

X = Xel + 65
we get

(blela) ~ exp {’sc,}

</ D&XP{ /4 (1m§2 V"(xc/)az)}

O 3
Oy
>
. . T
In the limit of €2 > h, classical path contributes the most .
| Semi-classical Langevin dynamics Jing Tao Lt (DTU) 18/45 |
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Evolution of Density matrix

Density matrix: A A
ﬁ(t) _ e"Ht/hﬁ(O)e’Ht/h

X
L 1 1 1 1 1 1
) 1 | 1 1 > | I I I O _
1 1 1 1 1 1 1 1 1
bt O n‘ru
y e
e
O 3 - = E 9Dace
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Evolution of Density matrix
Density matrix: A A
A1) = e Ht/n 5(0) gHt/n
Evolution in coordinate basis:
alpt)ly) = (xile”7x0) (x0](0) o) (yol €/ |y)
| Pl 1SS (0) )
= K(X1,¥1: X0, ¥0)(X0|A(0)|¥0)

——+—+—+—+—+—+O B
————+<————0
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Semi-classical approximation

Define R = } (x + y)(classical),£ = x — y(quantum), we get
K.y 0.0) = [ Pl ylesn { (800 - S0}

~ [otr.gen{-; [omi + vRo)a + o)

@ Only odd in ¢ terms contribute!
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Semi-classical approximation

Define R = } (x + y)(classical),£ = x — y(quantum), we get

K.y 0.0) = [ Pl ylesn { (800 - S0}
~ [otr.gen{-; [omi + vRo)a + o)
@ Only odd in ¢ terms contribute!
Think of [ €% = §(x), integrate out &, we get
Lo(t) = mA(t) + V'(R(t)) = 0.

@ Average path follows classical equation of motion
@ Exact for quadratic potential
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e Generalised Langevin equation

@ System plus the environment/bath
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Density matrix for system+bath model

@ System variables: x, y, Bath variables: X, Y. The density
matrix is

(x1, X p(Dlyr, Y1) = (x1, Xi|e 7P p(0)ei Py, | V1)
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Generalised Langevin equation
I

Coupling to electron bath
Density matrix for system+bath model

@ System variables: x, y, Bath variables: X, Y. The density
matrix is

(x1, X p(Dlyr, Y1) = (x1, Xi|e 7P p(0)ei Py, | V1)

@ Since we are only interested in the system, we want to look

at the evolution of the reduced density matrix for the
system only ps

(x11ps(t)|y1) = Trx, [{(x1, X41p(t)|y1, Y1)]
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Coupling to electron bath
Density matrix for system+bath model

@ System variables: x, y, Bath variables: X, Y. The density
matrix is

(x1, X p(Dlyr, Y1) = (x1, Xi|e 7P p(0)ei Py, | V1)

@ Since we are only interested in the system, we want to look

at the evolution of the reduced density matrix for the
system only ps

(x11ps(t)|y1) = Trx, [{(x1, X4]p(t)|y1, X1)]
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Decoupling scheme

The total Hamiltonian

I:’Z Hs+F’b+Hint
Assume at t = 0,

p(0) = ps(0) ® pp(0)
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Decoupling scheme

The total Hamiltonian

F’Z Hs+F’b+Hint
Assume at t = 0,

p(0) = ps(0) @ pp(0)
then

(x1]ps()]y1) = F(x, y)Us(x1, X0) (Xo| ps(0)|y0) UL (vo, y1)
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Decoupling scheme

The total Hamiltonian
H = Hs + Hp + Hint
Assume at t = 0,

p(0) = ps(0) @ pb(0)
then

(x1lps(t)|y1) = F(x, Y)Us(X1aXo)<Xo|Ps(0)|}’0>UsT(}’o,}’1)

with the influence functional (F), phase (¢)

Flx.y) = €00/ =Ty [Up(x)pn(0) U(1)]
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Properties of F/®

From the definition of F

F(x,y) = 0N/ = Try [Un(x)pp(0) UL(y)|
we have

° F(x,y) = F*(y,x),

® F(x,x)=1,
>
e
e
=} = = E DA
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Properties of F/®

From the definition of F

F(x,y) = 0N/ = Try [Un(x)pp(0) UL(y)|
we have

® F(x,y)=F*(y,x),

® F(x,x)=1,

or in terms of classical (R) and quantum () paths
° F(R7 é.) = F*(H7 _é.)’

@ F(R,0) =1,
1]1!)
-
e
e
=} = E E DA
: :
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Coupling to electron bath
Effect of the bath to the evolution

Recall in the semi-classical approximation, for system only, we have

Kby ~ [DlRgew {1 [enLo(tet].
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Effect of the bath to the evolution

Recall in the semi-classical approximation, for system only, we have

K(X1,Y1iX0,YO) ~

~ /D[R, FJexp {—% /g(t)Lo(t)dt} .

What is the effect of the bath?

Kooy ~ [ DlRdew{ -~ [ (Lot - o0)ot}
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Expansion of the influence phase

Using F(R,0) =1, F(R,&) = F*(R,—¢), we expand ¢ over ¢
to 2nd order:

O(R.€) = O(R.0)~ AR:11)E(t) + LE()BR; L VE(D) + O(E)

Put this back to K:
i /
Kooy ~ [ D[R,slexp{—ﬁ / f(t)(Lo(t)+A(t,r))dt}

X exp {—21—}15(1‘)3(1‘, t/)f(t/)}

2
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Expansion of the influence phase

Using F(R,0) =1, F(R,&) = F*(R,—¢), we expand ¢ over ¢
to 2nd order:

O(R.€) = O(R.0)~ AR:11)E(t) + LE()BR; L VE(D) + O(E)

Put this back to K:
Kixvyios) = [DlR.gen{~1 [ Lol + A et}
< exp{ - greB(L e

=
=

@ Modifies the equation of motion of R
@ Introduces a O(¢?) term
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Coupling to electron bath
Probability interpretation

Using Gaussian integral:

/dgemge_%a&z */df/dé‘e"“”)xe*ifz —>/dk5(L+k)e*ék2,
we have

Kby ~ [ DlRgew {5 [ttt + At t))ct}

< exp {—2‘—hs(t)3(t, t’)s(t’)}
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Probability interpretation

Using Gaussian integral:

/dgemge_%a&z */df/dé‘e"“”)xe*ifz —>/dk5(L+k)e*ék2,
we have

Kivises) = [DIRe Ao~ [t + At) + f0)et )
« exp{—21—}1f(t)B_1(t,t’)f(t’)}
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Coupling to electron bath
Probability interpretation

Using Gaussian integral:

/ deeleba’ / df / deell+ 7"

ez —>/dk5(L+k)e-ék2
we have

)

K, v1: %o, ¥o)  ~ /D[R, AA(Lo(1) + At ') + £(1))

X exp {—%if(t)B_%t, t/)f(t/)}
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Coupling to electron bath
Probability interpretation

Using Gaussian integral:

/dge’lﬁe—%f‘*§2 . /df/dge"(L‘rf)Xe*i’z = /dké(LJrk)e*ékz,
we have

K, v1: %o, ¥o)  ~ /D[R, AA(Lo(1) + At ') + £(1))

« exp{_21—hf(t)3—1(t,t')f(t’)}

f(t') plays a role of a stochastic force acting on the equation of
motion, with a Gaussian correlation.
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Coupling to electron bath
Generalised Langevin equation

Langevin equation:

82

SR+ VI(R) = - / AL E)R(E) — F(D).

with the noise correlation

(F(OF(E)) = hB(t, 1).
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Example: Harmonic oscillators

For a harmonic oscillator coupling linearly (in displacement)

with harmonic oscillator bath, the semi-classical approximation
is exact:

At—t) =

2 smw k(t—1t),
(t—t’):Z ’% coth fiwk coswi(t —t')
p 2Mmuwy 2kgT k '

Feynman&Vernon, Caldeira&Leggett
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© Coupling to electron bath
@ Influence functional
@ Langevin equation
@ Application to molecular conductors
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o Coupling to electron bath
@ Influence functional
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Motivation: Adiabatic and beyond

Generalised Langevin equation
:

Coupling to electron bath
Adiabatic expansion
We have the time-dependent Schrédinger equation
.0 A
/&\U(r, R(t)) HBO(r7 R(t))w(ra R(t))

1]1!)
>
=

=} = = E DA
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Adiabatic expansion

We have the time-dependent Schrédinger equation

2w At) = Heolr, RUV(r. (D)

Within the adiabatic (Born-Oppenheimer) basis:

I:IBO(rv R)¢n(f7 R) = EH(R)¢n(r’ R)’
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Generalised Langevin equation
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Coupling to electron bath
Adiabatic expansion

0000000

We have the time-dependent Schrédinger equation
2w At) = Heolr, RUV(r. (D)
Within the adiabatic (Born-Oppenheimer) basis
Heo(r, R)¢n(r, R) = en(R)én(r, R)
Expand V(r, R(t)):
(r,R(t) = Zan

Including correction O(V?)

B)én(r, R(1)).

V =ilgmlén) — O(£).

Semi-classical Langevin dynamics Jing Tao Li (DTU)

=
=

M

¢

B

32/45



Motivation: Adiabatic and beyond Generalised Langevin equation Coupling to electron bath
00000000

ooeo
000000000 0000
0000000

Influence functional
Influence functional from electron bath:

F. = Det [[GO]*1+V}

A exp {Tr [lnGaq } exp {Tr [Gp V] }exp {—%Tr [Go VGy V]}

2

i

=] 5
|

it
)
»
?)

I
Semi'c'3$|93i 'MBFB?Hhé_bﬁg SRJH@w'rdDiTNano. Letters, 10, 1657 (2010) 33/45



Motivation: Adiabatic and beyond Generalised Langevin equation Coupling to electron bath
00000000 00e0
000000000 0000
| 0000000 |
Influence functional

Influence functional from electron bath:
F. = Det [[601*1 + v}

~
~

exp {Tr [lnGaq } exp {Tr [Go V]}exp {—%Tr [Go VGy V]}
The adiabatic Green’s function:

(13% (R )) G(t.t) = b(t — 1)

1]1!)
-
O
R o 4
o P = z 9ac
:
Semi-clgspicalierBrah s PJHededdrd) Nano. Letters, 10, 1657 (2010
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Influence functional
Influence functional from electron bath:

F. = Det [[GO]*1+V}

A exp {Tr [lnGaq } exp {Tr [Go V]}exp {—%Tr [Go VGy V]}
The adiabatic Green’s function:

(ia% - sn(R)) G(t.t) = b(t — 1)

Adiabatic correction:

Vinn = i<¢m|¢.5n>

0Ty
-
O
R d
o P = z 9ac
: :
Semi'c'aﬂﬁ‘lsai 'Wﬁmﬁﬁﬁ@_i SWH@%’r@iWano. Letters, 10, 1657 (2010) 33/45



Motivation: Adiabatic and beyond

Generalised Langevin equation
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Coupling to electron bath
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Outline
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o Coupling to electron bath

@ Langevin equation
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:

Coupling to electron bath
0000

Langevin equation (Equilibrium electrons)

92 :
) =- V' —yen(t)R(t) + £(1)
0Ty
>
=
=} = = E DA
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:

Coupling to electron bath
0000

Langevin equation (Equilibrium electrons)

o .
ﬁﬂ(t) = V" —ven(t)R(t) + f(t)
The adiabatic(Born-Oppenheimer) force

V= 3 nelep) et A(D)
J

M=

o
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Langevin equation (Equilibrium electrons)

82

e R(t) = =V’ — ~ven(t)R(t) + f(1)
The electronic friction

1
Yen(w) =~ —Z;<¢1|VRVep|¢k><¢k|VHVep|¢j>
k.Jj

X (ne(ex = p) = ne(ej — 1) 6w — (e — &)

@ Generally friction not local in time! But very short memory for
electrons.

@ Excitation of electron-hole pairs!
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Langevin equation (Equilibrium electrons)

0? .
ﬁﬂ(t) = —V' —ven(t)R(t) + f(t)
The equilibrium noise correlation

(ff)(w) = 2wen <nB(w, T)+ %) + colored noise

Fluctuations around the classical path:
@ zero T, zero point motion, ~ wep

@ high T, thermal fluctuation, ~ 2vepkg T
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Generalised Langevin equation
:

Coupling to electron bath
Langevin equation (Equilibrium electrons)

82

) = —V' — yen(D)R(t) + f(t)
The equilibrium noise correlation

(ff)(w) = 2wen <nB(w, T)+ %) + colored noise

Fluctuations around the classical path:
@ zero T, zero point motion, ~ wep

@ high T, thermal fluctuation, ~ 2vepkg T

— Ignoring f(t), phonons keep losing energy to electrons! (Ehrenfest)

o
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Energy of harmonic phonons

For a harmonic oscillator coupling weakly with an equilibrium

electron bath at T,, we can calculate the energy of the phonons
from the Langevin equations

1
E = hwyq (nB(w, Te) + §)

2

i

= &
Semi-classical Langevin dynamics Jing Tao Li (DTU)

N
0
i)

36/45




Motivation: Adiabatic and beyond

Generalised Langevin equation

Coupling to electron bath
00000000 0000
000000000 [elele] ]
I 0000000

Nonequilibrium electrons

Nonequilibrium Green’s function method:

B(t—t’):é(ﬂ>+l'l<), { >
Alt—t)=n"(t—t)—N<(t-1)

tO
D 1,

1,-if3 . 1]1!)

-

e

e

=} = E E DA

: :
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o Coupling to electron bath

@ Application to molecular conductors
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Joule heating, Current-induced forces
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Langevin equation (Nonequilibrium electrons)

PRO = V'~ GanleV) + A (0)AWD + (D)
—B(eV)R(t) + A(eV)R(t)
Nonequilibrium corrections:
@ Joule heating: (ff)(w) = w(ven + A7) coth 527 + All(w)
@ Nonequilibrium correction to the friction coefficient
@ Berry-phase induced effective magnetic field - B anti-symmetric

@ Non-conservative current-induced forces - .4 anti-symmetric

JTL, M. Brandbyge, P. Hedegard, Nano. Letters, 10, 1657 (2010)
JTL, P. Hedegard, M. Brandbyge, PRL, 107, 046801 (2010)
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Generalised Langevin equation Coupling to electron bath
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Computational tools

@ SIESTA for electronic structure calculation

J. M. Soler, E. Artacho, J. D. Gale, A. Garcia, J. Junquera, P. Ordejon, and D.
Sanchez-Portal, J. Phys. Condens. Matter 14, 2745 (2002)

@ TranSIESTA for electronic transport

M. Brandbyge, J.-L. Mozos, P. Ordején, J. Taylor, and K. Stokbro, Phys. Rev. B
65, 165401 (2002)

@ Inelastica for phonons and e-ph coupling

T. Frederiksen, M. Paulsson, M. Brandbyge, A.-P. Jauho, Phys. Rev. B 75,
205413 (2007)
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Harmonic vs. Anharmonic

(=}
—_
(—

M

Qr+ViV(Q+Y 1w Qi+NuQs = fr
7

ZMZ A>1000> N B N

—— 2V, Full DFT forces
— 2V, Only harmonic forces

800 ~
600 —

400} .

200 —

Velocity-Velocity correlations (C

0 0.005 00l 0015 002 0025 003
Frequency (eV)

MD: Follow how energy is redistributed by anharmonic couplings
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Carbon chain MD simulations

M

Tight-binding + Brenner potential

3y

Importance of anharmonic couplings
in energy redistribution
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Take home message

Coupling to electron bath
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@ General first-principles way of deriving Langevin equation
for system+bath model

6042 (1995).

JTL, M. Brandbyge, P. Hedegard, Nano. Letters, 10, 1657 (2010),
M. Brandbyge, P. Hedegard, T. F. Heinz, J. A. Misewich, and D. M. Newns, PRB, 52,

M. Brandbyge, P. Hedegard, PRL, 72, 2919 (1994),

Semi-classical Langevin dynamics Jing Tao Li (DTU)
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Take home message

@ General first-principles way of deriving Langevin equation
for system+bath model

@ Applied to ions coupling with nonequilibrium,
time-dependent (in the adiabatic sense) electron baths

JTL, M. Brandbyge, P. Hedegard, Nano. Letters, 10, 1657 (2010),
M. Brandbyge, P. Hedegard, PRL, 72, 2919 (1994),

M. Brandbyge, P. Hedegard, T. F. Heinz, J. A. Misewich, and D. M. Newns, PRB, 52,
6042 (1995).
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Take home message

@ General first-principles way of deriving Langevin equation
for system+bath model

@ Applied to ions coupling with nonequilibrium,
time-dependent (in the adiabatic sense) electron baths

@ Non-adiabatic effect enters as friction and noise. The noise
is crucial for the energy transfer.

JTL, M. Brandbyge, P. Hedegard, Nano. Letters, 10, 1657 (2010),
M. Brandbyge, P. Hedegard, PRL, 72, 2919 (1994),

M. Brandbyge, P. Hedegard, T. F. Heinz, J. A. Misewich, and D. M. Newns, PRB, 52,
6042 (1995).

W

Semi-classical Langevin dynamics Jing Tao Li (DTU) 44 /45
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Take home message

@ General first-principles way of deriving Langevin equation
for system+bath model

@ Applied to ions coupling with nonequilibrium,
time-dependent (in the adiabatic sense) electron baths

@ Non-adiabatic effect enters as friction and noise. The noise
is crucial for the energy transfer.

@ Application to radiation damage???

JTL, M. Brandbyge, P. Hedegard, Nano. Letters, 10, 1657 (2010),
M. Brandbyge, P. Hedegard, PRL, 72, 2919 (1994),

M. Brandbyge, P. Hedegard, T. F. Heinz, J. A. Misewich, and D. M. Newns, PRB, 52,
6042 (1995).
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