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Kinetics of Bose Condensation Kinetics of Bose Condensation 





Bose Condensation Bose Condensation 

Evaporative cooling



NonNon--Interacting BosonsInteracting Bosons

condenses into the lowest
non interacting eigenstate



Repulsive Interactions Repulsive Interactions 

Kinetic energy External
potential

interactions

s wave scattering length

dilute limit

gas parameter



CondensateCondensate

Macroscopic eigenvalue of the density matrix operator:

condensate wavefunction



GrossGross--PitaevskiiPitaevskii EquationEquation

Dilute limit: variational many body ground state

Classical approximation for the creation/annihilation operators

Lagrange multiplier



Uniform gas at T=0Uniform gas at T=0

chemical potential

non zero positive
chemical potential

dilute limit



ThomasThomas--Fermi Approximation Fermi Approximation 

semicircle

Interactions are important even in the dilute limit



ThomasThomas--Fermi approximation Fermi approximation 



ThomasThomas--Fermi approximation Fermi approximation 



TimeTime--dependent Grossdependent Gross--PitaevskiiPitaevskii

treat them as a classical canonical pair



TimeTime--dependent Grossdependent Gross--PitaevskiiPitaevskii

normalization:

static limit:



Small fluctuations Small fluctuations 



BogoliubovBogoliubov mode mode 

sound like for energy below the chemical potential

particle like for energy above the chemical potential



Collective excitations in the trapCollective excitations in the trap

1.

2.
surface modes:



Hydrodynamics Hydrodynamics 

continuity equation
current

Euler (Newton) equation



Dark Dark SolitonsSolitons

solitonphonon



Dark Dark SolitonsSolitons



Dark Dark solitonssolitons in Bose gasesin Bose gases

Lifetime ~300ms



QuasiparticlesQuasiparticles

Energy scales separation:

slow condensate fast quasiparticles

neglect:
Popov
approximation

Hartree Fock but not Bogoliubov theory



QuasiparticlesQuasiparticles Distribution FunctionDistribution Function
occupation number of state k at point (r,t):

Kinetic equation:

Poisson brackets

Hartree+Fock



CollisionlessCollisionless DynamicsDynamics
Modified Gross Pitaevskii equation coupled to
collisionless kinetic equation



LinearizedLinearized CollisionlessCollisionless DynamicsDynamics

Linearization:

Linear differential equations Fourier transform

Three linear algebraic homogeneous equations



Dispersion of collective modesDispersion of collective modes

Damping

Real part �– renormalization
of the speed of sound.



Landau DampingLandau Damping

Condensate modes

Quasiparticles



Landau vs. Landau vs. BeliaevBeliaev dampingdamping

condensate modes are
well defined

needs thermally excited
quasiparticles

Beliaev damping:

One condensate mode decays
on two lower energy modes

Zero temperature effect



Condensate Growth and CollapseCondensate Growth and Collapse
So far number of particles in the condensate and
in the quasiparticle cloud are conserved separately

Because we have only been taking into account terms
like:

terms describing the exchange between them are:

and

condensate growths condensate collapses



KeldyshKeldysh TechniqueTechnique



KeldyshKeldysh RotationRotation

classical field quantum field



Condensate Growth and CollapseCondensate Growth and Collapse

and

condensate growths condensate collapses



Condensate Growth and CollapseCondensate Growth and Collapse



Condensate Growth and CollapseCondensate Growth and Collapse

growthcollapse



Evaporative CoolingEvaporative Cooling

growth



Evaporative CoolingEvaporative Cooling

Once >1 condensate growth rate saturates to:



Nature of the Condensation Nature of the Condensation 

Landau damping

Growth rate

box size critical temperature



Nature of the Condensation Nature of the Condensation 

Landau damping >> Growth rate

Nice and smooth growth of the condensate wave function

Landau damping <<
for q>qc

Growth rate

Local structures of size < may grow instead of uniform
condensate �“Kimble Zurek mechanism�”



Fluctuations  Fluctuations  
Damping Fluctuations



Hubbard Hubbard StratonovichStratonovich TransformTransform

modified Gross Pitaevskii growth/collapse fluctuations

quasiparticles distribution function



Collision Collision IntegralSIntegralS

Three quasiparticles (+ condensate) collision

Four quasiparticles collisions



Three Particle CollisionsThree Particle Collisions



Three Particle CollisionsThree Particle Collisions

Particle conservation between condensate and quasiparticle cloud



Four Particle CollisionsFour Particle Collisions



Four Particle CollisionsFour Particle Collisions



Kinetic TheoryKinetic Theory
occupation number of state k at point (r,t):

Kinetic equation:

modified Gross Pitaevskii growth/collapse fluctuations



Where do we go next ?Where do we go next ?
Keldysh technique tutorial

Dynamics of dark solitons and impurities
atoms in 1d Bose liquid

Relaxation of dublons in optical lattices.



Dark Dark SolitonsSolitons and Impurities in 1dand Impurities in 1d

Kohl 2009, Nägerl 2010



1D Optical lattices1D Optical lattices

1D:



Quantum impurityQuantum impurity

Optical lattice + magnetic trap and cold neutral atoms: Rb-87



Spin flipped impurity Spin flipped impurity 

reconstruct V(t)

Kohl 2009, Nägerl 2010

V(t)

Ft/M

??



Impurity VelocityImpurity Velocity

Hanns Christoph Nägerl (2010)



Hydrodynamics in 1d Hydrodynamics in 1d 
hydrodynamic
parameterization

small density fluctuations

+ nonlinear terms



LuttingerLuttinger LiquidLiquid

Luttinger Liquid, Popov 1973
Bogoliubov
dispersion

Equations of motion



Dark Dark SolitonSoliton

continuity equation

Euler equation

�“Newtonian�” mechanics
for the amplitude



Dark Dark SolitonSoliton

soliton

�“Newtonian�” mechanics
for the amplitude



Dark Dark SolitonsSolitons
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FermionFermion--Boson Correspondence  Boson Correspondence  
Impenetrable bosons = non-interacting fermions.         

Tonks-Girardeau limit

Girardeau, Olshanii, 2004



Finite Temperature DynamicsFinite Temperature Dynamics
phonons

In a single Raman process the DS momentum change is small

One can thus develop semiclassical dynamics of DS

For Hamburg experiment 



SolitonSoliton--Phonon InteractionsPhonon Interactions

DS-phonon interactions are completely fixed by
Galilean invariance and                   dependence

s s
s



Quantum interference – possible cancellation

Collision IntegralCollision Integral



IntegrableIntegrable vs. Nonvs. Non--integrableintegrable modelmodel

The amplitude of the Raman process is identically zero!

s s
s

higher
level 

Mazets, et al 2008,
Muryshev, 2002.



IntegrableIntegrable vs. Nonvs. Non--integrableintegrable modelmodel

The amplitude of the Raman process is identically zero!

higher
level 

Mazets, et al 2008,
Muryshev, 2002.

3-body scattering amp.
deviation from the exact

integrability



Mobile ImpurityMobile Impurity

shallow polaron

deep polaron



Impurity DispersionImpurity Dispersion

Ferro 
magnon

T>0   friction:  

T=0   superfluid:         

Castro-Neto, M.P.A. Fisher, 1996; Gangardt, AK, 2009

deepshallow



Bloch OscillationsBloch Oscillations

• Apply a Force

• Small F E(Ft)

Bloch Oscillations !

What about:

• Acceleration

Oscillations  + Drift



Drift and Mobility Drift and Mobility 



Drift and Mobility Drift and Mobility 



Heavy ImpurityHeavy Impurity

Lamacraft 2009



Dissipative Bloch oscillationsDissipative Bloch oscillations

Phonon emission
when
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