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Bose Condensation

Evaporative cooling




Non-Interacting Bosons

condenses into the lowest
non-interacting eigenstate




Repulsive Interactions

H=fdr +9¢T¢*¢¢
Kinetic energy External interactions
potential
g = 47;;?8 T swave scattering length
CLS,O]'/3 <K 1 dilute limit

T

gas parameter



Macroscopic eigenvalue of the density matrix operator:

p(r,1') = (1 (r)o(r"))

[ dr'p(r, r ) DPo(r') = AgPo(r)

)\O X N condensate wavefunction



Gross-Pitaevskii Equation

Dilute limit: variational many-body ground-state

W(ry,ro,...,ry) o< Po(r1)Po(ra) ... Po(ry)

Classical approximation for the creation/annihilation operators

(~ V2 + V() + g|Dol2) Do = o

-

/dr |fI>|3.(1‘,1‘]||2 =N < Lagrange multiplier




Uniform gas at T=0

U = 8<ﬁ>/8N chemical potential

— ‘CD ‘2 — non-zero positive

H ) O gp chemical potential
% X pazs/%//z X a3p1/3 <1 dilute limit
u < 1T <¢



Thomas-Fermi Approximation

(—3592 + V(1) + 910%) o = nbo

V(r) 4+ g|®ol? = p
Do (r)| = /(1 — V(r))/g

semicircle
1
Nas) 5

—’lo /dr|'i>|3.(1‘,1‘}|:’-j =N To X ZO ( I

Interactions are important even in the dilute limit




Thomas-Fermi approximation
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FIG. 9. Same as in Fig. 8 but for repulsive interaction (a distance

=0) and Na/ap,=1.10.100. ) ) ) ) )
FIG. 13. Density profile for atoms interacting with repulsiv

forces in a spherical trap, with Na/a,,=100. Solid line: solu
tion of the stationary GP Eq. (39). Dashed line: Thomas-Ferm
approximation (50). In the upper part, the atom density is plot
ted in arbitrary units, while the distance from the center of th
trap is in units of ap,. The classical turning point is at F
=4.3lay,. In the lower part, the column density for the sam
system is reported.



Thomas-Fermi approximation
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FIG. 11. Release energy of the condensate as a function of the
number of condensed atoms in the MIT trap with sodium at-
oms. For these condensates the initial Kinetic energy is negli-
gible and the release energy coincides with the mean-field en-
ergy. The symbol U, , 1s here used for the mean-field energy
per particle. Triangles: clouds with no visible thermal compo-
nent. Circles: clouds with both thermal and condensed frac-
tions visible. The solid line is a fit proportional to N3° (see
discussion in Sec. II1.D). From Mewes ef al. (1996a).



Time-dependent Gross-Pitaevskii

H = [dr _¢T—2Yn%¢ +V(r)pTe + %¢T¢Tqﬁgb-

[¢ ¢T] — treat them as a classical canonical pair

L = $0;p — H(9, $)
g_g =0 8t¢ — 8&[‘[
oL — o _

Y R Orp = —%H



Time-dependent Gross-Pitaevskii

1 .
(f@t + —V£ — V(I‘? t) — g |(I)0|2) Oy =0
2m

1 _, _
(—iat T —Vﬁ — V(r,t) —g ‘@0‘2) $o = 0.

2m
2 r
normalization: /'ﬂl‘|¢’|}(l‘,ﬁ| = N
static limit: do(r,t) = e_”:“tcbo(r)



Small fluctuations

bp(r,t) = t‘:_i‘u't(‘bg -+ L?:J(I'IL)) Kt = |(D0|2.g
i0rp + 2mVW — g|®o|*p — gl = 0;
—Zdtt.r/ -+ 2 TFLT’ — g q)[] 2;‘ — {f(i)gt.‘../ = 0.

(*‘-*-" —q°/(2m) — g|®of* 9% ) (%p(q?w)) -
— g2 ~w —q*/(2m) = g|Po|* ) \ (q,w)

| q2 2 5 | qz 2 qz
2= (s alo) — @2 ool = () + Lgjau

2m 2m



Bogoliubov mode

2\ 2
wp(q) = \/L:qu + (%) \A\
‘ ‘ W €1
2 = g|®ol?/m = gp/m
€
€2
2
mc< = pou/0p .
/ 0 2t {

sound-like for energy below the chemical potential

particle-like for energy above the chemical potential



Collective excitations 1n the trap

—’lO'—

surface modes: nr = O

Stringari, 1996




Hydrodynamics

Do (r,t) = y/po(r, ) e

current

&;po —+ Vr (povre/m) — O; continuity equation
V2 0)2
m+/pPo 2m

Vst = V1'6’/777/

2
O(mvss) = —Vr (m;fs_ V- N)

Euler iNewton‘ eﬁuation



Dark Solitons

Wz — Vi) = /n(z — Vi) e?@=VE

(n[ﬁ’ - mV]) = const (n)" = dW (n)
dn
WA V >c=+/gno/m 4%\ V <ec
(n 73/

soliton




Dark Solitons

A

n(x) N.

F(x) l

L -

=0
() t L X

) V =ccosby/2
“ 1 N, = == sinf,/2> 1
s = —8100,/2 >
2/ "
ps = ng (05 — sinby)
O 2 2 1 g 9
™m { E; = 3 Mocsin (0s/2)



Dark solitons in Bose gases
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Soliton position
[
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0.26

0.38

0.44

0.58

Lifetime ~300ms

0.65
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C. Becker et al., Nature Physics-él, 496 (2008)
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Quasiparticles

Energy scales separation: I3 < T < TC
p(r,t) = e M [Do(r,t) + ¢ (r, )]
slow condensate fast quasiparticles

Popov

<90T90> — pqp(r7t) neglect: <(p(,0> approximation

Hartree-Fock-but-not-Bogoliubov theory

. \V
[0 + 55 — V + p— g(|Pg|? + 2pgp)]Pg = 0




Quasiparticles Distribution Function

occupation number of state k at point (r,t): TL(I', t, k)

Pqp(ra t) — % ?’L(I‘, ta k)

Kinetic equation:
On + Ve Vrn — Vie . Vin = I [n, dg]

(cii_? p— 8tn — {Ek, ’I’L}; — _ICO” Poisson brackets

2
ex(r,t) = %{m FV — =+ 2g(|Pol® + pgp)

Hartree+Fock




Collisionless Dynamics

Modified Gross-Pitaevskii equation coupled to
collisionless kinetic equation

. &
10 + 5, V-I-u@o\z-l-%qp Po =0

om + VierVen — Ve Vin = 0

Pqp(ra t) — Z n(ra ta k)

k
(r,t) = %+V—u+@o|2 @




Linearized Collisionless Dynamics

Linearization:  ®q(x) = $g+ o(x) 0pg = CT)OQ5 =+ ‘:DOQE

n=np(a) +n(2,k) Spgp = LV
e Vf, Hax . _
10y p(x) = — 2;5 ) 4 g |Po|* ¢ (x) + g Of d(x) 4 290 pgp () Do

[815 + %Vr} n(l)(a’fa k) = 2gVr [dpo + dpgp] Vinp(ek)

Linear differential equations - Fourier transform

7:875—>w Vr—>7,q

Three linear algebraic homogeneous equations




Dispersion of collective modes

2 = g|Po*/m = gp/m

W' —wi(a) = —q*4g1T"(q, w)

Z qvknB Ek Real part — renormalization
w+ 10 — vikq  of the speed of sound.
Vk — k/m
1 .
Imw—l—iO—vkq = —ind(w — v .q)

op(q) = wp(q) —il'2(q) Damping




Landau Damping

~_-- k

Condensate modes




Landau vs. Beliaev damping

|—2 (q) — 4T qas needs thermally excited

quasiparticles

condensate modes are

|_2(q) <715 cq well-defined
~®o
Beliaev damping: SN ::‘h
One condensate mode decays q -

on two lower energy modes
I_Bel'iaev(q) X q5/mpo |_2(q) > I Beliaeuv

Zero temperature effect T > 19/




Condensate Growth and Collapse

So far number of particles in the condensate and
in the quasiparticle cloud are conserved separately

Because we have only been taking into account terms

like: CDOCDOQBQO
terms describing the exchange between them are:

Doppp and ppePo

condensate growths condensate collapses




Keldysh Technique

Tr{Op(t)} 1

O =TG50y~ Ty e Qom0

Z;(Jrﬂ“—nf‘ C? ‘z:{rh—a: /5(_00)

..+OO< t .
Z;{—U:.Jr:c

S:gdtﬁzgdt[$3t¢—ﬂ($,¢)]



Keldysh Rotation

A
{ N > . . .
[oe $_ ¢_ [ on

HU(t) = —= (6 (1) + 07 (1) . BI(t) = —= (67 (1) — 6 (1))

V2 V2

classical field guantum field

iGB(t, V) iGE(t )
iGA(t, ) 0

(6°(6) 6P (1)) = iG (1.) = (

a, 3= (cl,q)
]



Condensate Growth and Collapse

Poppy ppePg
\ Py and ::
/ Pg
condensate growths condensate collapses
= Pg+ by T




Condensate Growth and Collapse

109) + c.c.




Condensate Growth and Collapse

10 — Hap|Po = —il'3Pg
M3 =271g? Y 5(ep—ek—ep_k) [np(nk + np_k T 1) — nk”p—k}

p.k &
1‘{ 0
P Nr P
p—k /
O p»—k

collapse growth




Evaporative Cooling

Atoms

Magnetic \* *
trap

10
o — ) nBle) & <<
k 0 €k > €0

. q)O
ek < €0 k\z p € > €0
Ep—k — €p — €k < €0 p—k
growth
€0 €0 TEg

292m3

Ty = 27)° /de;~C nB(ek)/ de,np(ep —€x) = J = B(?’LB(EO))

0 €0

B=7%/6 if ng>»1 andB<K1lifngk1
e



Evaporative Cooling

Atoms

Magnetic \* *
trap

10
o — ) nBle) & <<
k 0 €k > €0

Once 7!l condensate growth rate saturates to:

27
c 2 2
['5 = - ™Ma; T



Nature of the Condensation

FQ(Q) = 4] dds Landau damping
27
lénax — '?’?1(12 2 Growth rate
-3 5

box size critical temperature
ge ~ L™1; T ~T. x p?/3/m
Ne=3>1
agp



Nature of the Condensation

Ne= 3> 1 O Py = 3P
S
N < N¢ Landau damping >>  Growth rate

Nice and smooth growth of the condensate wave function

N > N¢ Landau damping << Growth rate
for g>qc
Local structures of size < ch_lgrow instead of uniform

condensate “Kimble-Zurek mechanism”



Fluctuations

Damping - Fluctuations

Ssoll = —g /dr dt {(f)qé[bo (200 —2(@p) +2¢707) +PI1Do (p+¢TpT) + c.c.]

() s sy = )

059 = gQ/da:' da’ ((T)Q(I)(] + (I)O(I)q)mHK(fL', .I") ((I)qq)o + (T)O(I)q)

I’l




Hubbard Stratonovich Transform

059 = gQ/da:' da’ ((T)Q(I)(] + (I)O(I)q)mHK(fL', .I") ((I)qq)o + (T)O(I)q)

I’l

61552

N /D[f] L~k [ dada! €T () —ig [ da &(x) (900 +30D7)

10y — Hop|®o = —il's®o + g&(x) Py

modified Gross-Pitaevskii growth/collapse fluctuations

(€€) = I"IK[n‘]\ I_:%ﬂ;n]

quasiparticles distribution function




Collision IntegralS

Three quasiparticles (+ condensate) collision
. P
k O
>, P

p—k

Four quasiparticles collisions

. k+q

k><
Pp—q
P




Three Particle Collisions

Fig. 7.4. (a)-(f) Six diagrams for & (x,2). The normal diagrams (a)-(c) carry
the combinatorial factor of 4. while the Bogoliubov ones (d)-(f) carry factor of 2.
(2)-(i) three diagrams for E?(I "), all carry the factor of 4.




Three Particle Collisions

15°"[ny, pol = 2mg°po 2
{25(€p — €k — ep_k) [np_k(np —I— ny —|— 1) — npnk]

+ 6(ek — ep — ek_p) [~nu(np + i + 1) + npnic_y |}
:k—p
Z ISP [F (2, k)] = 203(2) po ()

Particle conservatlon between condensate and quasiparticle cloud




Four Particle Collisions

Fig. 7.5. (a)-(e) Five diagrams for ¥4 (z, 2’). Diagrams (a)-(c) carry the combina-
torial factor of 4, (d)-(e) carry factor of 8. (f)-(i) Four diagrams for X5 (x,2'); (f)
carries the factor of 8 and (g)-(i) - 4.




Four Particle Collisions




Kinetic Theory

occupation number of state k at point (r,t): TL(I', t, k)

Kinetic equation:

atn+vk€kvrn—vr€kvkn — Ié:o“ ['n,, Cbo] —|—I£(|:_Oll [n]

2
ex(r,t) = %{m FV — =+ 2g(|Pol® + pgp)

10y — Hop|®o = —il's®o + g&(x) Py

modified Gross-Pitaevskii growth/collapse fluctuations



Where do we go next ?

Keldysh technique tutorial

4% L
« —+ o ./ ] i < ) ) =00
! N . . > . . .

L L2

v Dynamics of dark solitons and impurities
atoms in 1d Bose liquid

n(x) N,

G(x) v

X




Dark Solitons and Impurities in 1d

3 levit -:||."I:|

HF radiation

"'1I =}
0.58
0.65
0.80

C. Becker et al., Nature Physics 4, 496 (2008) Kohl 2009, Nigerl 2010



1D Optical lattices

guasi-2D systems quasi-1D systems




Quantum 1mpurity

A trapped single ion inside a Bose-Einstein condensate

Christoph Zipkes. Stefan Palzer, Carlo Sias, and Michael K&hl
Cavendish Loboratory, University of Cambridge, JJ Thomson Avenve, Cambridge CB3 OHE, United Kingdom

20000

Condensale atom numbser

0 0 20 30 40 50 &0

Intaraction time [ms]

I
- . iy = - N
o i 4 A
T, PECRET I I
a -.‘- - - o
Fl - ) —
AN aé R

v Optical lattice + magnetictrap and cold neutral atoms: Rb-87
v" Linear Paul trap controls ion: Yb*-174




Spin tlipped impurity

m,= 3 levitated t=0 t=t, t=t, +t,
5 i w
RF radiation .
— E
=
o)
—
s g
m;=.2 F 2
=
m

Repeat for different £,

<

reconstruct V(7)

Kohl 2009, Nagerl 2010




Impurity Velocity

12
weak interactions ol 2
a;; =0a, and ay; = 2203, E 5l &
- .
- -
> 0 .
G
L 4 2T
a
-
2 )
u.-._’- e &
0 0.5 1.5 2 2.5 3
time (ms)
intermediate interaction strength
3L
ay, =285a, and a,;=470a,
some of 2|
the defects
oscillate
l r .l.|I
]
0f
0 1 2 4
time (ms)

Hanns-Christoph Nagerl (2010)




Hydrodynamics in 1d

¢(I t) _ \/p(a? t) ei@(a’;,t) hydrodynamic
: : .

parameterization

L = ¢porp — H(P, ¢)
— 1 1
= $01 — 5, 020]2 — 5 |6[*
2
— 2 1 Oz 2
= ip00 — o (0:0)% — ok ($5) "~ %
p(x, t) = po + Ozp(x,t)/m  small density fluctuations

T LI 2
L == 7,(,03;-975 po (933)2 27r(('0"3)2 éﬁmzo]

+ nonlinear terms 0z (02)? + (pz)3 +
-



Luttinger Liquid

Bogoliubov
Luttinger Liquid, Popov 1973 dispersion
— —A— 4 A—
1] cK 2 C 2 (Pax)?
L= o {Z‘ngt - 7(933) 2K(90$) 87r?r:7§po
c? = pog/m, K = mpo/(mc)
Equations of motion
10t = & Po + g Pran
. 2 p—
10 = cK 9.’13 Ptt _I_ C Pxxr — 0



Dark Soliton

d(z,t) = \/p(e — Vi) e ¥@=VD)

pt + 0z (pBz/m) = 0O continuity equation

Ox[—=V p + pOx/m] 7&: = ""[p — pol
/

0; = Tgﬁ (gf% - gp Euler equation

8323\/5 = F(\/p) “Newtonian” mechanics

for the amplitude




Dark Soliton

52 __adw(y/p) “Newtonian” mechanics
X \/_ o d\/p for the amplitude
w1 V <c
p(z) N,

0V '9 —m—V[p—O ]
9“) T = " P — PO

I

_03
() b L X

2K
V =ccosby/2 N, = 2= sin6,/2 > 1
-

soliton




Dark Solitons

0 q- B = %nocsiHB(QS/Q)
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Exact Analysis of an Interacting Bose Gas. I. The General Solution and the
Ground State

Erviorr H. Lies axp WERNER LINIGER
Thomas J. Watson Research Center, International Business Machines Corporation, Vorktown Heights, New York
(Received 7 January 1963)

10 — .
eL L € /P®

| 2, 'lz.l“ﬂz
8- 3 BOGOLIUBOY

¥=078T

.

, F1c. 4. A comparison plot
6 - of the two types of excita-

y tions, ¢ and es, for 4 =0.787. _N-1

5 |- } The dashed curve is Bogo- 2

e | ov's apectrum which is
quite close to

spectrum. The type 1T spec-
trum does not exist in
Bogoliubov's theory.,




Fermion-Boson Correspondence

Impenetrable bosons = non-interacting fermions.
Tonks-Girardeau limit

Awa(xl — I2) Yp(x1 — x2)
m 5 T1 — T2

< > 7
55 L1 — L2

Ve = gé(z1 — x2)

L 17
Girardeau, Olshanii, 2004 VP =——5-0 (551 — 5’72)



Finite Temperature Dynamics

AE phonons _
ps = —r(T)V + £(1)
ps = 7mn — M*V

T=M*"/K

>p S

n
‘/For Hamburg experiment
T~ 200ms x (u/T)*
In a single Raman process the DS momentum change is small
g~T/c<n~p,

One can thus develop semiclassical dynamics of DS
- 0000000000000




Soliton-Phonon Interactions

Es(V,po) = Es(V —u,pg + 6p) +ups(V —u, pg + dp)

u=0z/m; o0p = pg/m

DS-phonon interactions are completely fixed by
Galilean invariance and Es(V, pg) dependence

. ’ | P ', .
P2 w2
. Ls—ph — —5 P (X'* t) — 5 U (X" t)
2 2
4 : z z O ONs } mNg
b d ' = - - ; ', =m N 1 _
‘j&i % " dpo Jpo " S( Yz )




Collision Integral

P = Tr [T (D — D) TD¥]

Quantum interference — possible cancellation

2

2
PO 5 W cq—w cq+w

II — — _
(q,w) yy—; 3( > )(coth AT coth AT )




Integrable vs. Non-integrable model

o ON mNs
r O OiNg I, = mi\TS (1 n nl?z S)

’,(_}

~ dpo Ipo

< 2 ) 0
', —1, — | =
P p%

The amplitude of the Raman process is identically zero!

T ZB* 4 ¢el°

“.‘_higher 4 >
W1 vovel a=—6In (—) e

;/*“*“ 3) wi

Mazets, et al 2008,
Muryshev, 2002.




Integrable vs. Non-integrable model

3-body scattering amp.

4_4/ deviation from the exact
102473 | or? ( )

1215 hc?

iIntegrability

k(T) = .

The amplitude of the Raman process is identically zero!

— = Fle*+¢lel®

hlgher 4 >
W Yevel a=—6In (—) J_

;/*“*“ 3) wi

Mazets, et al 2008,
Muryshev, 2002.




Mobile Impurity

. V2
10,6 = | —5— + 916" — p+ gid (v — X(1)) | 6
833\/5‘:3::&0 — -

RF radiation




Impurity Dispersion

AE cp shallow
Ferro
magnon
‘/T=O superfluid: vV <V, : V' = const

‘/T>O friction: m;0;V = F — kV Kk~ T*

Castro-Neto, M.P.A. Fisher, 1996; Gangardt, AK, 2009




Bloch Oscillations

E(P)

« ApplyaForce v P=Ft

e Small F — E(F%) /\/\
P

. y =3P v Bloch Oscillations !
(@)

aP
What about: o\ —

e Acceleration

v" Oscillations + Drift

.
V




velocity (um/ms)

20

2
mct

60

80

100

Drift and Mobility

— F=350

—F=1.5

— F=0.38

F =0.35

—F =01




. !I!?IC}

Vgjc

200

Drift and Mobility

[ S

F [nmc?

VJU/C'

F [nme?



Heavy Impurity

1B ep

p*/2m”

Lamacraft 2009




Dissipative Bloch oscillations

Phonon emission
Vp — const when  F'— O
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