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Teichmuller spaces and moduli spaces

» M be a compact connected oriented topological surface of
genus g > 1;
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Teichmuller spaces and moduli spaces

» M be a compact connected oriented topological surface of
genus g > 1;

» ¥ is a non-empty finite subset of M, #% = s;

» k= (k1,...,ks) is a collection of ramifications indices with
Si(ki—1)=29-2;
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Teichmuller spaces and moduli spaces

» M be a compact connected oriented topological surface of
genus g > 1;

» ¥ is a non-empty finite subset of M, #% = s;

» k= (k1,...,ks) is a collection of ramifications indices with
Si(ki—1)=29-2;

» Difft (M, X) is the group of orientation-preserving
homeomorphisms of M which preserve ¥;
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» Difft (M, X) is the group of orientation-preserving
homeomorphisms of M which preserve ¥;

» Diffo(M, X) is the identity component in this group,
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Teichmuller spaces and moduli spaces

» M be a compact connected oriented topological surface of
genus g > 1;

» ¥ is a non-empty finite subset of M, #% = s;

» k= (k1,...,ks) is a collection of ramifications indices with
Si(ki—1)=29-2;

» Difft (M, X) is the group of orientation-preserving
homeomorphisms of M which preserve ¥;

» Diffy(M, X) is the identity component in this group, i.e the
subgroup formed of homeomorphisms isotopic to the identity rel.
3.
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Teichmuller spaces and moduli spaces

» M be a compact connected oriented topological surface of
genus g > 1;

» ¥ is a non-empty finite subset of M, #% = s;
» k= (k1,...,ks) is a collection of ramifications indices with
Si(ki—1)=29-2;

» Difft (M, X) is the group of orientation-preserving
homeomorphisms of M which preserve ¥;

» Diffy(M, X) is the identity component in this group, i.e the
subgroup formed of homeomorphisms isotopic to the identity rel.
3.

» Mod(M, ¥) := Diff" (M, ¥)/Diffo(M, X) is the modular group or
mapping class group.
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Teichmuller spaces and moduli spaces

» M be a compact connected oriented topological surface of
genus g > 1;

» ¥ is a non-empty finite subset of M, #% = s;

» k= (k1,...,ks) is a collection of ramifications indices with
Si(ki—1)=29-2;

» Difft (M, X) is the group of orientation-preserving
homeomorphisms of M which preserve ¥;

» Diffy(M, X) is the identity component in this group, i.e the
subgroup formed of homeomorphisms isotopic to the identity rel.
2.

» Mod(M, ¥) := Diff" (M, ¥)/Diffo(M, X) is the modular group or
mapping class group.

Our reference cases willbe g=1,s=1,x1 =1 and
g=2,5=1,k1 =3.
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Definition

The Teichmdiiller space Q(M, ¥, k) is the quotient of the set of
translation surface structures on (M, X) with ramification
indices « by the action of Diffy(M, X).
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The Teichmdiiller space Q(M, ¥, k) is the quotient of the set of
translation surface structures on (M, X) with ramification
indices « by the action of Diffy(M, X).

Definition

The moduli space M(M, ¥, ) is the quotient of the set of
translation surface structures on (M, X) with ramification
indices ~ by the action of Diff" (M, ¥).

Carlos Matheus / Jean-Christophe Yoccoz Birkhoff sums for interval exchange maps: the Kontsevich-Z



Definition

The Teichmdiiller space Q(M, ¥, k) is the quotient of the set of
translation surface structures on (M, X) with ramification
indices « by the action of Diffy(M, X).

Definition

The moduli space M(M, ¥, ) is the quotient of the set of
translation surface structures on (M, X) with ramification
indices ~ by the action of Diff" (M, ¥).

The moduli space is thus the quotient of the Teichmdller space
by the modular group.
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Definition

The Teichmdiiller space Q(M, ¥, k) is the quotient of the set of
translation surface structures on (M, X) with ramification
indices « by the action of Diffy(M, X).

Definition

The moduli space M(M, ¥, ) is the quotient of the set of
translation surface structures on (M, X) with ramification
indices ~ by the action of Diff" (M, ¥).

The moduli space is thus the quotient of the Teichmdller space
by the modular group.

We only consider translation surface structures which are
compatible with the preferred orientation.
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Thecaseg=1,s=1,k1 =1

Let w be the holomorphic 1-form associated to some translation
surface structure on (T2, {0}).
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Thecaseg=1,s=1,k1 =1

Let w be the holomorphic 1-form associated to some translation
surface structure on (T?,{0}). Let 1,72 be the loops in T?
associated to the canonical basis of Z2.
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Thecaseg=1,s=1,k1 =1

Let w be the holomorphic 1-form associated to some translation
surface structure on (T?,{0}). Let 1,72 be the loops in T?
associated to the canonical basis of Z2. Set

W1:/ w, WQZ/ w.
al V2
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Thecaseg=1,s=1,k1 =1

Let w be the holomorphic 1-form associated to some translation
surface structure on (T?,{0}). Let 1,72 be the loops in T?
associated to the canonical basis of Z2. Set

W1:/ w, WQZ/ w.
al V2

The vectors (wy, wz) span a lattice Ly, ,) in C.
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Thecaseg=1,s=1,k1 =1

Let w be the holomorphic 1-form associated to some translation
surface structure on (T?,{0}). Let 1,72 be the loops in T?
associated to the canonical basis of Z2. Set

W1:/ w, WQZ/ w.
al V2

The vectors (wy, wz) span a lattice Ly, w,) in C. The formula

Z
i(z) ::/ w modL(Wth)
0

defines an isomorphim of translation surfaces on (C/Lw, w,), 2).
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Thecaseg=1,s=1,k1 =1

Let w be the holomorphic 1-form associated to some translation
surface structure on (T?,{0}). Let 1,72 be the loops in T?
associated to the canonical basis of Z2. Set

W1:/ w, WQZ/ w.
al V2

The vectors (wy, wz) span a lattice Ly, w,) in C. The formula

Z
i(z) ::/ w modL(Wth)
0

defines an isomorphim of translation surfaces on (C/L, w,), dZ). We
can thus identify Q(T2, {0}) with the set of oriented bases of R?, or
the group GL,(2,R) of matrices with positive determinant.
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Thecaseg=1,s=1,k1 =1

Let w be the holomorphic 1-form associated to some translation
surface structure on (T?,{0}). Let 1,72 be the loops in T?
associated to the canonical basis of Z2. Set

W1:/ w, WQZ/ w.
al V2

The vectors (wy, wz) span a lattice Ly, w,) in C. The formula

Z
i(z) ::/ w modL(Wth)
0

defines an isomorphim of translation surfaces on (C/L, w,), dZ). We
can thus identify Q(T2, {0}) with the set of oriented bases of R?, or
the group GL,(2,R) of matrices with positive determinant.

The modular group for (T2, {0}) is SL(2,Z).
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Thecaseg=1,s=1,k1 =1

Let w be the holomorphic 1-form associated to some translation
surface structure on (T?,{0}). Let 1,72 be the loops in T?
associated to the canonical basis of Z2. Set

W1:/ w, WQZ/ w.
al V2

The vectors (wy, wz) span a lattice Ly, w,) in C. The formula

Z
i(z) ::/ w modL(Wth)
0

defines an isomorphim of translation surfaces on (C/L, w,), dZ). We
can thus identify Q(T2, {0}) with the set of oriented bases of R?, or
the group GL,(2,R) of matrices with positive determinant.

The modular group for (T2, {0}) is SL(2,Z). The moduli space
M(T?,{0}) is then identified with the space of lattices in R?, i.e with
the quotient GL,(2,R)/SL(2,7Z).
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We can "separate” the complex structure and the holomorphic 1-form
as follows:
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We can "separate” the complex structure and the holomorphic 1-form
as follows:

Wo

W1
0

The map z — W%z is a biholomorphism from the translation surface
(C/L(w, ) dz) onto the translation surface (C/L; w,, w1dz);
i
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We can "separate” the complex structure and the holomorphic 1-form
as follows:

Wo

W1
0

The map z — W%z is a biholomorphism from the translation surface
(C/L(w, ), dz) onto the translation surface (C/L; =\, w;dz); here,
"o

w := 2 belongs to the upper half-plane H := {Sw > 0}.
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We can "separate” the complex structure and the holomorphic 1-form
as follows:

Wo

W1
0
The map z — W%z is a biholomorphism from the translation surface
(C/L(w, ), dz) onto the translation surface (C/L; =\, w;dz); here,
i
w := 2 belongs to the upper half-plane H := {Sw > 0}.

We thus have a fibered structure over the "classical” Teichmiiller
space H of genus 1, the 1-form being specified by the additional
parameter wy € C*.
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The moduli space has the same fibered structure with fiber C* over
H/SL(2,7Z),
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The moduli space has the same fibered structure with fiber C* over
H/SL(2,7Z), the action of the modular group being the usual one

a b Z_az+b
c d /) " cz+d’
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The moduli space has the same fibered structure with fiber C* over
H/SL(2,7Z), the action of the modular group being the usual one

a b Z_az+b
c d )" cz+d’

A fundamental domain is the familiar picture
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The Period map

Let w be the 1-form associated to some translation surface structure
on (M, %, k).
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The Period map

Let w be the 1-form associated to some translation surface structure
on (M, X, k). The formula

o(w)([(]) = /4 ,

where ( is a path in M with endpoints in X, and [(] is its class in
Hi(M, X, 7Z),
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The Period map

Let w be the 1-form associated to some translation surface structure
on (M, X, k). The formula

o)< = [ w
¢
where ( is a path in M with endpoints in X, and [(] is its class in

Hi(M,%,Z), defines a map from Q(M, X, k) to
Hom(H; (M, %,Z),C) ~ H'(M, £, C) called the period map.
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The Period map

Let w be the 1-form associated to some translation surface structure
on (M, X, k). The formula

o(w)([(]) = /4 ,

where ( is a path in M with endpoints in X, and [(] is its class in
Hi(M,%,Z), defines a map from Q(M, X, k) to

Hom(H; (M, %,Z),C) ~ H'(M, £, C) called the period map.
Proposition

For the natural topology of Q(M, ¥, ), the period map is a local
homeomorphism
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The Period map

Let w be the 1-form associated to some translation surface structure
on (M, X, k). The formula

o(w)([(]) = /4 ,

where ( is a path in M with endpoints in X, and [(] is its class in
Hi(M,x,Z), defines a map from Q(M, X, k) to
Hom(H;(M,X,7),C) ~ H'(M, X, C) called the period map.
Proposition

For the natural topology of Q(M, ¥, ), the period map is a local
homeomorphism

As H'(M, X, C) is a C-vector space of dimension d :=2g +s — 1, it
follows that Q(M, ¥, k) is naturally a affine complex manifold of
dimension d.
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The Masur-Veech measure

The C-vector space H'(M, X, C) contains a canonical lattice,
namely H'(M, X, Z & iZ).
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The Masur-Veech measure

The C-vector space H'(M, X, C) contains a canonical lattice,
namely H'(M, X, Z @ iZ). We normalize Lebesgue measure on
H'(M, ¥, C) so that this lattice has covolume 1.
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The Masur-Veech measure

The C-vector space H'(M, X, C) contains a canonical lattice,
namely H'(M, X, Z @ iZ). We normalize Lebesgue measure on
H'(M, ¥, C) so that this lattice has covolume 1.

Pulling back this measure by © gives a volume form on
QM. X, k).
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The Masur-Veech measure

The C-vector space H'(M, X, C) contains a canonical lattice,
namely H'(M, X, Z @ iZ). We normalize Lebesgue measure on
H'(M, ¥, C) so that this lattice has covolume 1.

Pulling back this measure by © gives a volume form on
QM. X, k).

The associated measure is the Masur-Veech measure on
QM. X, k).
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Action of GL.(2,R) on the Teichmuller space

Let (¢) be an atlas of charts ¢, : U, — V,, defining a structure of
translation surface (with ramification ) on (M, X) denoted by ¢ .
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Action of GL.(2,R) on the Teichmuller space

Let (¢) be an atlas of charts ¢, : U, — V,, defining a structure of
translation surface (with ramification ) on (M, X) denoted by ¢ .

Let g € GL(2,R). Then the charts g o ¢, : U, — g(V,) define
another structure of translation surface (with the same ramifications)
on (M, X) denoted by g.¢.
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Action of GL.(2,R) on the Teichmuller space

Let (¢) be an atlas of charts ¢, : U, — V,, defining a structure of
translation surface (with ramification ) on (M, X) denoted by ¢ .

Let g € GL(2,R). Then the charts g o ¢, : U, — g(V,) define
another structure of translation surface (with the same ramifications)
on (M, X) denoted by g.¢.

This defines an action of GL,(2,R) on Q(M, X, k).
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Action of GL.(2,R) on the Teichmuller space

Let (¢) be an atlas of charts ¢, : U, — V,, defining a structure of
translation surface (with ramification ) on (M, X) denoted by ¢ .

Let g € GL(2,R). Then the charts g o ¢, : U, — g(V,) define
another structure of translation surface (with the same ramifications)
on (M, X) denoted by g.¢.

This defines an action of GL,(2,R) on Q(M, X, k).

T
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Invariance under the modular group

» The modular group Mod(M, X) acts properly
discontinuously on Q(M, ¥, k), and preserves the complex
affine structure.
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Invariance under the modular group

» The modular group Mod(M, X) acts properly
discontinuously on Q(M, ¥, k), and preserves the complex
affine structure. However, the stabilizer is not always trivial.
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Invariance under the modular group

» The modular group Mod(M, X) acts properly
discontinuously on Q(M, ¥, k), and preserves the complex
affine structure. However, the stabilizer is not always trivial.
The moduli space is a complex affine orbifold.
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Invariance under the modular group

» The modular group Mod(M, X) acts properly
discontinuously on Q(M, ¥, k), and preserves the complex
affine structure. However, the stabilizer is not always trivial.
The moduli space is a complex affine orbifold.

» The action of the modular group preserves the
Masur-Veech measure (or volume form). Hence we get a
Masur-Veech measure on the moduli space.
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Invariance under the modular group

» The modular group Mod(M, X) acts properly
discontinuously on Q(M, ¥, k), and preserves the complex
affine structure. However, the stabilizer is not always trivial.
The moduli space is a complex affine orbifold.

» The action of the modular group preserves the
Masur-Veech measure (or volume form). Hence we get a
Masur-Veech measure on the moduli space.

» The action of the modular group on the Teichmdller space
commutes with the action of GL,.(2,R). Therefore the
group GL,(2,R) acts on the moduli space.
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Invariance under the modular group

» The modular group Mod(M, X) acts properly
discontinuously on Q(M, ¥, k), and preserves the complex
affine structure. However, the stabilizer is not always trivial.
The moduli space is a complex affine orbifold.

» The action of the modular group preserves the
Masur-Veech measure (or volume form). Hence we get a
Masur-Veech measure on the moduli space.

» The action of the modular group on the Teichmdller space
commutes with the action of GL,.(2,R). Therefore the
group GL,(2,R) acts on the moduli space.

» The action of SL(2,R) on Q(M, X, k) or M(M, X, k)
preserves the Masur-Veech measure.

Carlos Matheus / Jean-Christophe Yoccoz Birkhoff sums for interval exchange maps: the Kontsevich-Z



The Teichmuller flow

The Teichmiiller flow T is the action of the diagonal subgroup

t
g = < % e(zt ) on Q(M, X, k) or M(M, £, k).

gt
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The Masur-Veech theorem

A translation surface has a canonical area form (on M — %), defined
by dx A dy in the preferred charts.
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The Masur-Veech theorem

A translation surface has a canonical area form (on M — ), defined
by dx A dy in the preferred charts.

We denote by Q' (M, X, x) (resp.M' (M, £, k)) the Teichmdiller space
(resp. moduli space) associated to translation surfaces of area 1.
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The Masur-Veech theorem

A translation surface has a canonical area form (on M — ), defined
by dx A dy in the preferred charts.

We denote by Q' (M, X, x) (resp.M' (M, £, k)) the Teichmdiller space
(resp. moduli space) associated to translation surfaces of area 1.

These spaces are preserved by the action of SL(2, R), in particular by
the Teichmller flow.
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The Masur-Veech theorem

A translation surface has a canonical area form (on M — ), defined
by dx A dy in the preferred charts.

We denote by Q' (M, X, x) (resp.M' (M, £, k)) the Teichmdiller space
(resp. moduli space) associated to translation surfaces of area 1.
These spaces are preserved by the action of SL(2, R), in particular by
the Teichmller flow.

Theorem (Masur,Veech)

The Masur-Veech measure restricted to M' (M, &, x) has finite mass.
The restriction of the Teichmiiller flow to every connected component
of M'(M, £, k) is ergodic and even mixing.
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The Masur-Veech theorem

A translation surface has a canonical area form (on M — ), defined
by dx A dy in the preferred charts.

We denote by Q' (M, X, x) (resp.M' (M, £, k)) the Teichmdiller space
(resp. moduli space) associated to translation surfaces of area 1.
These spaces are preserved by the action of SL(2, R), in particular by
the Teichmller flow.

Theorem (Masur,Veech)

The Masur-Veech measure restricted to M' (M, &, x) has finite mass.
The restriction of the Teichmiiller flow to every connected component
of M'(M, £, k) is ergodic and even mixing.

Kontsevich and Zorich have classified the components of M' (M, £, x).
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The Masur-Veech theorem

A translation surface has a canonical area form (on M — ), defined
by dx A dy in the preferred charts.

We denote by Q' (M, X, x) (resp.M' (M, £, k)) the Teichmdiller space
(resp. moduli space) associated to translation surfaces of area 1.
These spaces are preserved by the action of SL(2, R), in particular by
the Teichmller flow.

Theorem (Masur,Veech)

The Masur-Veech measure restricted to M' (M, &, x) has finite mass.
The restriction of the Teichmiiller flow to every connected component
of M'(M, £, k) is ergodic and even mixing.

Kontsevich and Zorich have classified the components of M' (M, £, k). They
show in particular that there are at most three components.
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From the Teichmdller flow to the Rauzy-Veech

algorithm (1)

Consider a marked translation surface M, i.e a translation surface
with a preferred rightwards horizontal separatrix from a point O of ¥.
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From the Teichmdller flow to the Rauzy-Veech

algorithm (1)

Consider a marked translation surface M, i.e a translation surface
with a preferred rightwards horizontal separatrix from a point O of ¥.
Assume that there is an initial open segment S from O on this
separatrix with the following properties
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From the Teichmdller flow to the Rauzy-Veech

algorithm (1)

Consider a marked translation surface M, i.e a translation surface
with a preferred rightwards horizontal separatrix from a point O of ¥.

Assume that there is an initial open segment S from O on this
separatrix with the following properties

» S meets every vertical connection (if any).
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From the Teichmdller flow to the Rauzy-Veech

algorithm (1)

Consider a marked translation surface M, i.e a translation surface
with a preferred rightwards horizontal separatrix from a point O of ¥.

Assume that there is an initial open segment S from O on this
separatrix with the following properties

» S meets every vertical connection (if any).

» The right endpoint of S either belongs to ¥, or to a vertical
separatrix segment which does not meet S.
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From the Teichmdller flow to the Rauzy-Veech

algorithm (1)

Consider a marked translation surface M, i.e a translation surface
with a preferred rightwards horizontal separatrix from a point O of ¥.

Assume that there is an initial open segment S from O on this
separatrix with the following properties

» S meets every vertical connection (if any).

» The right endpoint of S either belongs to ¥, or to a vertical
separatrix segment which does not meet S.

Then M can be recovered by the suspension construction from the
return map T on S of the vertical flow on M.
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From the Teichmdller flow to the Rauzy-Veech

algorithm (1)

Consider a marked translation surface M, i.e a translation surface
with a preferred rightwards horizontal separatrix from a point O of ¥.

Assume that there is an initial open segment S from O on this
separatrix with the following properties
» S meets every vertical connection (if any).

» The right endpoint of S either belongs to ¥, or to a vertical
separatrix segment which does not meet S.

Then M can be recovered by the suspension construction from the
return map T on S of the vertical flow on M.

A sulfficient condition for such a nice segment to exist is that the
translation surface has no vertical connection, or no horizontal
connection.
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From the Teichmdller flow to the Rauzy-Veech

algorithm (lI)

A nice segment S determine
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From the Teichmdller flow to the Rauzy-Veech

algorithm (lI)

A nice segment S determine
» ani.e.m T with combinatorial data =, length vector };
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From the Teichmdller flow to the Rauzy-Veech

algorithm (lI)

A nice segment S determine
» ani.e.m T with combinatorial data =, length vector };
> a suspension vector 7 € ©,.
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From the Teichmdller flow to the Rauzy-Veech

algorithm (lI)

A nice segment S determine
» ani.e.m T with combinatorial data =, length vector };
> a suspension vector 7 € ©,.

How to compare the data associated to two nice segments
S’ c S taken from the same horizontal separatrix?
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From the Teichmdller flow to the Rauzy-Veech

algorithm (lI)

A nice segment S determine
» ani.e.m T with combinatorial data =, length vector };
> a suspension vector 7 € ©,.

How to compare the data associated to two nice segments
S’ c S taken from the same horizontal separatrix?

Proposition
The data for S’ are obtained from the data for S by a
succession of Rauzy-Veech elementary operations.
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