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Innsbruck and Trieste 

ultracold.atoms 

100 years ago 
ultracold.atoms 

http://en.wikipedia.org/wiki/Trieste 
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100 years ago 
ultracold.atoms 

42 years ago 

U.S.S.R. 
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42 years ago 
ultracold.atoms 

42 years ago 

ultracold.atoms 

Vitaly Efimov visiting Innsbruck, 23 Oct 2009 
ultracold.atoms 

what you will here in this lecture 

intro 

II. three-body 

recombination 

IV. universal 

four-body states 

III. 

Efimov states 

(in cesium) 

V. new 

developments 

I. more on 

two-body physics 
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I. More on two-body physics 

binding 

energy 

Chin et al., Rev. Mod. Phys. 82, 1225 (2010) 

universal range 

ultracold.atoms 

two-body universality 

halo state 

universal relation between 

scattering length 

and binding energy 

one parameter tells you everything! 
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Feshbach physics in universal range 

r 

U(r) 

entrance channel 

closed channel 
bare 

states 
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Feshbach physics in universal range 

r 

U(r) 

Feshbach 

coupling 

dressed 

states 
entrance channel 

closed channel 
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Feshbach physics in universal range 

r 

U(r) 

effectively a single channel 
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“broad” Feshbach resonances 

large universal range found for 

“entrance-channel dominated resonances” 

(often referred to as “broad” resonances) 

what kind of resonances are strong (“broad”) ? 

ultracold.atoms 

resonance strength 

see review on Feshbach resonances 

                          Chin et al., Rev. Mod. Phys. 82, 1225 (2010) 

entrance-channel dominated character  (sres >>1) 

usually found for FRs with 

• large background scattering length 

• large width 

mean scattering length 

of vdW potential 

differential 

magnetic moment 

relation to 

Petrov parameter 

strength 

parameter 

ultracold.atoms 

magnetic tunability of Cs 

three broad s-wave FRs 

plus many d- and g-wave FRs (not shown) 
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III. Three-body recombination 

Eb/3 

2Eb/3 

dimer  +  free atom 

three atoms 

elementary 

process 

consequences for trapped ultracold gas 

large Eb / Utrap (for negative and moderately pos. scatt. length) 

→ immediate loss of recombination products 

atom remains in trap, 

deposits energy into sample 

dimer remains in trap, 

but lost by inelastic collisions 

with atoms 

small Eb / Utrap  (for large positive scattering length !) 

→ special situation 

ultracold.atoms 

three-body recomb. theory basics 

L3: three-body loss coefficient  [cm6/s]  

 

 
 a4 - scaling ! 

very strong 

dependence on 

scattering length 

dimensional analysis 

dimensionless 

valid if  a  exceeds all other length scales 
(vdW length of molecular potential, typ. 30 – 100a0)  

early theory paper:  

            Fedichev et al., PRL 77, 2921 (1996) 

            a4 scaling with C = 3.9 

et al. 

ultracold.atoms 

Innsbruck Cs lab 

ultracold.atoms 

loss and heating curves 

measured N(t) and T(t)  →  3-parameter fit yields a, g~L3, Th 

Weber et al., 

PRL 91,123201 

(2003) 

ultracold.atoms 

three-body loss vs. magnetic field 

verification of  

general a4-scaling 

fit yields 225 
(too large ?) 

Weber et al., 

PRL 91,123201 

(2003) 
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is a4-scaling the whole story? 

nl – number of atoms lost 

per recombination event often nl=3, but not always! 
   can vary between 2 and 4, 

   in some special cases even larger  

dimensionless, but not necessarily constant ! 

       C(a) reveals very interesting physics 

Nielsen & Macek, PRL 83, 1566 (1999) 

Esry et al., PRL 83, 1751 (1999) 

Bedaque et al., PRL 85, 908 (2000) 

Braaten & Hammer, PRL 87, 160407 (2001)  

a>0: 

C(a)  upper limit ~70 

ultracold.atoms 

log-periodic behavior 

C(22.7 a) = C(a) 

three-body physics shows 

log-periodic behavior with a 

discrete scaling factor of 22.7 

smells as if there is something interesting behind it ! 

ultracold.atoms 
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very interesting !!! 

Braaten and Hammer, Phys. Rep. 428, 259 (2006) 
valid for large |a| 

very interesting !!! 
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III. Efimov states 

ultracold.atoms 

quantum states near two-body resonance 

energy 

1/a 

a < 0 a > 0 

Edimer =  

 h2/(ma2) 

weakly 

bound 

dimer 

ultracold.atoms 

quantum states near two-body resonance 

energy 

1/a 

weakly bound trimer 

a < 0 a > 0 

even more weakly 

bound trimer 

×22.7 

×(22.7)2 

infinite series of weakly bound trimer states 

for resonant two-body interaction 

„Efimov states“ 
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Efimov states: striking properties I 

Borromean region 

trimers without 

pairwise binding 

energy 

1/a 

a < 0 a > 0 

ultracold.atoms 

  

Borromean rings 
(symbol of Borromeo family, Northern Italy) 

ultracold.atoms 

Efimov states: striking properties II 

energy 

1/a 

a < 0 a > 0 

trimers disappear 

with increasing 

binding strengths 

ultracold.atoms 

Efimov states: striking properties III 

energy 

1/a 

a < 0 a > 0 

infinite series 

of states 

ultracold.atoms 

search for Efimov states in He (1994-2005) 

2005: 

inconclusive end...(?) 

ultracold.atoms 

Efimov resonances 

energy 

1/a 

a < 0 a > 0 

resonance scenarios predicted in  

Sov. J. Nucl. Phys. 29, 546 (1979) 

three atoms couple to an Efimov trimer: 

„triatomic Efimov resonance“ 
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Efimov resonances 

energy 

1/a 

a < 0 a > 0 

three atoms couple to an Efimov trimer: 

„triatomic Efimov resonance“ 
strongly enhanced three-body recombination 

in ultracold atomic gas 

resonance scenarios predicted in  

Sov. J. Nucl. Phys. 29, 546 (1979) 

ultracold.atoms 

magnetic tunability of Cs 

150 G 50 G 100 G 
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-2000 
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s
c
a

tt
e

ri
n

g
 l
e

n
g

th
  

(a
0
) 

F=3, mF=3 

0 

there should be an Efimov resonance ! 
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exp. results (2005) ! 

Braaten-Hammer 

theory 

*=1/230a0, *=0.08 

T = 10nK 

250nK 

Efimov    resonance 

Kraemer et al., Nature 440, 315 (2006) 

ultracold.atoms 

temperature limitation 

maximum recombination length 

temperature-limited 
3

max  2  

 =  ℎ/ 2𝜋𝑚𝑘𝐵𝑇 thermal de Broglie 

wavelength 

limit for 

250nK 

10nK observation of next Efimov 

resonance would require  

T ≤ 250nK / 22.72  500pK  

D‘Incao, Suno, Esry, 

PRL 93, 123201 (2004) 

250nK 

ultracold.atoms 

exp. results (2005) 

Braaten-Hammer 

theory 

*=1/230a0, *=0.08 

T = 10nK 

200nK 

Efimov-related minimum 

Kraemer et al., Nature 440, 315 (2006) 
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3-boson resonance gallery 

more observations in  

other systems: 
6Li 3-fermion system 
(Heidelberg, Penn State, Tokyo) 

Rb-K bosonic mixture 
(Florence) 

39K 

Florence (2009) 

7Li 

Bar Ilan (2009) 

Rice (2009) 

85Rb 

Boulder (2012) 
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39K experiments in Florence 

 22.7 

discrete scaling invariance observed ! 

Zaccanti et al., Nature Phys. 5, 586 (2009) 

ultracold.atoms 

three-body parameter 

energy 

1/a 

a < 0 a > 0 

where does the series start? 

parameter 

a- 

ultracold.atoms 

magnetic tunability of Cs (high-field range) 

three broad s-wave FRs 

three broad resonances in same spin channel: 

is the three-body parameter constant ? 

ultracold.atoms 

variations of the three-body parameter? 

one tenth of 

Efimov period 

ultracold.atoms 

variations of the three-body parameter? 

one tenth of 

Efimov period 

very small, if any! 

strongly entrance-channel dominated FRs 

ultracold.atoms 

can this be an accidental coincidence? 

a-  -9 RvdW 

experiments on 6Li, 7Li, 85Rb, 133Cs show  

 only 39K does not fit into the picture...  

                                            ... quite interesting, indeed! 

Chin, arXiv:1111.1484 (2011) 

van der Waals 

length 
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three answers from theory 

Chin, arXiv:1111.1484 

Wang, D‘Incao, Esry, Greene, 
arXiv:1201.1176 

Schmidt, Rath, Zwerger, 
arXiv:1201.4310 

“A sharp cliff of attraction in the two-body  

interactions produces a strongly repulsive  

universal barrier in the effective three-body  

interaction potential.” 

“quantum reflection of the Efimov wavefunction” 

analytical model: 

|a-|/RvdW = 9.48 

solution of a two-channel model incl. 

character of the Feshbach resonance 

(open vs. close-channel dominated) 

ultracold.atoms 

conclusions on 3BP 

exists for interacting atoms with vdW potentials 

(not for other particles, like nuclei) 

and entrance-channel dominated resonances (133Cs, 85Rb) 

situation of intermediate cases (39K, 7Li) still  

needs more investigations 

“3BP universality” 

ultracold.atoms 

energy 

1/a 

a < 0 a > 0 

three atoms couple to an 
Efimov trimer: 
 
„triatomic Efimov resonance“ 

one atom and a dimer couple to an 
Efimov trimer: 
 
„atom-dimer Efimov resonance“ 

resonance scenarios predicted in  

Sov. J. Nucl. Phys. 29, 546 (1979) 

Efimov resonances 
ultracold.atoms 

atom-dimer “Efimov” resonance 

Knoop et al., Nature Phys. 5, 227 (2009) 

40 nK 

170nK 

ultracold.atoms 
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new insights from theory 

Hammer and Platter, EPJA 32,113 (2007) 

conjecture of two universal four-body states 

attached to an Efimov state 

von Stecher, D‘Incao, and Greene 

Nature Phys. 5, 417 (2009) 

confirmation and extension of Hammer-Platter 

conjecture 

prediction of universal relations 

suggesting 4-body recombination as a probe 
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extended Efimov scenario (4 bosons) 

Efimov states and universal 4-body states 
Hammer and Platter, EPJA (2007) 

von Stecher, D‘Incao, and Greene, Nature Phys. (2009) 

ultracold.atoms 
trios and quartetts 

http://www.volksmusikfan.com/var/.../Alpentrio-Tirol_fullscreen.jpg 

http://www.musik-base.de/images/  

groups/Alpentrio-Tirol.jpg 
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where do the 4-body resonances occur? 

universal predictions 

von Stecher, D‘Incao, Greene, Nature Phys. 5, 417 (2009)  

-375 a0 -783 a0 

expectations for Cs 

(3-body resonance at -870(20) a0) 

ultracold.atoms 

exp. results revisited by C. Greene et al. (2008) 

T = 10nK 

200nK 

Efimov    resonance 

there seems to be 

a little bump! 

Kraemer et al., Nature 440, 315 (2006) 

ultracold.atoms 

new set of experiments 

Ferlaino et al., PRL 102, 140401 (2009) prepare sample very close to BEC 

scattering length (a0) scattering length (a0) 

T = 50nK, hold time 250ms T = 30nK, hold time 8ms 

ultracold.atoms 

new set of experiments 

scattering length (a0) scattering length (a0) 

T = 50nK, hold time 250ms T = 30nK, hold time 8ms 

prepare sample very close to BEC Ferlaino et al., PRL 102, 140401 (2009) 
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three- or four-body loss ? 
ultracold.atoms 

extended Efimov scenario (4 bosons) 

Efimov states and universal 4-body states 
as predicted by Hammer and Platter, EPJD (2007), 

von Stecher, D‘Incao, and Greene, Nature Phys. (2009) 

triatomic reson. 

Innsbruck 2006 

atom-dimer reson. 

Innsbruck 2006-09 

loss minimum ?? 

Innsbruck 2008 

four-atom resonances 

Innsbruck 2009 
dimer-dimer reson. 

not yet seen ! 

ultracold.atoms 

  

4 

5 
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5 

6 
ultracold.atoms 

  

6 

7 
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7 

 
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prediction of bosonic cluster states 

J. von Stecher, JPB 43, 101002 (2010) 
Efimov state  
(expt. confirmed, 2005) universal four-body state 

(expt. confirmed, 2009) 

can we see more of the series in recombination loss? 

only 

ground 

states 

shown 

ultracold.atoms 

5-body recombination 

N>4 not tractable with standard numerical tools 

background from 3- and 4-body processes 

very challenging for both theory and experiment 

arXiv:1205.1921 

ultracold.atoms 

encouraging observations at high B-fields 
ultracold.atoms 

loss rate equations 

anti-evaporation heating 

sum of all losses (L1=L2=0) 

our expt.  L1=L2=0,       L3 from eff. field theory 

ultracold.atoms 

strong evidence for 5-body state 
ultracold.atoms 

N>5 ? 

2005/6 2012 
2009 

observations in Cs 
enough confidence 

to trust in theory      



13 

ultracold.atoms 

outlook 

 some new directions 

reduced dimensionality 

(optical lattices) 
heteronuclear 

mixtures 

strong dipolar interactions 

mixed-D 

ultracold.atoms 

our first step into low-D 

lattice depth 35Erec 

harm. osc. length aho = 1350 a0  

1D lattice 

1D lattice 

free space 

strong 

confinement-induced 

shift observed ! 

ultracold.atoms 

extreme heavy-light mixtures 

three bosons: Efimov factor 22.7 

two bosons and 

a boson/fermion 

two fermions and 

a boson/fermion 

very interesting for experimental realizations:      

mixtures of Li with lanthanides (Er,Dy...)      

Efimov factor 4 

Efimov factor 8 

Feshbach resonances in Er 

ultracold.atoms 

Innsbruck few-body team 

Rudi Grimm 

Francesca Ferlaino 

Bo Huang 

Stefan Besler 

Martin 

Berninger Alessandro 

Zenesini 

Hanns- 

Christoph 

Nägerl 

thank you for your attention ! 


