S-scattering in a spherical potential:

Simple and instructive example of
Bold Diagrammatic Monte Carlo

Prokof'ev, and Svistunov, Bold Diagrammatic Monte Carlo Technique: When Sign Problem is Welcome, PRL 99, 250201 (2007).



Consider the following problem: Find f defined by the series (u > 0):

f=a-au+au’ —aw’ +..+a(=1)"u" +...= az(—l)”u” _
n=0

Do it my Monte Carlo assuming that the answer in blue is not known.
Consider this as “diagrams” characterized only by the diagram “order” , i.e.

v=n, D,=au", 4, =(-1)", EAVD

Monte carlo Algorithm: one update 7 <> 1 =1 (decide at random + or -)

Detailed balance equation: D %Pn—nzil =D _, %Pnil_)n
R = M =u, R = L = l (reject if n=0)
Pn+1—>n Pn—l%n u

MO
Thisisall MO = fMO (1), Z=Z+0,,, f=a ~



Solving self-consistent equations using Diag.MC

f=a-uf j’
+U
use Diag.MC / \ solve it iteratively

MC scheme n+1—a -uf,
each diagram > f ﬂ
f,=a
Jpn+1 =d - u<f>MC,n f1=a-Uf0=a-Ua
n f f,=a-uf,=a-ua+tu?a
<f>MC . - ; .......

f=a-uatu?a-ulatuia- -

lu|>1, divergent series:
resummation techniques



Write a simple program which mimicks a Monte Carlo calculation

(
1.5
1.625
0.0625
0.2578125
0.27734375
0.282226562
0.283970424
_ 0.284733364
f —a—u Z ! 0.285114833
n+1 ! 0.285324642
0.285448619
0.285526105
0.285576769
0.285611148
0.285635214
0.285652511
0.285665229
0.285674768
0.285682048

fi=a

do loop

©CooO~NOOOGThAh WODN -

end do loop

=0.285714286




double precision:: a=1.0, u=2.5
double precision:: f_new, f sum
integer :: n=20,i

f sum=a

doi=1,n
, i, f_new
f new=a-u*f_sumli
f sum=f sum+f new
enddo

, f_new
end



U(r)
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s-wave scattering length?

¥

r/a



fq) = —utg) - A/m)[ dx u(lq-q,1)f(q,)dg,

i

S-scattering
wavefunction

lq-q, | =¢* +¢° —2qq,x

u(qg)=_>1/7 n)JU(r)e_iq"' d’r

N

Spherically symmetric potential

a=— f(0) S-scattering length: the quantity of interest




Generic

o(y) = iZjD(&m,y,xl,xz,...,xm)dxl dx,---dx,

m=0 &,

Our case

f@ =D+ dx[ dg D.q.q.2)

q

D, (q)= —u(q)
q,

q/> D,(q.q,,%) =~ (1/7r)u(\/q2 +q; —261611%)1‘(%)
— 41




Generic

R ()*() _ New Diagram 1# Q()?) IS an arbitrary
. Old Diagram Q(X) distribution function for
generating particular values
of new continuous variables
- New Diaor - in the update A .
RB(X) _ ew piagram Q(X)
Old Diagram
Our case
(1/7) |u \/cf +q; =299, | f(q,)
P,/ p
R 2 =
| ju(q) Q,(0Q,@)
R _ |M(Q)| Q){ (%) Qq (QI)
e
(1/m) u(\/c]' +q;, — 2qchx)f(q1) P/ p




Normalization:

Tl

histogram /1, ff(x)d)u

bin

special “bin” where
f fdx=1 o
bin

is known exactly Vi

Normalized histogram —22 ] A

sbin




Normalization using “desined bin”:

T

o ff(x)dx’

bin




Normalization

global partition function

u (\/q2 + ql2 — 2qq1)()f(ql )‘ (drops out from final Egs.)

I = [u)|dg+ 1/ m)[ dy[dq]dq,

I, = [lu(q)ldg
number of 1-type diagrams in the MC statistics sum of all contributions
\ / to the s-th bin of the histogram
/ 1 H
— = I f@dg
ZMC I ZMC bin_s

number of MC steps ( = total number of diagrams in the MC statistics)

V4 I
(=2 o jf(q)dqe?”Hs

bin_s 1

—> reads ‘approaches in the statistical limit

<— reads ‘being estimated as’



Normalization via a special non-physical diagram

Introduce a special (non-physical) normalization diagram ), which is just a
number (not a function). Sample the three diagrams, 0, 1, and 2 through the
updates 1 == 2 (same as before) and 0 == 1 (new update).

P (| p,/ p, D, Q. (q)

0—1 — =

D, Q,(q =0 )| p,/p,

I = D, + J.‘u(q)’dq + (1/ JT)J (I)CJ.(/qJ(Iql

modified ¢
partition 1

u(\/cf +q; —2qq,X )./'(ql)

/ number of normalization diagrams in the MC statistics
D

0 H s
Z MC l Z MC

— ]! J f(g)dq

bin_s




Example of a solution (attractive ‘square’ potential well)

f(q.0) 002"




