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Optical properties of correlated electron systems:    
basic theoretical aspects and optical sum rule - Part I
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Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleDe�nition of the urrentCoupling to the gauge �eld A: in a ontinuum system we use theminimal substitution
p +

e

c
A⇒

~

i
∇+

e

c
AAs a onsequene the kineti term beomes:

H0 =
1

2m

∫

dxc+(x)
[

−i~∇+
e

c
A

]2

c(x)The urrent operator is then given by
j = −

∂H

∂A
= −

e

m
c+(x)

(

−i~
←→
∇ + eA

)

c(x) =

= −ejP (x) −
e2

m
n̂(x)ALara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleIn pratie, the Hamiltonian up to quadrati order is
H(Ai) = H(0) +

∫

dx

[

eAi(x)jP
i (x) +

e2

2
A2

i (x)n(x)

]In the lattie one would like an equivalent expansion. This isprovided by the Peierls ansatz
ci → cie

ie
R

ri A·dr ⇒ c†iσci+δσ → c†iσci+δσeieA(ri)·δNotie that this modi�es only the kineti term: the interationterm is supposed to be Gauge invariant (i.e. density-densityinterations)
H0(A) = −t

∑

iδ

(

c†iσci+δσeieA(ri)·δ + h.c.
)Lara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum rule
H0(A) = −t

∑

iδ

(

c†iσci+δσeieA(ri)·δ + h.c.
)By expanding in powers of A we get

H(Ai) ≈ H(0) +
∑

j

[

eAi(rj)j
P
i (rj) +

e2

2
A2

i (rj)τii(rj)

]

,so that
ji(r) = −

∂H

∂Ai(r)
= −ejP

i (r)− e2τii(r)Ai(r)where (εk = −2t(coskx + cos ky))
jP
x = it

∑

σ

(c†iσci+xσ − c†i+xσciσ)⇒ jP
x (q = 0) =

1

N

∑

kσ

∂εk

∂kx
c†kσckσ

τxx = t
∑

σ

(c†iσci+xσ + c†i+xσciσ)⇒ τii =
1

N

∑

k,σ

∂2εk

∂k2
i

c†kσckσLara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleThe eletromagneti kernel
ji(r) = −ejP

i (r)− e2τii(r)Ai(r)⇒ H = H(0) + j ·AIn linear response theory we then have (µ ∼ spae and time)
jµ(q) = e2Kµν(q)Aν (q)where the eletromagneti kernel Kµν is de�ned as:

Kµν(q, iΩm) = −〈τµµ〉δµν(1− δν0) + Πµν(q, iΩm).The diamagneti tensor
〈τii〉 =

1

N

∑

k,σ

∂2εk

∂k2
i

〈c†kσckσ〉 =
1

N

∑

k,σ

∂2εk

∂k2
i

nk,σgeneralizes to a lattie system the term n/m while
Πµν(q, iΩm) ∼ 〈jP jP 〉 is the urrent-urrent orrelation funtion,with jP ∼

∑

k vkc†kck, vk = ∂εk/∂kLara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleOptial ondutivity
jµ(q) = e2Kµν(q)Aν (q)By using the relation between A and the eletri �eld E

A(ω) =
E(ω)

i(ω + i0)
J = σEone arrives at the famous Kubo formula

σ(ω) = −ie2 Kii(q = 0, ω)

V (ω + i0)
= ie2 < τii > −Πii(q = 0, ω)

V (ω + i0)
,The real part of the optial ondutivity isReσ(ω) =

πe2

V
δ(ω)[< τ > −ReΠ(0, ω)] +

πe2

V

ImΠ(0, ω)

ωDo we really have a delta-like ontribution??Lara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleCharge onservation and Gauge InvarianeCharge onservation
ρ̇ +∇ · j = 0 ⇒ qµjµ(q) = 0 q = (q, ω)Gauge invariane

Aµ → Aµ + ∂µχ Aµ(q)→ Aµ(q) + iqµχ(q)Sine jµ = KµνAν one must have
qµKµν(q) = Kµν(q)qν = 0⇒ Πii(q→ 0, ω = 0) = 〈τii〉ReΠ(0, 0) =< τ >Reσ(ω) =

πe2

V
δ(ω)[< τ > −ReΠ(0, ω)] +

πe2

V

ImΠ(0, ω)

ω
=

=
e2

V

ImΠ(q = 0, ω)

ωLara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleGauge invariane and Optial sum ruleReΠ(0, 0) =< τ > Reσ(ω) =
e2

V

ImΠ(q = 0, ω)

ωBy using the Kramers-Kronig (KK) relations for Π(q = 0, ω) onean derive the well-know sum rule:
W (T ) =

∫ ∞

0

Reσ(ω)dω =
e2

2V

∫ ∞

−∞

ImΠ(q = 0, ω)

ω
dω =

=
πe2

2V
ReΠ(q = 0, ω = 0) =

πe2

2V
< τ >=

πe2

V N

∑

k,σ

∂2εk

∂k2
i

nk,σThe optial sum rule is a onsequene of harge onservation.The approximations used to ompute Kµν must satisfy theabove relations, i.e. one must hoose a onservingapproximation. This is not at all an easy task..Lara BenfattoOptial properties: a short introdution
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Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleLet us imagine to have a given interating model
H = H0 + HintThe bare Green's funtion is G−1

0 = iωn − ξk. We treat theinteration term in some approximation in order to obtain thenew Greens' funtion from the Dyson equation:
G−1(p) = G−1

0 (p)− Σ(p)The urrent-urrent orrelation funtion will be
Πµν(q, iΩm) =

1

N

∫ β

0

dτeiΩmτ 〈Tτ jP
µ (q, τ)jP

ν (−q, 0)〉with jP (q, t) = 1
N

∑

k,σ v(k)c†
k−q/2σck+q/2σ, and v(k) = ∂εk

∂k
.

Π ∼ 〈eHτ c†ce−Hτc†c〉This is a very ompliated funtion!Lara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleThe zero-th order is the so-alled bare bubble
Π0

µν(q, iΩm) = −2
∑

k

[G(k−q/2, iωn+iΩm)vµ(k)G(k+q/2, iωn)vν(k)]To guarantee a onserving approximationone has to replae one veloity with a'dressed' urrent J Jj

Πµν(q, iΩm) = −2
∑

k

[G(k−)vµ(k)G(k+)Jν(k+, k−)]The dressed urrent is found as the solution of an integral equa-tion, that depends on the approximation used for the self-energyLara BenfattoOptial properties: a short introdution
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Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleImpurity satteringThe bare bubbleLet us start from the bare bubble and let us ompute it byintroduing the spetral representation of the Green's funtion
G(iω,k) =

∫

dz
A(z,k)

iω − z
A(z,k) = −

1

π
ImGR(ω,k)We an then perform easily the sum over Matsubara frequenies

Πµν(q, iΩ) = −2
∑

k

∫

dz1dz2[A(z1,k+)vµA(z2,k−)vν ]
f(z1)− f(z2)

z1 − z2 − iΩso that ImΠ(Ω)→ −πδ(z1 − z2 − Ω) andReσ(ω) =
e2

V

ImΠ(q = 0, ω)

ω
=

= −2π
∑

k

vx(k)2
∫

dz
f(z + ω)− f(z)

ω
A(z + ω,k)A(z,k)Lara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleImpurity satteringSattering by impuritiesSattering by impurities leads to a �nite lifetime of quasipartiles
A(z,k) = M(z − ξk) =

1

π

Γ

(z − ξk)2 + Γ2By using vx(k) ∼ v2
F the ondutivity is

σ(ω) ∼ v2
F

∫

dzdξ
f(z + ω)− f(z)

ω
[M(z + ω − ξ)M(z − ξ)]

f(z + ω) − f(z) ⇒ partile-hole exitations between oupiedand unoupied statesAt low temperature this redues to
σ(ω) ∼

∫ 0

−ω

dz
1

ω

∫ ∞

−∞

dξ M(z + ω, ξ)M(z, ξ) =
2Γ

ω2 + (2Γ)2Lara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleImpurity satteringWe then obtain thewell-known Drudeformula
σD(ω) =

ne2

m

τ

1 + (ωτ)2with
1/τtr ≡ Γtr = 2Γ

ω

ω

Γ

However, Boltzmann theory tells us that the transportsattering rate does not oinide with the quasipartile one
Γ =

1

τ
∼

∫

dk′

(2π)3
|Tkk′ |2, Γtr =

1

τtr
∼

∫

dk′

(2π)3
|Tkk′ |2(1−cos θ′)What is missing? Vertex orretions!Lara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleImpurity satteringThe 'orret' d ondutivity ontains boththe bare veloity v and the dressed urrent
J:
σdc = e2

∑

k

(

−
∂f

∂ξk

)

vxJx
1

Γk

≈
e2

4π

kF JF

ΓF

JjThe urrent is the solution of the equation
Jα(p+, p−) = vα +

∑

p′

J(p′+, p′−)Wpp′(iωn, iωn + iΩm)G(p′+)G(p′−)

Λ = + ΛLara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleImpurity satteringAt zero frequeny and in the Fermi-liquid approximation this anbe solved. One �nds that
Jα = vαΛ, Λ =

τtr

τ
=

Γ

Γtrso that
σdc =

e2

4π

kF JF

ΓF
=

e2kF vF

Γtr
=

ne2τtr

mIn pratie, vertex orretion an be reastin a rede�nition of the transport sattering rate,that gives bak the Boltzmann result.This is somehow general for single-band systems,but not so general for multiband onesLara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleSuperondutivitySuper�uid densityWhat is a superondutor? It is a perfet diamagnet. TheLondon equation tells us that in the London gauge ∇ ·A = 0 (Apurely travserse) for qy → 0 one has
jx(qy) = −

1

4π2λ2
Ax(qy) = −

nse
2

mc
Ax(qy) qy → 0Sine jx = KxxAx for q→ 0 the super�uid density Ds = ns/m isgiven by the stati limit of the transverse orrelation funtion

Ds

πe2
= τxx − Πxx(iΩm = 0, qx = 0, qy → 0)How do we ompute Ds within the BCS approximation?Lara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleSuperondutivityThe bare bubbleThe bare-bubble urrent-urrent orrelation funtion within theBCS approximation is given by
Π

0
xx(q, iΩ) =

2

N

X

k

v
2
x(1 − f − f

′
)(vu

′
− uv

′
)

"

uv′

iΩm − E − E′

+
u′v

iΩm + E + E′

#

+

+
2

N

X

k

v
2
x(f

′
− f)(vv

′
+ uu

′
)

"

vv′

iΩm + E − E′

−

uu′

iΩm − E + E′

#Here E′ = Ek+q/2, E = Ek−q/2, u, v are the usual BCSoherene fators.The super�uid density is then(τxx − Πxx(iΩm = 0, qx = 0, qy → 0))
Ds

πe2
= τxx −

∑

k

v2
x(k)

∂f

∂Ek

=
∑

k

∂2εk

∂k2
i

nk,σ −
∑

k

(

∂εk

∂ki

)2
∂f

∂Ekand it seems to work well....Lara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleSuperondutivity
Ds

πe2
= τxx −

∑

k

v2
x(k)

∂f

∂Ek

=
∑

k

∂2εk

∂k2
i

nk,σ −
∑

k

(

∂εk

∂ki

)2
∂f

∂EkAs T → 0 ∂f/∂Ek = δ(Ek) ∼ e−∆/T aounts for quasipartileexitationsAt T = Tc Ek = ξk, nk = f(ξk) and the seond term, integratedper part, anels out the �rst termHowever, we have seen that GI would require also for thelongitudinal limit:
τxx − Πxx(iΩm = 0, qx → 0, qy = 0) = 0and this is learly violated (the two limits are idential)What is missing? Vertex orretions! How to inlude them?Very elegant and e�ient way: integrate out phase �utuationsLara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleSuperondutivityE�etive ation for phase �utuations:
S =

1

8

∑

q

KBCS
ab (q)qaqb|θ(q)|2 ∼

1

8π

∫

drDs(∇θ)2Minimal-oupling substitution:
∇θ → ∇θ − 2eA ⇒ qaθ(q) − 2eAa(q)After integrating out the phase �utuations one obtains anRPA-like resummation
Kab(q, 0) = KBCS

ab −
qcqdK

BCS
ac KBCS

bd

qcqdKBCS
cd

Kxx(q→ 0, 0) = KBCS
xx −

q2
x(KBCS

xx )2

q2
xKBCS

xx + q2
yKBCS

yyThis orretion is purely longitudinal: this is way the super�uiddensity obtained in the bare-bubble approximation is orret!Lara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleSuperondutivityDisordered systemsVertex orretions ontain the physis of phase �utuations,missing in BCS. For a lean system these ouple only to thelongitudinal omponent of A sine
Sg =

1

8π

∫

drDs(∇θ − 2eA)2 ⇒

∫

Ds∇θ ·A = −

∫

Dsθ(∇ ·A)However, for a dirty system
Sg ∼

1

8π

∫

drDs(r)(∇θ − 2eA)2In this ase phase �utuations ouple also to thetransverse omponent of the gauge �eld
⇒ the BCS expression for Ds is no more orretLara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleSuperondutivityDisordered systemsTHEORY
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Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleSuperondutivityThe way out to vertex orretionsAs long as the interation is momentum-independent vertexorretions vanish, and the bare-bubble approximation is gaugeinvariantEliashberg theory for eletron-boson interations
Σ(iωn) = −TV

∑

m

D(ωn−ωm)G(iωm), D(ωl) =

∫

dΩ
2ΩB(Ω)

(Ω2 + ω2
l )Dynamial Mean Field Theory (DMFT), self-onsistent solutionfor Σ(ω)Lara BenfattoOptial properties: a short introdution
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Basi de�nitions Vertex orretions Two paradigmati examples Sum rule
W =

∫ ∞

0

Reσii(ω, T )dω =
πe2

2V N

∑

k,σ

∂2εk

∂k2
i

nk,σIf we ould really aount for all frequenies we would reoverthe free-eletron dispersion εk = k2/2m (the so-alled f-sum rule)
W =

πne2

2mHowever, in real systems we integrate up to a �nite ut-o� ωc

W (ωc, T ) =

∫ ωc

0

Reσii(ω, T )dωwhere εk refers only to the band(s)near the Fermi level
c

Intraband

ω

σ(ω)

ω

Mid−infrared InterbandDrudeLara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleRestrited optial sum rule
W (ωc, T ) =

∫ ωc

0

Reσii(ω, T )dω =

πe2

2V N

∑

k,σ

∂2εk

∂k2
i

nk,σwhere εk refers only to the band(s)near the Fermi level with e�etivemass mb

c

Intraband

ω

σ(ω)

ω

Mid−infrared InterbandDrudeRoughly speaking we an say that the sum rule sales then with
W (ωc) ≃

πe2n

2mbwhere the band mass mb an be ompared to its DFT estimateThe absolute value of the sum rule gives information on theorrelations on the energy sales of the full bandwidthLara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleRestrited optial sum rule
W (ωc, T ) =

∫ ωc

0

Reσii(ω, T )dω =

πe2

2V N

∑

k,σ

∂2εk

∂k2
i

nk,σwhere εk refers only to the band(s)near the Fermi level c

Intraband

ω

σ(ω)

ω

Mid−infrared InterbandDrudeSystems near half-�lling (as e.g. uprates):
εk = −2t(coskx + cos ky)⇒ ∂2εk/∂k2

x = 2t cos kx

W (ωc, T ) ≃ 〈K〉The temperature dependene of the sum rule gives informationon the role of interations on the oupation number, i.e. onthe transfer of spetral weight from the Drude-like part tosomething elseLara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleSommerfeld expansionThe ase of a 'standard' metal: we an use the Sommerfeldexpansion to get
W̃ (T ) =

W (T )

(πe2a2/2V )
= −

1

N

∑

k

εkf(ξk) =

= −

∫

dεN(ε)εf(ε− µ) =

∫ µ

0

dεN(ε)ε− c(µ)T 2,where c(ε) = (π2/6)[εN ′(ε) + N(ε)]For a �at DOS N = 1/2D where D is the semi-bandwidth
W̃ (T ) = W̃ (0)−

π2

12D
T 2 = W̃ (0)−BT 2So spetral weight is expetedto derease at temperature inreasesHow muh? Let's try to make an estimate..Lara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleConventional...
W̃ (T ) = W̃ (0)−

π2

12D
T 2 B ∼

1

DLet us put numbers:
W̃ (0) ∼ N

∫ εF

0
dεε ∼ ε2

F /D ∼ 1eV for D ∼ 1eV. The relative variation up to roomtemperature T ∼ 300 K∼ 30 meV are
∆W̃ (300K)

W̃ (0)
≃

T 2

DW̃ (0)
∼ (30×10−3)2 ∼ 10−3i.e. relative spetral-weight variarions areexpeted to be of order of few per-mille. M.Ortolani et al. PRL 2005Lara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum rule...and beyond
W̃ (T ) = W̃ (0)−

π2

12D
T 2 B ∼

1

DCuprates: the spetral-weight variations areone order of magnitude larger thanexpetedPnitides: almost empty bands εk ≈ k2/2mbso
W ≃

πe2n

2mband one would expet almost notemperature dependene. One �nds insteadstrong inrease of the sum rule withinreasing temperature. M.Ortolani et al. PRL 2005Lara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleThe issue of the ut-o�Let us onsider a Drude model
σDrude(ω, T ) =

Ω2
P

8π

Γ

Γ2 + ω2

Ω2
P =

4πn

m

W (ω) = 2

∫ ω

0

σDrude(ω
′)dω′If one integrates up to a �nite ut-o�

W (ωc) =
ΩP

8
f(ωc), f(ωc) =

(

1−
Γ(T )

πωcτ

)

0 2 4 6 8 10
ω/Γ

0

0.2

0.4

0.6

0.8

1

W
(ω

)/
W

0 2 4 6 8 10
ω/Γ

0
0.2
0.4
0.6
0.8

1

σ(
ω

)/σ
0

The presene of the ut-o� itself an introdue a temperaturedependene of the spetral weightLara BenfattoOptial properties: a short introdution



Basi de�nitions Vertex orretions Two paradigmati examples Sum ruleTake-home messagesGauge invariane, onserving approximation and optial sumrule: di�erent ways to state harge onservationThe optial sum rule in onventional systems does not look sointeresting: as we shall see, in orrelated ones it is instead a greatsoure of informationFew useful referenes1 G. D. Mahan, Many-Partile Physis, Kluwer Aad. Pub., NewYork, 2000.2 D.J. Salapino, S.R. White, and S. Zhang, Phys. Rev. B. 47,7995 (1993) (on the di�erene between a metal, an insulator anda superondutor)3 L. Benfatto, A. Toshi, and S. Caprara, Phys. Rev. B. 69, 184510(2004) (gauge-invariant response funtion for a superondutor)4 L. Benfatto and S. Sharapov, Low Temp. Phys. 32, 533-545(2006) (review on sum rule in uprates)Lara BenfattoOptial properties: a short introdution
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