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1. Fundamental question :
What is the shape of magnetic confinement bottle?

In the Sun, plasma is confined with In the man-made fusion reactor, plasma is
gravitational field. It is a central force and confined by the Lorentz force. The force acts in
the force acts in the direction of field line. the direction perpendicular to the field line.
For this reason, confinement bottle has a For this reason, confinement bottle has a
topology of ‘“Sphere”. topology of ““Torus”.

Force along field Force perpendicular to field



2. Topology : Closed surface without fixed point
e

~ French mathematician Henri Poincare (1854-1912) proved a theorem "Closed
~ surface that can be covered with vector field without fixed point is restricted to a
torus." This is called “Poincare theorem”

For the magnetic confinement fusion, plasma must be confined inside the
closed surface. If the magnetic field on this surface has some null point
(fixed point), the plasma will leak through that region.

Hair whorl on the head See my book for proof of

a) c) Poincare theorem
b) d)

i)

Bundle divertor is topologically not a torus.
So, it necessarily includes null point of vector field.

J.B. Taylor, Bundle divertors and topology,
CLM-R 132 (1974)




3. “Coordinates : Analytical Geometry of the Torus
I

Topology of the torus can be described without using coordinates,
similar to situation in Euclidean Geometry.
But, quantitative understanding needs introduction of “Coordinates”.

French philosopher Rene Descartes (1596-1650)

introduced coordinates to GEOMETRY

“Coordinates’ is important element to understand physics of plasma confinement in torus.
Good works has been done in Fusion Research such as

Hamada Coordinates and Boozer Coordinates.



General curvilinear coordinates (ul, u?, ud) : ul=ul(x,y,z), u>=u?(x,y,z), w=u3(x,y,z)

Gradient vector : Vu! is normal to u'=constant surface

Viu' = al—ll e, + %)e + ()l—ll e
S \ox )7 dy ) 7 iz ) °

Tangent vector : 9X/du? is tangent to u/=constant and u’=constant surfaces

dx dx dy dz

— ——¢. ——¢
du’ Ju’ Ju’

u'=const line



4. Hamilton dynamics of the magnetic field

Magnetic field is a vector field without source and sink,
and therefore is incompressible as a flow field (V-B=0)

General vector potential A( VXA=B) 1s given by
A=¢pVO-yVi+ VG

(6 and ¢ are poloidal and toroidal angles (choice is arbitrary ))

B=VXA=Vx[ ¢VO - yVi+ VG ]

— > |B= VgxVO-ViyxVC (Symplectic form)

Proof

#1: Any vector A can be expressed as A = A, Vu + AgV 60 + A V{ in the general
curvilinear coordinates (u, 8, {). If we defineascalar G by G = [ A, du (0G/du =
Ay) and consider VG = dG/duVu + 0G/3d60VEH + 0G/dcV, A can be expressed
a8 A =VG+(Apg—0G/00)VO + (A —0dG/aC) V. If we define p = Ag— 030G/ 0
and ¥ = —A; + dG/0d¢, we reach general expression for the vector potential A =
oVO — YV +VG.



Magnetic coordinates : (¢, 6, C)

dq j oH d Pj oH
Hamilt ti — =, —
amilton equation . . %

Flow on H=constant surface
Magnetic field trajectory: du’/ds = b - Vi’
& B-VO Y
d¢  B-V¢ 3¢
dp B-V¢ )
d¢ = B-V¢ )6

This is Hamilton equation in the

dynamical system if we regard Hint:  B-VO= (VgxVO -VyxV¢)- Vo
1 as Hamiltonian, = -(VyxVvg)-ve
1 0O as canonical coordinate, = -0yl dp (VexVi)-VO

¢ as canonical angular momentum,
¢ ¢ as time. since V= dpVe+ i d0VO+ i I Ve



Variational principle for field lines

Hamilton equation can be derived by the variational principle in Hamilton form : 6S=0

dg/dt = dH/adp .
S = /[|pdx/dt—H]|dt > 4p/di = —3H /3 =X

p — ¢,dx/dt — dO/d¢, H —

§ = J1¢do/d¢ — ¥]dC
= [1¢VO — ¢¥V(] - dx
— f A - dx oy
¢ 39
So, § [ A -dx = 0 gives magnetic field line trajectory % B %

¢~ 06

8




5. "Magnetic Surface": Integrable magnetic field
T

In plasma force equilibrium, the plasma’s expansion force (V P) is balanced with
the Lorentz force (J x B). Here, J is the current flowing in the plasma, B is the
magnetic field, P is the pressure of the plasma. This is the basic principle of the
magnetic confinement fusion.

JXB =VP

: \8 The magnetic field B and current density J

; 1 lies on constant pressure surface
(P=constant) in force equilibrium. This
20p ® constant pressure surface 1is called
h gs "magnetic surface” or "flux surface".
3_‘ Rp § g 9.

B-VP =0
J-VP =0

Plasma pressure distribution




Stream function of magnetic field lines on a flux surface
T

u? . o« .
X(x.y.2) X y=const line Any vector on u'=constant surface (u'=u for simplicity
' and is flux surface) can be expressed by a combination of

two tangent vectors.

B=a,0x/00+a;0x/0C

Using the dual relation (dx /du’ = JVu/ x Vu*),

ué=constline

u'=constline

(Flux surface) B = szé' x Vu 4+ bsVu x Vo

Substituting this into V- B = 0 dby/ 36 + db3/dC = 0O

This is satisfied by introducing stream function : h

" e g
e 3T 90 =vu X

VB=V [b, VEXVu +b, VuxVO]=( VEXVi) Vb, +( Vux V) -Vb,=J ' [b,/d 0+db /I E]=0

by =

Since V(ga) =¢pVa+aVey , V- (VaxVb) =0, Vb=(db/ow) Vi



Periodicity requirement on stream function and flux coordinates

B=VuxVh must satisfy periodic condition in 8 and .
Since B=Vux/[(0h/060) VO+(0h/0C) V] , dh/d6 and 0h/dL should be periodic.

. Result :y and ¢ are function of u.

Poloidal flux
P e B =V¢xVb,— Vi x V¢
| =V xV(bn—1/q)
/( \‘),l g = do(u)/dy(u)
0 R ,
Magnetic surface Toroidal flux o~
22 - B dS, h(u,0,¢) = hy(u)0 + h3(u) + h(u,0,¢)

toroidal magnetic flux : 27¢(u)=/B da,, h(u.0.¢) is a periodic function of @ and ¢
poloidal magnetic flux : 2zy(u)=-/B-day Define A = h(u.0.¢)/ h(u)

f B .-da = / B -Vuk J duidu’ Coordinate transformation : 0_=0+A
h(u, Qms 2.') — hz(lﬁl)Qm + 123(1,1)_{'
dy

d
E = —/13(1.{) . d—zz: — 112(11)



Flux coordinates is straight field line coordinates
o

Using B = V¢ x Vb, — Vi x V¢ , we see 0

field line 1s straight in the flux coordinates, m/
d6n B -V, I
a. = B-VE T q() -
Using B = V¢ x Vb, — Vi x V¢ | we see
A=¢p VO, - yVe.

Action integral S is givenas § = /A cdx = /[¢ dfm — ¥ d{]

Flux coordinates (¢,0,_,C)

Lagrangian L is givenas [, = — V()

The coordinate 6, becomes a cyclic coordinate.

In the derivation of the flux coordinate system, no geometrical symmetry is as-
sumed for the torus plasma. But if we assume the existence of force equilibrium,
double periodicity of the torus leads to “hidden symmetry” and hence becomes Integrable.

12



3.7 Ergodicity: Field Line densely covers the Torus

“Poincaré mapping.”

g:0— 0O, gby="0y+2r/qforbye O
{76} 0/ =27j/q+ 6

Rational g : g=m/n

mapping g’ is given

by 8 = 2mxm/q + 6y = 2nm + b
identity mapping

Irrational q :

Mapping points : {g’/ 6}

never becomes identity mapping and
will be different forever.

Mapping of neighborhoods : {g’U}

should have common set and “densely cover” 0 C

the torus surface.

4dn/q

2n/(q

13



Set theory: G. Cantor is founder of set theory

Wonder of infinity :

Countable number (Denumerable):
natural number, integer, rational number
->
all can have one to one correspondence.

But rational number can densely cover the line Cantor
(any closest distance, we can find rational
number). “Measure” of rational number is zero.

On the other hand, irrational number is much
denser than denumerable. It has non-zero
“measure”.

Set theory : see Kolmogorov-Fomin, Chapter I,V line

14



3.8 Apparent symmetry : Axisymmetric equilibrium
e

Variational principle 65=0 to give Grad-Shafranov equation
B2 B}
S:/LdeZ:/R £ — — P |dRdZ
210 20

Euler-Lagrange equation is

oL 9 OL d adL .
M  ORIVR OZ Iz

This gives Grad-Shafranov equation

[R3/IR(R'3/IR)+ 3 /dZ" ]y =-u,R°P'(y)+ FF'(y)

19



Integrable system in dynamical system and flux surface
T

Simple closed line can’t confine the plasma with pressure difference. Closed “‘surface”
should be formed by the magnetic field “line" and torus-shaped plasma have to be confined
in it. Thus the problem of covering the surface with magnetic field line becomes important.
If the magnetic field line trajectory is on a surface, it is called "integrable".

TH

15

1.0

-1.0

Poincare plot of magnetic field lines in LHD
Courtesy of T. Watanabe (NIFS)
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"Integrable" is a term in classical mechanics, having its origin
in many-body-problem of celestial mechanics, and is plainly
explained in Diacu&Homes [3-3]. French mathematician J.

Liouville (1809-1882) gave its mathematical definition. 16



3 Dimensional magnetic confinement geometries

Schematic view of helical device LHD showing how twisted magnetic field lines
are formed without toroidal plasma current using helical coils (left) and magnetic
surface of advanced helical device W7-X (right) with 5 fold symmetry (right)

Poloidal Field Coils

Plasma Vacuum Vessel

_ Field line Plasma
Helical Coils

Large Helical Device (NIFS, Japan)

Magnetic surface
\

= //,»
B\ Y Poloidal angle

i\

”~
4

Field lines

Wendelstein VII-X (IPP, Germany)

17



Exercise for Lecture 2

1.Show that any vector in (u,0,C) coordinate can be expressed
as A=¢pVO-yVCi+ VG

2. Derive Hamilton equation of magnetic field line trajectory
from the variational principle.

5S=8/A-dx=0

3.At irrational flux surface, B will be wound indefinitely around
the torus. Since signal can only propagate with a speed less
than speed of light, how we can recognize magnetic field
structure is irrational?



End of Lecture 2

Below : appendix



A-1: Dual relation

dx /ou®  dx/ou? is orthogonal to Vu!
(dx /du? x dx /ou?)
dx /ouy'= JVu? x Vu?
o 7 = dx dx  Jx
Jacobian is defined by = o .(Buz X 81,13)

Take inner product , dx/du’ - Vu' = a;(dx /du*) x (dx /ou?)

-constine In general : (. j.k)=(1.2,3).(2.3,1).(3.1.2)

u2=const line Vlli — i ( 3x ax )

7 \ouws = guk

0x

— IVl x Vu*
Ju?

u'=const line

20



A-2: Many formulas comes from orthogonal and dual relations

Covariant form

a = E at
du'

Contravarlant form

a = IZ(linli = Z (a - ;:: ) Vu'

0x
Vv
Z(a u') 5

l

Metric
Jx  dx . . .
= , I — gyt .7y
8ij Y dul g Vu' -Vu
Differential length

Jx  dx

ds? = dx -dx = Z " Wd” du’ = Zg,;_,-du"du"'
i,]

Inner product

a-b = Za,_-bi :Za’b,-

Gradient

df .

V= ~_Vu'

/ XI: ou’ !
Divergence Dual relation
dJa’
V-a=V-. :
4= Za 811’ ou’

Magnetic field trajectory
dx/ds = b (b = B/|B|)
dx/ds = > (dx/0u’)du’/ds

Orthogonal relation

[dx/ds = b1 -Vu'
du' /ds = b - V!

21



A-3: Variational principle for field lines

Action integral to give field line is the path integral of vector potential.

85=8/A-dx=0

Use A:¢VH.1/) V§+ V(G € Note : Gauge term does not contribute

B a6 v dp Iy d(80)
“‘9-‘“—/[(@‘a¢)5¢‘(@+%)59+ % ]‘“

S(A-dx)=8(¢pdO-ydC+dG)
=0[p(dO/dC) - y +(dG/dC)]dC
= [ (dO/dE)Sp+YdSOIAE) — (p/dp)Sp - (p/90)S0 +HdSGIdT)]dE
= [{dONdE - Ip/dp} O L{dPdC+I/30} S0+{d(5G+¢d6)/dE} JdE

22



A-4: Variational principle to give plasma equilibrium

o / / [ B? P ]
Action integral : S= | LdV = + dV

2y —1
SL =B 6§+ op §P=—VPV'§—§'VP
=D- B=Vx(&xB).
o y—1 :

s Y

Sp=—¢-Vp—ypV-&E=(—1E-Vp—V-(yEp)
SB 1 .

-2 = — 5 - Vx(ExE) = - [(6xB) - VB ~ v (Bx(éxB))

— — = 1 — - - —
SL=—¢-(JxB) +¢&-Vp—V-(—Bx(¢xB) +%1f p)
Ho Y

Surface integral

0S=0 > JxB=VP

23



A-5.Hamada Coordinates:

D
Dr. S. Hamada (1931-2001) was a professor of Nihon University who invented
Hamada coordinates in 1962, which is a special flux coordinates.
In Hamada coordinates, both B and J becomes straight lines with Jacobian J=1.
Since divJ=0, we can apply same discussion to J to find stream function.

[ a=c,0x/06+c;0x/0C |

a=aV{xVu+aVuxVe8 (a=B.J)
Since a is divergence free V.a = 0(a = B, J) ,we obtain da,/d6 + daz/d¢ = 0
dh dh

- a3y = —
d¢ R [
Periodicity of a, and a; in 6 and C leads to following form of stream function for B (b) and J(j)

Therefore a has stream function. a=Vu xVh a =

Xu‘
x(x.y.z) A ud=const line

u2=const line

B=Vu xVb b(u,0,) = by(u)0 + bs(u)¢ + b(u, 6, )
J=Vu xVj j.0.8) = ()0 + j3(u)e + j(u.0,¢)

u'=const line
Hamada considered coordinate transformation to eliminate ) (u, 6, ¢), j(u.6.4) -



A-5: Hamada Coordinates (cont.)

Coordinate transformation to eliminate (. 6, ¢), j(u.6.4) 1S €asy.

bis— jb —bjy+ ib
9;,=9+9]and§h=§+§] g, = 1.3 J3.' ¢ = .12+]‘2
by jz — b3 j byjz — b3 j>

Coefficients b,, b;, j,, j; of stream functions are related to magnetic flux and current flux.
V) = —bs(u), ¢'(u) = ba(u), &)= js(u), /() = jo(u)

2np(u) = [ B -dag 2nf(u) = [ J -dag
2ny(u) = — [ B -dag 2ng(u) = [ J -dag

B and J are expressed as follows.

B=Vu xVb B=V¢xV(ty—{n/q) =VéxVa
J=Vu xVj J=VfxVl,—=Cn/qr) =VIxVay

g = d¢/dy¥(u) and g5 = —df(u)/dg(u)

25



Jacobian of Hamada Coordinates:

B=Vu xV(¢'(u)0,-y’(u)E,) J=Vu xV{f’(u)0,+g’(u)g,)

Using above expressionand a x (b x ¢) = b(a -¢) — c(a - b) , we obtain

JXB=-[(f'y’+8"¢" ) VOXVE Vu]Vu=[(f" '+ ¢ )T Vu

Since VP=(dP/du)Vu, equilibrium relation J x B=VP reads

Jy+g' ¢’ =-JP (u)

So, Jacobian in Hamada coordinates is flux function. i.e. J=J(u).
By definition, Jacobian is related to volume enclosed by a flux surface.

V= f Jdud0dc Therefore, in this case dV/du=(2x)J.

If we choose u=(2m)*V, Jacobian J=1. Hamada called this coordinates as “natural coordinates”.
26



A-6: Boozer Coordinates
o

Dr. A. Boozer is a professor of Columbia University who invented Boozer
coordinates in 1981, which is a special flux coordinates.

For the analysis of charged particle motion, it is very important for B to
express in both gradient vector and tangent vector to use orthogonal
relation. Boozer coordinates is specially designed to meet such an objective.

Since divJ=0, we have stream function for equilibrium J.
J=VuxVi  ju,0,0) = )8 + jz(u)¢ + j(u,6,0)

Added to simplify

> uJ=Vo xV[f'(9)0,+8'()c+(9,0,,0)] j = v

. . o Zero in Hamada
Form of B consistent with u,J=VXx B is given by

B = g(¢p)VE+ f(@)VOn— (P, Om.O)VP + VF(¢p, 0. ©)

Coefficients are flux function This could be eliminated by
coordinate transformation

B= V¢ xVoa ( This is essentially tangent vector presentation) 27




A-6: Boozer Coordinates

B = g())VE+ f($)Vbm— (¢, b, OV + VF($, O, )
Find way this be O

(Bp,Cp) = (Bm + 1.+ q($p)n) Conserves form of B.
BZV(I)XV(X (C¥=9b—§b/q)

F(.6n.0 Since =0,-8,/q=(0,+1)-(E+q1)iq=0,-8q

g(P)q(9) + f(9)

B = g(@)Vip + f(@)VOy + PV

Bsx = n(¢, Om. §)(é[(¢)g'(¢) + f/(d))) — v(g, Om. Z)

N, . ) =

Boozer coordinates(¢, 6,, §,)

B=gV(C,-qn)+fV(6,-0)-vV§+ V F=gVC,+fVO,+[n(g q+f")-vIVe+V(F-(gq+/)n)

28



