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3-1. Dynamical system

Concept of “attractor” in dynamical system is interesting to understand turbulence in
high temperature plasma.

X =F(x,n)

dynamical systems with some conserved quantity 1s called “conservative system™
while the system with some quantity is being dissipated is called “dissipative sys-
tem . Motion of the dissipative system is settled down to a specific trajectory or
point after enough time. Stable state after the transient is called attractor. There are

[1] Equilibrium point: the motion converges to a point in phase space.
[2] Limat cycle: repeat the periodic motion in phase space.

[3] Torus: Motion in phase space wound the torus.

[4] Chaotic attractor: phase space orbit does not close forever.



3-2. To achieve good Plasma Confinement, suppression of turbulence is necessary
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3-2 Self-organized critical transport (SOC)

i
Equilibrium statistical physics& Complexity Science
Gauss distribution < Power law

Scanned at the American

We frequently see power law in Nature.

P. Bak, Phys. Rev.
A38(1988)364
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Self-organized criticality : system will become critical by itself( Per Bak)



3-3. Self-organized critical transport (Rebut)

(a) Viscous Flow in pipes
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and turbulent flow Flow
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(b) Anomalous Heat Transport
Critical temperature mode!
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P.H. Rebut(former JET director) is VT

first to explain turbulent plasma !
transport by critical temperature
gradient transport (1988).
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3.4 Drift wave : universal wave in confined plasma.

Sound wave («’=k,?C ) coupled to drift motion (w*) is called “Drift Wave”.
) 5 wx = —(k1T/eB)(dInne/dr)
W(0 — wx) = kll Cs Cs = ((ZiTe + viT;)/ mi)"/?

mg dE . : .
s —— , dispersion relation becomes
e, B~ dt

w*(1 + 1k p;/2) — wws = kﬁCS2

Including polarization drift vy, =

If we include ion/e temperature gradient, we obtain following dispersion relation.

2 2| - W Zi yi_Zi
(@ — ox) = kjC; l+a))/.t—|—Z- LA

Forthecaseof Z; = 1.y; =5/2,.w ~ k|Cy < wx,

k ﬁ C s2 9,
2.5t 4+ 1 L 3 Critical temperature gradient
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3.5 Critical temperature gradient transport (ion)

lon heat transport is governed by critical temperature gradient transport.
Note : high toroidal rotation (shear) reduce ion thermal diffusivity.
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3.6 Turbulence suppression by E x B drift and Zonal flow
I

Shear in Er x B drift can stabilize turbulence.

. . Shearing of Turbulence
Basic picture is shown below. y

by Zonal Flow

There are two mechanisms to create Er.
- One is equilibrium radial electric field Er Zonal Flow Shear

- Other is Zonal flow created by turbulence. Amplification by
Turbulence

(a) ‘

/ 1) dEr/dr by equilibrium
» flow shear

ve [ ”
B tf YRERIEII 2) dEr/dr by Zonal flow
© = ? v \} v "lt‘ . shear




3.6 Turbulence reduction by equilibrium flow shear
o

Shirai, Kikuchi, NF 1999
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0 2/2 1 Er can be estimated from measurements.
Existence of Er shear at ITB(Internal transport barrier)
ITB: thin thermal insulation layer inside the plasma.
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Kikuchi, Frontier in Fusion Research, Springer,2011



3.6 Typical examples of ITB
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3.6 Reduction of turbulent radial correlation

as measured by correlation reflectometer
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R. Nazikian, K. Shinohara et al., PRL94(2005)135002, “Turbulence de-correlation during ITB formaﬁon”



3.7 Avalanche dynamics of (dT/dr), transport

Hwa’s Joint Reflection Symmetry:
Flux I'(dP) is invariant for x -> -x, 6P -> -8P transformation.

T(r)
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l et Dotted line : critical temperature gradient
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>
>
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Profile resilience: Temperature gradient stays near critical value

r

P.H. Diamond, T.S. Hahm, On the dynamics of turbulent transport near marginal stability, PoP 2(1995)3640



3.7 Avalanche dynamics with Er shear
I |

Ot order force balance equation u¢i = — [E" - - _l_l]

By eZ;n; dr eZ; dr

When we have perturbation in T, Er will change.

dE
dEr/dT ~ Cd2 Ti/dTQ 1r—r Larger | Er’ | for void
Void : dzTi/drz > () : Smaller | Er’ | for Bump
_f---h-- —_— E '>o
Larger Er shear => turbulence is stabilized. "
r
>
Bump: d?T;/dr? < 0
Lower Er shear => turbulence is destabilized.
Selective \
Bump Propagation r .




3.8 Gyrokinetic simulations @)

Gyro kinetic/fluid simulation clarified self-organized criticality in ITG
I

Lagrange-Hamilton mechanics of charged particle motion : see my Springer book

Df, df, _ - afs - - dfs _ - 8f
fE f+{fs,Hs}=a—]:+{R,H}-8'17_;+{14,H}8{_l=

0
Dt dt

guiding-centre coordinates 0 & %
6D phase space

14



3.8 Gyrokinetic simulation

15
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3.9 lon Temperature Gradient (ITG) Mode
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Equi-contour of electro static potential
Linea Eigenmode structure of toroidal ITG mode

Mode is radially elongated and tilted in poloidal
direction.

The mode can be decomposed as overlapping of
many poloidal harmonics.



3.10 Critical temperature gradient transport (electron)
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3.10 Zonal flow and streamer in ETG turbulence

Electrostatic potential ¢, white: ¢ >0, black :
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3.10 2D and 3D turbulences in tokamak w and w/o mag. shear

q(n: Safety factor
Resonant modes _ e

_ g=(m+3)/n ' -
N\ ¢=(m+2)/n
\ g=(m+1)/n
g=m/n

3D turbulence to
N have radially

!
izr(l)‘l’:;lisfl :;SC&de and | / " ' , " w ““ stretched streamer

2D turbulence to have ‘

q(n: Safety factor
Resonant modes
q=(m+4)/n 1
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3.11 Difference between 2D and 3D turbulences

3D turbulence : w-Vu produces wave with wave number
2 times larger.

So, energy flow is in the direction of high k.
And energy dissipates at high k regime.

For isotropic 3D turbulence, Kolmogolov spectrum F(k)~k-'.

2D turbulence : Energy flow 1s from high k to low k, opposite
to 3D turbulence.

Spectrum in isotropic 2D turbulence : spectrum F(k)~k-.

F(k) Energy flow F(k) Energy flow
> D See : P. Diamond, SI Itoh, K. Itoh
k573 k3 Modern plasma physics : volume 1,
Physical kinetics of turbulent plasmas
3D uniform
2D turbulen
turbulence ) y 20
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Frontiers in Fusion Research provides a systematic overview of the latest physical prin-
ciples of fusion and plasma confinement. It is primarily devoted to the principle of
magnetic plasma confinement, that has been systematized through 50 years of fusion

research.

Frontiers in Fusion Research begins with an introduction to the study of plasma, dis-
cussing the astronomical birth of hydrogen energy and the beginnings of human at-
tempts to harness the Sun’s energy for use on Earth. It moves on to chapters that cover
a variety of topics such as:

« charged particle motion,

« plasma kinetic theory,

« wave dynamics,

« force equilibrium, and

« plasma turbulence.

The final part of the book describes the characteristics of fusion as a source of energy
and examines the current status of this particular field of research.

Anyone with a grasp of basic quantum and analytical mechanics, especially physicists
and researchers from a range of different backgrounds, may find Frontiers in Fusion
Research an interesting and informative guide to the physics of magnetic confinement.
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For your reference, M. Kikuchi “Frontier in Fusion Research”, Springer, London, 2011
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End of 3 |ectures
Below : appendix

Hasegawa-Mima equation (2D turbulence)

A Hasegawa and K. Mima

22



2D turbulence: Hasegawa-Mima equation

Turbulence is assumed electrostatic  E=-V ¢

B and T, are uniform B=Bz
Density gradient to drive drift wave 5 =ji(x,y,7)+ ny(x) P. Diamond
noeg | ’
Boltzmann relation for electron PR A Hase gawa,
0 e
Continuity equation ", g, (nV )=0 K. Mima
f :
ot Alfven Prize
gy Yo vy Ly.av)-o winner 2011.
ot n, Ny ny ————=0(&)
Ion flow is E x B and polarization drifts 'V, =V, +V
E x B drift v, - L.oxB
B
Polarization drift Vv, = méz % (important for ion)
ea
L e I g
Fluctuation is small and low frequency T o( 8),55 =0(¢) Mh
L 2wVyV, sy o0y vy >
d o °© 7 B ot 1P+ (Ve VIV, 9 Doppler shift

Larmor radius




2D turbulence: Hasegawa-Mima equation
e

Jd Vv 1 -
o0 Ly Y yy v Lv(@v) -0
ot n, n, n, =0(&)
E x B nonlinearity is zero. Vl : (flVE) =0 Since V, " (¢V ¢x2)=0

2" order polarization term is small V| - ( flei )=0( g )

ie(/)_Vlgbxz'VnO_l_Vl. Vipxz m",(aVLqH(Vl(/)XZ'VL)qu)) _0
ot T, B n, B eB~\ ot B

E x B convection of Polarization drift is key to

C=(T/m)"™, p=C/Q . Vu=-T.(0nox)leBn, ponlinear drift wave coupling (See DII Appendix A)

A

[1-p2v? ]‘;‘fw‘kg‘pw v, [(V,dx2V,V,$]-0

Since V| - [(Vj) xz'V, )Vléb] =V, ¢xz-V V3¢ in 2D, we obtain following H-M equation.

5P
P77

e

J
[1-p}V3 ];:H/(,( £+pcvl¢xz V.,V3$=0
24



MHD Vorticity Equation

vV 1
MHD fluid eq. mi[&—+V.VV}=eZl.(E+VxB)——VP
! n
.. ez, el
We define MHD vorticityas o, _ =w+—B=Vx(V+—A)
m m
MHD fluid eq. i=e—ZiE+wam—lVV2—LVP Since V-VV=1VV2_V><(V><V)
gt m, 2 mn 2
Take its rotation V X
Jdw eZ. 0B 1
'—=——I'—+VX(VX(Dm)—O+ 7Vl’l)(VP
ot m, ot mmn-
Since Vx(wam)=VV/{m'—me-V+(wm~V)V—(V-V)a)m
dw 1
—=+0 V'V=(w_-V)V+ >VnxVP
dt m;n
or
1 dn

2anVP Since V-V=—E/n

m.n

1

ni(“"") — (@, V)V+
dr\ n
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2D turbulence: Vorticity Equation

dw 1
~ +me-V=(wm/€,)V+mn2Vn/>(<7P Vi~ VP
2D turbulence

Only z component is important for 2D turbulence: w,=w,z=(w+£2,)z , 2.=eB/m,
Vorticity a)=w'z=VxV'z~VLxVE-z=—(Vlxvi¢xz)~z=lVi¢
B B N—
T
. (9 1 b a »y 4 ~ >
"—“’=,—“’+—Vl¢xz-vlw=p:@[,—V1¢+p,cq(vlqsxz-vl)w]
g dt B Colar 1 o 2
0.V = (o )dn/a’tN_Qia’n/a'tN_Qi(dno/a’t+iﬂ)
n n n, dt T
1 d - ~ T (dn,/dx)d
0. VV~-Q| LV oxz-V n +2p| =L 4Ll M/ M) ¢
n,B ot ot en,B  dy

HMeq. [1-pV3 ]‘9¢+v(,( ¢+pch¢xz V.,V3$=0
. ot dy ) 26




2D turbulence: Vorticity Equation

dw 1
~ +me-V=(wm/€,)V+mn2Vn/>(<7P Vi~ VP
2D turbulence
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