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Outline:

1. Introduction to energy transport in electronic nano‐ and molecular‐ junctions

(mainly thermoelectricity!)

i. State of the art experiments

ii. What can we learn from them 

2.   Theoretical tools for studying thermo‐power 

2.1  The rate equations method

2.2  The Green’s function method

2.3 Open quantum systems approach 

(3. Thermal transport through DNA nano‐junctions)
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A few remarks before we start: 

1. Some of what I will say is not in text –books, but some is. Useful text‐books 

are: 

M. Di‐Ventra, Nanoscale Quantum transport. 

S. Datta,  Electronic transport in mesoscopic systems. 

H. P. Breuer and F. Petrucionne, The theory of open quantum systems.

Many review paper exist. 

2. These are tutorial lectures. Please feel free to stop me and ask questions. 
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Part I

Introduction to energy transport in molecular‐ junctions
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Motivation I: circuit miniaturization
(over‐heating is devastating for molecular circuits)

This is our new i-pod design…

ICTP workshop: energy transport in low 
dimensional systems Oct. 2012

6



Motivation II: Energy   
(Nano‐elements may be used for Thermo‐electric and other energy conversion)
Prof. Shakouri’s tutorial!
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Motivation III

“Physics is like sex: sure, it may give some 
practical results, but that's not why we do it.”

― Richard P. Feynman
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Introduction:  Thermo‐electricity in molecular junction 
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Introduction:  Thermo‐electricity in molecular junction 

ΔV
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Introduction:  Thermo‐electricity in molecular junction 

Already heard about TE and its advantages (e.g. Shakuri) in this workshop. 

Focus here: single‐molecule junctions

Motivation may already be understood: 
(details will come later in theoretical part)

• Perfect miss‐match for phonons= reduced thermal conductance

• Large “tunability” and “phase‐space” (there are many molecules out there)
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Introduction:  Thermo‐electricity in molecular junction 

Ludoph and Ruitenbeek, 

Phys. Rev. B 59, 12290 (1999)

Atomic size metallic wires 
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[Ludoph and Ruitenbeek, 

Phys. Rev. B 59, 12290 (1999)]

[Scheibner et al, 

Phys. Rev. B 75, 041301(R) (2007)]

[Yu et al, 

Nano Letters 5, 1842 (2005)]

Atomic size metallic wires 

Quantum dots

Carbon Nanotubes

Introduction:  Thermo‐electricity in molecular junction 
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Introduction:  Thermo‐electricity in molecular junction 

Reddy et al., (Berkeley group) 
Science 315 ,1568 (2007)  

K7.1~V150
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Introduction:  Thermo‐electricity in molecular junction 

Baheti et al., Nano Lett. 8, 715 (2008)  
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Introduction:  Thermo‐electricity in molecular junction 

Malen et al., Nano Lett. 9, 3406  (2009)  
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Introduction:  Thermo‐electricity in molecular junction 

Yee et al., Nano Lett.11, 4089 (2011)  
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Introduction:  Thermo‐electricity in molecular junction 
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Introduction:  Thermo‐electricity in molecular junction 

Intro summary: 

• Single‐molecule thermopower measurements are possible 

• Experiments always show strong variations in TE (and conductance)

• Eventually giving one number – the thermo‐power S

• (but sometimes more than one number…) 
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Part II

Theoretical description of energy transport in electronic molecular junctions
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Basics of theoretical description of nano‐junctions

Realistic systems: “closed circuit”

device

Driving force 
(battery etc.)

device

To 
reservoir

Model systems: “open circuit” 

From
reservoir

Open: easily modeled, but arbitrary approximations

Closed: better description of the experimental setups
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Basics of theoretical description of nano‐junctions – “Open circuits”
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Different “methods” = different ways to calculate the currents
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Part II.1

Theoretical description of energy transport in electronic molecular junctions: 

Rate equations
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Rate equations + Wide band limit: 

• Is a “classical” calculation (no quantum interference) 

• Electrodes DOS taken as constant 

• Detailed balance is enforced
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Detailed balance

Transfer rate
Probability to find an electron 
in the appropriate energy in the 
leads

Probability to find an 
empty state in the 
appropriate energy in 
the leads
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L R Sech dV2 x
2 dT4 T

 Sech dV2 x
2 dT4 T

 Sinh 2 dV T2 dT x
dT24 T2 

2 L  R
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More complicated example: molecular level with spin and Coulomb 

blockade: 
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Beenakker and Staring, 

Phys. Rev. B 46, 9667 (1992)]
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effect of phonon relaxation 

Spin‐less electrons

Two level molecule with very large U (double occupation prohibited)

Follow the same route as before, but add 

inter‐level (phonon‐mediated) relaxation terms:

Part II.1 ICTP workshop: energy transport in low 
dimensional systems Oct. 2012

34



Spintronics – Manipulating the electron spin (instead of charge)

Reduced heat dissipation in spin‐based elements

Key Ingredient – Generating Spin‐Voltage

Spin‐thermopower very small

Always accompanied by real current

Example: Thermo‐spintronics: converting energy flow to spin‐current
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Spin‐thermopower very small
Always accompanied by real current

Possible solution – A molecular (magnetic) junction between Ferromagnetic leads 

Ferromagnet
TL

spin‐

spin‐

Ferromagnet
TR

Dubi & Di Ventra,  Phys. Rev. B 79, 081302(R) (2009)

Example: Thermo‐spintronics: converting energy flow to spin‐current
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Spin‐thermopower very small
Always accompanied by real current

Possible solution – A molecular (magnetic) junction between Ferromagnetic leads 

Ferromagnet
TL

spin‐

spin‐

Ferromagnet
TR

For this problem – sequential tunneling rate  equations method 

Example: Thermo‐spintronics: converting energy flow to spin‐current
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Spin‐thermopower very small
Always accompanied by real current

Possible solution – A molecular (magnetic) junction between Ferromagnetic leads 

[Dubi & Di Ventra, 

Phys. Rev. B 79, 081302(R) (2009)]

Magnetic molecule

)(

Example: Thermo‐spintronics: converting energy flow to spin‐current

Dubi & Di Ventra,  Phys. Rev. B 79, 081302(R) (2009)
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Spin‐thermopower very small
Always accompanied by real current

Possible solution – A molecular (magnetic) junction between Ferromagnetic leads 

[Dubi & Di Ventra, 

Phys. Rev. B 79, 081302(R) (2009)]

Magnetic molecule

)(

)(

Example: Thermo‐spintronics: converting energy flow to spin‐current

Part II.139

Dubi & Di Ventra,  Phys. Rev. B 79, 081302(R) (2009)
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From Rate equations to Landauer Formula: 
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From Rate equations to Landauer Formula: 

Blackboard Example: linear chain with obstacle: 

-2 -1 0 1 2
0

1

2

3

4

E

T
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Part II.2

Theoretical description of energy transport in electronic molecular junctions: 

From Green’s functions to Landauer formalism

i. Short premier to Green’s functions

ii. Meir‐Wingreen formulation of transport and the Landauer formula

iii. conductance, thermopower and thermal conductivity

iv. selected examples

v. The open problem of TE fluctuations

Part II.2 ICTP workshop: energy transport in low 
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i. Short premier to Green’s functions

Note: we are talking about Fermions 

(things with Bosons are slightly different, not by much)
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Lets remember the retarded Green’s function formalism 

(aim: calculate correlation functions at T=0 with a perturbation) 

0 0

)t(I

t t0t

t
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Unfortunately, out of equilibrium – the time symmetry I broken!

0 0

)t(I

t t0t

t
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upper branch (+)

lower branch (-)
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Keldysh’s formal solution: a branched time‐contour
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Relation between different Green’s functions: 

  GGGGGr ,,

  GGGGGa ,,

This makes possible to eliminate   ,, G,G

and work only with 
GGG ra ,,
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Relation between different Green’s functions: 

  GGGGGr ,,

  GGGGGa ,,
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Dyson equations in the presence of interactions: 

  araarr GGGIgGIG   )(



So what does this have to do with transport ? 
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Key publications:
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Part II.2

Intermediate Summary : The NEGF and the Landauer formula    

straight‐forward derivation 

“Easy” to implement 

Incompatible with Density Functional Theory:

Use of KS orbitals to calculate transmission 

A zero temperature calculation 

Does not include fluctuations (of any kind)

fully coherent 

implies huge energy fluctuations

post‐dicts wrong thermo‐voltage distribution

ICTP workshop: energy transport in low 
dimensional systems Oct. 2012

55



Part II.2 ICTP workshop: energy transport in low 
dimensional systems Oct. 2012

56



Part II.2 ICTP workshop: energy transport in low 
dimensional systems Oct. 2012

57



Part II.258



NEGF+DFT

• Use DFT to calculate the Green’s functions

• Use Green’s function to calculate T(E) via Landauer formula Use

• T(E) to calculate thermopower

Quek et al
ACS Nano 2011 5 (1), 551‐55

Liu and Chen
PRB 79, 193101 (2009)

Balachandran et al.,
The Journal of Physical 
Chemistry Letters 2012 3 (15), 
1962‐1967

Tan et al., 
Journal of the American 
Chemical 
Society 2011 133 (23), 8838‐
8841
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Does this: Explain this:
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Extremely impressive experiment !!

Analysis based on Landauer Formula:

•not at the low T limit

•not necessarily in Linear response

•Fluctuations not accounted for 

•Additional structure not explained

ICTP workshop: energy transport in low 
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Analysis of thermopower fluctuations with Landauer: 
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Part II.2

Analysis of thermopower fluctuations with Landauer: 
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Main Differences from NEGF:

• Finite system

• Open System (compatible with TD‐DFT, non‐equilibrium)

• Dynamical system (time dependent effects, interactions) 

An open Quantum System Approach

Alternative route : Open Quantum System approach
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TR

Starting point – Many‐Body Stochastic Schrödinger Eq.: 

),()( ˆ),(ˆˆ),()(ˆ),( 2
1 tΨtlVtΨVVtΨtHitΨt rrrr  

Environment (temperature(s))System 
(geometry, 

interactions)

Wave‐
function
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For derivation from microscopic theory: 
Gaspard & Nagaoka, Non‐Markovian stochastic Schrodinger equation,
Journal of Chemical Physics 111 (1999) 5676‐5690

[Di Ventra & D’agosta, 
PRL 98, 226403 (2007)]



TR

Starting point – Many‐Body Stochastic Schrödinger Eq.: 

),()( ˆ),(ˆˆ),()(ˆ),( 2
1 tΨtlVtΨVVtΨtHitΨt rrrr  

Environment (temperature(s))System 
(geometry, 

interactions)

Wave‐
function
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This equation : 
• Conserves norm on average
• Hamiltonian and V‐operators can be interacting and time‐dependent



TL TR

Local relaxation from leads

TR

New Ingredients: 

1. V-operators : describe the relation between environment and system

2. xc – functionals for open systems

aim: find “reasonable” V-Operators to study the open system out of  equilibrium 

),()( ˆ),(ˆˆ),()(ˆ),( 2
1 tΨtlVtΨVVtΨtHitΨt rrrr  
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2
1 



L

LH

• Environment taken in the Markov approximation

• Non-interacting electrons

• constant number of  electrons (canonical ensemble)

• is the full Many-Body density matrix – scales as   ~ 

Even without interactions – a formidable task!

Relaxation term  
(environment)

Hamiltonian term

ee NNe log̂

)()(ˆ tΨtΨρ 
Step 1:  from the many-body wave function to the

density matrix: 
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Step 2:  from the many-body density matrix to a single-particle density matrix: 

   
i

i
MB AAA )(TrTr 

We have : An effective single particle (matrix) equation

We need to : 

Solve a set of  matrix equation – The matrix size scales as ~N     !

Ansatz : 

 

ekkk

kkkk
kk

kk

Nn

cckk



 
)Tr(     , 

ˆTr     ,    ' '
'

'





Need to be 
determined

[Pershin, Dubi & Di Ventra,
PRB 78, 054302 (2008]
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EnvironmentSystem 
(geometry, 
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Wave‐
function
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*Reminder: this is also the strategy for DFT

** but in DFT – only ground‐state ICTP workshop: energy transport in low 
dimensional systems Oct. 2012
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& Di Ventra, Dubi, Pershin[
PRB 78, 054302 (2008]

')1()( '
)(
' kkδδεfγV kkikkD

i
kk 

ICTP workshop: energy transport in low 
dimensional systems Oct. 2012

71



ρρρiρ ˆˆ]ˆ,[ˆ RL LLH 

Comparison between full Many-Body and Single-Particle equations:

Linear chain with two temperatures  –2 Example 
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Thermo‐electric effects in a Nano Junction 

TL TR

 ˆˆ]ˆ,[ˆ RL LLH  i

Geometry
Interactions

Temperature
From Left 

Temperature
From Right

DFT Open Quantum System (OQS)

ground state finite T 

equilibrium non‐equilibrium

extended by TD‐DFT extends TD‐DFT

first Principles phenomenological parameter

additional computational cost
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Thermo‐electric effects in a Nano Junction

TL TR

RTT
gg

n

R
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
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Landauer resonant level: 
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Thermo‐electric effects in a Nano Junction

TL TR

RTT
gg

n

R

y








L

L

d

x

1.0
filling)-half below(slightly  45.0~

2L

1920LL

gate

, et al., Reddy DunitzTan, 
JACS  133, 8838 (2011 )

g=100 mV
g=200 mV

g=100 mV
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-100
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100

200
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V
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Thermo‐electric effects in a Nano Junction

L=1 
L=3
L=5
L=7

50 100 150 200
0.000

0.001

0.002

0.003

0.004

T K

S
V

K


Non‐homogeneous T‐dependence
(coherent tunneling Vs. thermal activation) 

D. Segal, PRB 72, 165426 (2005) 

D. Nozaki et al., PRB 81, 235406 (2010) 
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Thermo‐electric effects in a Nano Junction

5 6 7 8 9 10 11 12 13 14 15

0

50

100

L

S
m

V
K



Increasing piezovoltage

Fluctuations in an atomic wire:
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Thermo‐electric effects in a Nano Junction

RTT
gg

n

R

y


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1.0
filling)-half below(slightly  45.0~

1920LL

eV2.0  K,2 gate  T

TL TR

gategate  ,

Conclusion: 
LDOS fluctuations at molecule‐electrode interface 
are essential 

-4 -2 0 2 4
-2.μ 10-6

-1.μ 10-6

0

1.μ 10-6

2.μ 10-6

3.μ 10-6

E

S

78



TL TR
Effect of disorder ‐ an open question

Landauer’s formula: 
Opposite prediction

0.0 0.2 0.4 0.6 0.8

7.35μ 10-6

7.4μ 10-6

7.45μ 10-6

W eV

S
m

V
K



-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
0

0.002

0.004

0.006

E eV
T

E

G = 0.1
G = 1.0

0.0 0.2 0.4 0.6 0.8 1.0

0.000010

0.000015

W eV

S
V

K


Clean

disordered

Thermo‐electric effects in a Nano Junction

Effect of interaction?
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Local temperature in a Nano Junction

How to calculate temperature locally?  Same way as it is measured!

TL TR

Ttip

 ˆˆˆ]ˆ,[ˆ tipRL LLLH  i

• Scan Ttip

• T(r) is Ttip for which local properties are the same in the absence of tip

• No heat flowing between the sample and the tip
80



Is this method any good? 
Test : a two level quantum dot

• calculate occupation via rate equations 
• Sequential tunneling approx.

1st way to define Teff :

Local temperature in a Nano Junction

ICTP workshop: energy transport in low 
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2nd way to define Teff :

1. Include an additional tip with temperature Ttip

2. Make sure the tip doesn’t change anything 

Local temperature in a Nano Junction

ICTP workshop: energy transport in low 
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Ld=50

Lx=Ly=5

g
g

g=1

g=0.1
g=0.01

TL=0.1

TR=1

TRTL

g

Ttip

• Small g – lower temperature better 
coupled to wire

• Intermediate g – Temperature 
oscillations 

• Large g – Uniform Temperature

Local temperature in a Nano Junction
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Tkj 
Energy current Temp. gradientThermal 

conductivity

~200 years later…

[Bonetto, Lebowitz & Rey-Bellet, 
Mathematical Physics 2000
(Imperial College, London, 2000)]

J. B. J. Fourier
(1768 – 1830)

“You want proof? I’ll give you proof!”



Reconstructing Fourier’s law from disorder

Conclusion I: 

Breakdown of  Fourier’s law in 

ballistic quantum wires

Conclusion I: 

Breakdown of  Fourier’s law in 

ballistic quantum wires & Di Ventra, Dubi[
Nano letters 9, 97 (2009 )]
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Reconstructing Fourier’s law from disorder

T [t]

position

w=0
w=0.1
w=0.5

0 20 40 60 80 100 120 140
0.0
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0 .6
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1 .0
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s
0.00 0.02 0.04 0.06 0.08

0

20

40

Conclusion II: 

Fourier’s  law is reconstructed by disorder

(it seems to fit the onset of  “Quantum Chaos”)

Conclusion II: 

Fourier’s  law is reconstructed by disorder

(it seems to fit the onset of  “Quantum Chaos”)

& Di Ventra, Dubi[

PRB 79, 115415 (2009)]
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Reconstructing Fourier’s law from disorder

W=0  

0 20 40 60 80 100 120 140
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Local heat current and thermal conductivity

Conclusion III: 

The onset of  Fourier’s law can be determined 

by comparing the local and global thermal conductivities.

Conclusion III: 

The onset of  Fourier’s law can be determined 

by comparing the local and global thermal conductivities.
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Role of disorder

- 2 - 1 0 1 2
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Energy distribution function :

Conclusion III: 

The disorder affects the local properties,  but does not affect the energy 

distribution function, which is determined from the “boundary conditions”. 

One cannot look for Fourier’s law by measuring local distribution functions.

Conclusion III: 

The disorder affects the local properties,  but does not affect the energy 

distribution function, which is determined from the “boundary conditions”. 

One cannot look for Fourier’s law by measuring local distribution functions.

 )()()( 2
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(Master equation
+diagonal disorder)



Insight from a simple model

Assumptions :

1. TL and TR fixed

2. Local equilibrium

3. Weak coupling

“definition” of   T : k'k,   ,exp '
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Step 1:  only  SL and S1 

[Dubi and Di Ventra, 
PRE 79, 042101 (2009)]
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Insight from a simple model

Step 2: considering  SL and S1 , S2… Sn
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Step 3: considering  full system with SL and SR
)(

'
)(

'
)(

'
R

kk
nNL

kk
nn

kk WγWγW 


 
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Insight from a simple model

Tδ
ξx

TT Ln )/exp(1
1




T [t]

position

w=0
w=0.1
w=0.5
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Interpretation :
emergence of  the length-scale ξ on which a local temperature exists

(if  dephasing is included, Lφ replaces ξ and we get the classical Fourier’s law :

)
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nTT     ,
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Part II.2 ICTP workshop: energy transport in low 
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SUMMARY:

• Experiments of thermo‐electricity in molecular junctions are 

certainly achievements and contain several mysteries
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SUMMARY:

• Experiments of thermo‐electricity in molecular junctions are 

certainly achievements and contain several mysteries

• Conventional methods (rate equations, NEGF) seem to miss 

something

• ‘Open Quantum systems’ is a good approach to study TE in 

molecular junctions

• And it can be used for other things too (e.g. local T)
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Open questions: 

• Origin of fluctuations in molecular junctions

• Phonon effects? Correlation effects?

• Combining DFT in a good way

• Is there a roadmap for increasing S?


