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�“It seems there is no problem in 
modern  physics for which there are on 
record as many false starts, and as many 
theories which overlook some essential 
feature, as in the problem of the thermal 
conductivity of nonconducting crystals.�”

R.E. Peierls
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Outline

I. Introduction
II. Necessary and sufficient conditions for normal 

and anomalous heat conduction
III. Heat conduction in the Frenkel-Kontorova 

model
IV. Asymmetric heat conduction 
V. Negative differential thermal resistance
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Fourier Law (1808)
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Hamiltonian
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The crux of the heat conduction problem lies in 
low dimensions, i.e., one and two dimensions.
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Green-Kubo formula
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Mode coupling theory
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Some outstanding problems in heat 
conduction

1. First-principle derivation of the Fourier law from 
statistical mechanics.

2. Complete set of necessary and sufficient conditions for 
the validity of the Fourier law.

3. The exponent     and the problem of universality.
4. Heat conduction in two dimensions.
5. Heat conduction in three dimensions.
6. Thermal devices.
7. Quantum heat conduction.
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Heat flux
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Density fluctuations
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Steady state
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Heat baths
1. Stochastic (Langevin)
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2. Deterministic (Nosé-Hoover)
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Necessary and sufficient conditions for 
normal and anomalous heat conduction
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A. Integrable models
1. Linear (harmonic) models:

Dynamics described by normal modes

2. Nonlinear but integrable models:
Dynamics described by solitons

• Transport is ballistic rather than diffusive.
• Temperature gradient can’t be established.
• diverges.
• Fourier’s law is not obeyed.
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Z. Rieder, J. L. Lebowitz, and E. Lieb, J. Math. Phys. 8, 1073 (1967).
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B. Non-integrable models

1.  Without an on-site potential, momentum is 
conserved.

Ex.  Fermi-Pasta-Ulam (FPU) model
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2. With an on-site potential, momentum is not 
conserved.

Ex.   Frenkel- Kontorova (FK) model 

[B. Hu, B. Li, and H. Zhao (1998)]
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The zone in the space of parameters ( , ), where for finite chains of 
length 640 the heat conductivity converges [(a), gray zone] and 
diverges [(b), white zone]. Curve 1 divides these two zones. Fo

g T
N

r finite 
chains ( 640) finite heat conductivity is detected only above line 3.N
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A. Relevant factors

INT: Integrability
DIS: Disorder
CS: Chaos
OP: On-site potential
MC: Momentum conservation
PJ: Phase jump
TG: Temperature gradient
HC:           Heat conduction
IP: Inter-particle potential
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B. Models

HC: Harmonic chain

FK: 

SHG: Sinh-Gordon 

BSW: Bounded single-well
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C. Remarks

(a) Ref. 2 claims that 2D disordered harmonic web can have a normal heat 
condition with sufficiently strong disorder. We have doubts.

(b) Ref. 7 claims that the diatomic Toda model can have a normal heat conduction. 
However, Ref. 8 gives a different conclusion.

(c) At low temperature, with the Nosé-Hoover heat bath.

(d) Ref. 13 claims that the hard-point model with alternating masses has a finite 
heat conduction. Ref. 14 and 15 give a different conclusion. Ref. 16 studies a 
modified version of the hard-point model, which can have a finite heat 
conduction in certain temperature regimes.

(e) Ref. 19 claims that the FK model can have normal and anomalous heat 
conductions in different parameters and temperature regimes.

(f) Disordered right triangle model and irrational triangle model.
33
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A᧪Normal heat conduction
1. Chaos is neither a necessary nor sufficient condition
2. Necessary conditions

(a) On-site potential or vanishing pressure
(b) Anharmonicity
(c) Non-integrability
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B᧪Anomalous heat conduction
Momentum conservation is not a necessary condition        
but a sufficient condition provided the pressure is
non-vanishing.
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Exponent

1. Renormalization group (O. Narayan and S. Ramaswamy):

2. Mode coupling (S. Lepri, R. Livi, and A. Politi):

1
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Heat conduction in the 
Frenkel-Kontorova model
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Frenkel-Kontorova (FK) model
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Standard FK (1938)
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Fig. 10. Log-log of the phonon gap ( , ). The inset shows the log-log plot
of the thermal conductivity ( , ). ( , )  is a decreasing function of  and
an increasing function of . ( , )  is an incre

a
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function of .
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Asymmetric Heat Conduction
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Two-segment FK model
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• Numerical results

• Theoretical analysis
1. Temperature-dependent phonon spectra

Low temperature limit:

High temperature limit:

2. Overlap/separation of phonon bands

/ 100J J

4V V k

0 2 k

J J and

61



A B

62

A

B



63



64



65



2 4
int / 2 1 / 2 int / 2 1 / 2

1 1( ) ( )
2 4A B N N N NH H H k x x a x x a

66



-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

-0.05

-0.04

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

0.04

0.05

 

 

 kint=0.05
 kint=0.6
 kint=1.2

J

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

-0.05

-0.04

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

0.04

0.05

 

 

 int=0
 int=0.05
 int=1.0

J

Fig. 5. Dependence of heat flux J on the temperature difference  
for T0 = 0.07. Here  TL  = T0*(1+   ), TR = T0*(1- ),  N =100. 
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Reversal of rectification

Material A
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Phenomenological explanation
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• Experiment
C. W. Chang, D. Okawa, A. Majumdar, and A. Zettl, 
Science 314, 1121 (2006).
C. W. Chang, D. Okawa, H. Garcia, A. Majumdar, and A. Zettl, 
Phys. Rev. Lett. 101, 075903 (2008).
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Fig. 1. A schematic description of depositing amorphous 
C9H16Pt (black dots) on a nanotube (lattice structure).
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Fig. 2. The SEM image of a CNT (light gray line in 
center) connected to the electrodes. Scale bar, 5 mm.
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Negative Differential Thermal 
Resistance (NDTR)
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Negative differential electrical resistance
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A᧪NDTR in homogeneous systems
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1. With an on-site potential

(a) FK model
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(b)        model4
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2. Without an on-site potential: FPU model
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3. Without an on-site potential: rotator model
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Fig. 12. Rotator model:  rescaled heat flux J=Nj as a function
of ˂T for N=32, 64, 128, 256, 512, 1024. Here, T-=1 and K=2.

91



B᧪NDTR in inhomogeneous systems
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B. Li, L. Wang, and G. Casati, Phys. Rev. Lett. 93, 184301 (2004)
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B. Li, L. Wang, and G. Casati, Appl. Phys. Lett. 88, 143501 (2006)
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(a)

(b)

(c)

Heat flux as a function of TL for various kint. (a) N = 25, (b) N = 150, and (c) N = 250.
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as a  function of kint for  N = 25, 150, and 250.| / |J J
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Heat flux as a  function of TL for  various N. (a) kint = 0.05, (b) kint = 0.3, and (c) kint = 0.5.
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as a  function of N for  kint = 0.05, 0.3, and 0.5.
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(a) Heat flux as a function of TL for various      . (b)       as a function of      .  Here
kint = 0.05 and N = 25.

int int
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Phase diagram which depicts the range of kint and N for the exhibition of NDTR.
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Summary

101

1. We have found a reversal of the rectification effect in the two-segment FK model. 

2. When the coupling of the two segments is weak, phonon band shift leads to             .

3. When the coupling is strong or the chain is long enough, phonon band mixing leads 
to             . 

4. Negative differential thermal resistance (NDTR) occurs both in homogeneous and 
inhomogeneous systems.

5. Nonlinearity is a necessary condition but not a sufficient condition for NDTR.

6. Normal heat conduction seems to be a necessary condition for NDTR.

7. NDTR depends on the system size. The NDTR regime shrinks as the system size 
increases.

8. In an inhomogeneous system, NDTR also depends on the interfacial coupling 
constant. The NDTR regime shrinks as the interfacial coupling constant increases. 

J J
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