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 waves on lattices = arrays of interacting oscillators 
 
 lattice: crystals, layered structures 

  
 nonlinearity: from nonlinear response of medium to waves, 

  or approximative quantum many body dynamics 
 

A few preliminaries 



Lattice waves 

discretize space  introduce lattice 
one oscillator per lattice point 
oscillator state is defined by amplitude and phase 
introduce interaction between oscillators 
 
anharmonic potential = nonlinear wave equation 
intensity increase changes frequency 
in quantum world energy levels NOT equidistant   

Typical excitations in condensed matter, optics, etc 













 
 
collecting evidence 



Table experiments with coupled magnetic pendula 



Two magnetic pendula, small amplitudes

Gravitational potential: -cos(x) , anharmonic! 

Linear regime, beating, no localization 






Two magnetic pendula, large amplitudes

Nonlinear regime, no beating, localization 






Chain of magnetic pendula, small amplitudes

Linear regime, wave spreading, delocalization 






Chain of magnetic pendula, large amplitudes

Nonlinear regime, no wave spreading, localization






Cooling a two-dimensional lattice at the boundaries 

 a thermalized 2d lattice 
 
 delocalized excitations are removed at the boundaries 
 
 localized excitations will stay untouched 



Originally designed by Bikaki et al (1999) to study slow energy relaxation 
of the remaining excitations 

Cooling a two-dimensional lattice at the boundaries 



Exciting a plane wave in a two-dimensional lattice 

 periodic boundary conditions 
 
 plane wave is modulationally unstable 
 
 what will it decay into? 



Exciting a plane wave in a two-dimensional lattice 







 
 
discrete breathers 





 linearized equations of motion 
 
 translational invariance 
 
 symmetry is kept in the eigenvectors 
 
 any initial condition is a superposition of eigenvectors 

 

And therefore any initial localized excitation 
 

nothing will remain at the site of original excitation. 
We will observe complete DELOCALIZATION 

AND FOR NONLINEAR EQUATIONS OF MOTION? 













 
 
 computing discrete breathers 



















 
 
   localization properties 







 
 
   stability and scattering 

















Fano resonances in nanoscale structures  
A. E. Miroshnichenko, S. Flach, Y. S. Kivshar  
Rev. Mod. Phys. 82, 2257 (2010).  



 
 
     going beyond 





 
 
experiments 







Direct observation of discrete breathers in antiferromagnets

Sato, Sievers, Nature 2004 









The zoo of rotobreathers

Josephson junction networks

Ustinov et al 





BEC in an optical lattice (group of Oberthaler, 2004)

Prepare the BEC in the q=0 state, change quasimomentum 
by ramping, accelerating and moving. 
Atoms interact repulsively, yet form a localized gap soliton state, 
which is stable. The atoms can not delocalize because 
the kinetic energy (of the first band) has a finite upper bound 



Theory applied to:

 interacting Josephson junction networks (classical regime) 
  DB existence, e/m wave scattering, quasiperiodic DBs, magnetic field influence 
 
 capacitively coupled Josephson junctions (quantum regime) 

  quantum breathers, tunneling, correlations, coherence, entanglement 
 
 electron-phonon interactions in crystals 

  interaction mediated many-phonon bound states 
 
 lattice spin excitations 

   FMs with easy plane and easy axis anisotropy 
 
 driven micromechanical cantilever arrays 

  modeling, routes to excite discrete breathers, response to AC fields 
 
 spatially modulated nonlinear optical waveguides 

  resonant scattering of probe light beams by spatial solitons, surface solitons 
 
 cold atoms in optical lattices 

  resonant matter wave scattering by BEC lattice solitons 



SUMMARY OF LECTURE II

 nonlinearity and discreteness localize energy 
 invariant manifolds  periodic orbits 
 localization in real space, despite of translational inv. 
 quantization yields slow tunneling of energy lumps 
 breathers are robust with respect to perturbations 
 breathers slow down relaxation, scatter waves 
 breathers are observed in a wide variety of  

  physical systems 

Want to know more?
http://www.pks.mpg.de/~flach
 Physics Reports 295 (1998) 181 
 Physics Today 57(1) (2004) 43  
 Physics Reports 467 (1-3) (2008) 1 
 Rev. Mod. Phys. 82 (2010) 2257 
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