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Why Study Conformal Field Theories?

Many reasons to study Conformal Field Theories:

» QFTs often flow to conformal fixed points
» They describe quantum gravity via AdS/CFT

» They describe condensed matter systems



Why Study Conformal Field Theories?

» 4D CFTs could play a role in Beyond the Standard Model physics!

Walking/Conformal Technicolor [Holdom 's1; .|

Warped Extra Dimensions [Randall, Sundrum '99; ..]

Flavor Hierarchies [Georgi, Nelson, Manohar '83; Nelson, Strassler '00; DP, Simmons-Duffin "09; ...]
Conformal Sequestering [Luty, Sundrum 01]

Solution to u/Bu problem [Roy, Schmaltz '07; Murayama, Nomura, DP '07]
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Why Study Conformal Field Theories?

However, ideas often depend crucially on spectrum of operator dim'’s...

» Conformal Technicolor [Luty, Okui '04]:
(previously “Strong ETC")

» Higgs is CFT operator H, with couplings ~ (%)d_l Hg,;u;
» Want d = dim(H) ~ 1 to give top mass without low flavor scale A
» Want dim(HTH) > 4 to solve hierarchy problem

Is this even possible???

Theories that don't work...

> Perturbative CFTs: dim(H) = 1+ O(¢), dim(HTH) = 2+ O(e)
» Large-N CFTs: dim(H"H) = 2dim(H) + O(1/N?)



A Way Forward...

[Rattazzi, Rychkov, Tonni, Vichi '08]:
Crossing Symmetry 4+ Unitarity leads to bounds on operator dimensions!

Method then extended to:

» Bounds in NV = 1 Superconformal Theories
[DP, Simmons-Duffin '10; Vichi '11]
» Bounds in the presence of global symmetries
[Rattazzi, Rychkov, Vichi '10; Vichi '11]
» Bounds on various operator product expansion coefficients

» Scalar 3pt functions [Caracciolo, Rychkov '09]
» Flavor Symmetry Currents [DP, Simmons-Duffin '10]
» Stress Tensor — Bounds on central charge ¢
[DP, Simmons-Duffin '10; Rattazzi, Rychkov, Vichi '10; Vichi '11]

New methods and latest results in [DP, Simmons-Duffin, Vichi "11]



CFT Review
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CFT Review

CFT Review: Algebra and Primary Operators

The conformal algebra SO(4,2) contains:

» Translations P® and rotations M@
» Dilatations D (scale transformations)

» Special conformal generators K (inv. — trans. — inv.)

[[(a7 Pb] _ 2nabD _ 9)Nfeb

» Primary operators O(0) are defined by [K*, O(0)] =0
» Descendants obtained using [P, O(0)] = 0*O(0)



CFT Review

CFT Review: Correlation Functions

» Conformal symmetry fixes primary 2pt and 3pt functions in terms of
dim’s and spins, up to coefficients Ap [Polyakov '70; Osborn, Petkou '93]

Ialbl..faebe a ,.b
<Oa1..ag (xl)obl..bg (x2)> _ . [Iab — nab B 2551225612]
L7192 L7192
YA A T4 x4
(B(1)(2) O (5)) = Ao —pr B [za T i]

> In Unitary CFTs, one also has the bound A > ¢+ 2 — 6y 9 [Mack '77]

» Requirement that 2pt functions of descendants are > 0
» Can always work in basis where \p's are real

» Higher n-pt functions not fixed by conformal symmetry alone, but
are determined once spectrum and Ap's are known...



CFT Review

CFT Review: Operator Product Expansion

Let ¢ be a scalar primary of dimension d in a 4D CFT:

$(x)p(0) = Y  AoCi(z,0)0'(0)  (OPE)

Ocopxo

» Sum runs over primary O's
» O = O any spin-¢ Lorentz rep with £ =0,2,. ..
» Cr(x,0) fixed by conformal symmetry



CFT Review

CFT Review: Conformal Block Decomposition

Use OPE to evaluate 4-point function [Ferrara, Gatto, Grillo '73; .. ]

ZCZ ZCZ ZCZ £U2 . . .
>y = 3234 v = =1+23 conformally-invariant cross ratios.
L13%24 L13%24

> ga¢(u,v) conformal block (A = dim O and ¢ = spin of O)

» Power series expansions known since 70's, now known fully in terms
of hypergeometric functions [Dolan, Osborn '00; Dolan, Osborn '03]



CFT Review

CFT Review: Crossing Relations

> (p(x1)d(x2)d(x3)p(x4)) clearly symmetric under permutations of x;
» After OPE, symmetry is non-manifest!

» Switching x1 <> x3 gives the “crossing relation”:
1 4 1 4
SRS
2 3 2 3

un d
> Noga(uw) = (;) > Noga(v,u)
Oepx g Oepxo

» Other permutations give no new information



CFT Review

CFT Review: Crossing Relations

It Is convenient to write this as the sum rule

Z AHFA o(u,v) =0
Ocpxo

where

/UdgA,E(ua ’U) — udgA,E (’U, U)

FA,g(u,fU) — ud—fud

This is a constraint on the spectrum of A's, £'s, and \p's:

» Important implications for BSM scenarios (once generalized)

» Theoretical gold-mine! Many new insights about CFTs are just
waiting to be extracted...



CFT Review

Generalization to Global Symmetries

Now suppose ¢; is an SO(N) fundamental. The OPE is
bix dj ~ D 65,0+ O+ Oy,
S+ T+ A-

and the 4pt function can be expanded in various tensor structures

22 (1) by (2) o (3) 1 (1)
— ZA2 (0ig0k1)gn e(u,v)

2
-+ Z )\2 ( zk5jl -+ 5il5jk — NCSchskl) gA,E(ua U)

+ Z Ao (8ikdj1 — 6i1bjk) gae(u, v).
=



CFT Review

Generalization to Global Symmetries

Symmetry under x1 < x3 and 7 <> k leads to the triple-sum rule:
y y P
[Rattazzi, Rychkov, Vichi '10]

0 N, N
Z)\?o N -+ Z Ao (1— %)FA,e + Z Ao INY, =0
S+ HAn o T+ —(1 + %)HA,E A~ —Hne

(Here Ha o(u,v) is Fa ¢(u,v) with — — +)
» 3 sum rules < 3 tensor structures

Similar rules for other global symmetries:

» SU(N) — 6 sum rules

» N =1 SCFTs — 3 sum rules (since U(1)r ~ SO(2))

» O’s in same SUSY multiplet have related A's: ga ¢ — Ga ¢
(superconformal blocks) [DP, DSD '10; Fortin, Intriligator, Stergiou '11]



Bounds from Crossing Relations
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Bounds from Crossing Relations

How Does Crossing Symmetry Lead to CFT Bounds?

Crossing relation for real scalar ¢:

» Separate out the unit operator in ¢ x ¢ ~ 1 + ¢ +

1 — g )\ Fa ¢(u,v)
N~ - v
unit op. everything else

» Make an assumption: all scalars have dimension A > Anin

» Search for a linear functional o such that

a(l) <
a(Fag) >

, and

0
0, for all other O € ¢ x ¢.

» |If you find one, the assumption is ruled out!



Bounds from Crossing Relations

CFT Bounds

Convenient to phrase search as a convex optimization problem:

Minimize o(1) subject to a(Fa ) > 0

» Adding normalization a(Fa,¢,) = 1 gives a bound )\%O < a(l)
» |t would be very interesting to solve this analytically! Hard...

» However, great progress has been made numerically

First Approach: [Rattazzi, Rychkov, Tonni, Vichi '08]

> Impose a(Fp, ¢,) > 0 on a finite lattice {(A;, 4;)}
(verify positivity on intermediate values later)

» Take o to be linear combinations of 002" Fa 4 at some point

» Implement as a linear programming problem that can be solved
numerically (e.g., by Mathematica, GLPK, CPLEX, ...)



Bounds from Crossing Relations

Bounds on dim ¢* (from [Rychkov, Vichi '09])

» Bound on lowest dim scalar in ¢ x ¢ OPE, where d = dim(¢)

» Different lines correspond to increasing space of derivatives
(N = 18 <> 55-dimensional space)



Bounds from Crossing Relations

Bounds on dim ¢* (from [Rychkov, Vichi '09])

5.5F
5.0
45}

g 4.0 :

d
» Not yet useful for Conformal Technicolor, since
Re(Hy) x Re(Hy) ~ H'H + H'oH + ...
» Need to distinguish between SU(2)y representations!

» Linear programming tricky for systems of crossing relations...



Bounds from Crossing Relations

Semidefinite Programming

Latest Approach [DP, Simmons-Duffin, Vichi '11]:

» Derivatives of conformal blocks can be arbitrarily-well approximated

by positive functions times polynomials:
8;”8";FA,€ ~ Xg(A)Pem’n(A)

» A polynomial P(A) is positive over an interval [0, c0) iff it can be
written as P(A) = f(A) + Ag(A), where f(A) and g(A) are
sums-of-squares of polynomials [Hilbert, 1888]

» A sum-of-squares can be represented by a positive-semidefinite
matrix A: f(A) = |[A]; A[A]4, where [A]g = (1,A,...,A9



Bounds from Crossing Relations

Semidefinite Programming

Latest Approach [DP, Simmons-Duffin, Vichi '11]:

» Written in this way, the problem is phrased as a semidefinite

programming problem, which can be solved by available software
packages (we used SDPA-GMP)

» We were able to push bounds w/ global symmetries from a
10-dimensional space of derivatives to a 66-dimensional space

» We ran points in parallel on the ~ 10,000 core Odyssey computing
cluster at Harvard University

Now for some results...



Latest Results
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Latest Results

Singlet Dimension Bounds

Upper bound on ¢?

1 12 14 16 18

» Bound on lowest dim scalar in ¢ x ¢ OPE, where d = dim(¢)

» Best bound: 66-dimensional space of derivatives



Latest Results

SO(4) or SU(2) Singlet Dimension Bounds

A Upper bound on ¢'¢ for SO(4) or SU(2)
0

2 12 14 16 18 °

» Lowest dim singlet in qﬁ;.r X ¢;, where ¢; is SU(2) fundamental

» Has implications for Conformal Technicolor [Luty, Okui '04]



Latest Results

Bounding Conformal Technicolor

dim(H'H)
5.5

5
15
4
3.5
3
2.5

I 12 14 16 18

dim(H)

» Red: Flavor generic (4-ferm op’s have O(1) flavor violation)
» Green: Flavor optimistic (4-ferm op’s Yukawa suppressed)
» 3 lines: Stability against perturbation cH'"H with ¢ ~ (1,0.1,0.01)



Latest Results

SO(N) or SU(N/2) Singlet Dimension Bounds

UppeAr bound on ¢'¢ for SO(N) or SU(N/2), N = 2..15

5
4.5

g} f
3.5 /

3
2.5

% 12 14 16 18 ¢

» Bounds get weaker as N increases
» SO(N) bounds and SU(/N/2) bounds are identical



Latest Results

Superconformal Operator Dimension Bounds

A Upper bound on dim(®'®) in SCFTs
0
5.0

4.5

3.5 - Bo=2

2.5

I 12 14 16 18 ¢

» Bound on lowest dimension scalar in ® x ®T OPE, where ® is a
chiral superconformal primary in an A" =1 SCFT

» Bound appears to asymptote to the line Ay = 2d near d ~ 1



Superconformal Operator Dimension Bounds

Latest Results

5.07
4.5

3.5

2.5

0

Upper bound on dim(®'®) in SCFTs

1.2 1.4 1.6 1.8

> At large-N, constraint on O(1/N?) corrections to dim(®T®)
» We also see a kink near d ~ 1.4, maybe an SCFT lives there?



Latest Results

For Comparison: 2D Dimension Bounds

2.0-_' LI R B B U B S S N S N R S S R S R E— R R E—— R —— "l;
D)
1.5] BRER [ R
7\ ////
P 0 (m -
4510— ) d) -7 -
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ffL - T .
05F o ]
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d
[Rychkov, Vichi '09]
» Kink at 2D Ising model, exact solution: A, =1/8, A, =1
» Bound saturated by sequence of unitary minimal models



Latest Results

Future Directions

Some future directions for this program:

» Explore bounds in 3D CFTs — see Slava's talk!
[EI-Showk, Paulos, DP, Rychkov, Simmons-Duffin, Vichi, in progress]

» Add assumptions about gaps in spectrum
» Explore the kink in ®T® bound — known SCFT or something new?
» Incorporate more operators (e.g., 4pt functions containing ¢?)

» 4pt functions of operators with spin
(for conformal blocks see [Costa, Penedones, DP, Rychkov '11])

» |Improve analytic understanding

» AdS dual interpretation?



Latest Results

To Summarize...

We are learning genuinely new things about strongly-coupled
theories with little or no supersymmetry. Stay tuned!



Latest Results

Backup Slides




Latest Results

CFT Review: Conformal Blocks

Explicit formula [Dolan, Osborn '00]

zZz
ga(u,v) = ——lkap(2)ka-1-2(2) — 2 ¢ 7

ke(x) = 2P/2F(B/2,6/2,6;),

where u = zZ and v = (1 — 2)(1 — 2).

» Similar closed-form expressions in other even dimensions, recursion
relations known in odd dimensions

» Alternatively can be viewed as eigenfunctions of the quadratic
casimir of the conformal group [Dolan, Osborn '03]



Latest Results

Scalar OPE Coefficient Bounds

Upper bounds on scalar OPE coefficients, d = 1.01..1.66
Oo

““‘A
0 15 2 25 3 35 1V

» Bound on size of scalar OPE coefficient ¢ X ¢ ~ Ap,Oq

» As d — 1 nicely converges to free value, \p, = v/2 at Ay = 2
» However, distribution of operators with A < v/2 also allowed?



Latest Results

Upper and Lower Bounds on ®? OPE Coefficient in SCFTs

Upper and lower bounds on A2

Ap
.

1 12 14 16 18 2 ¢

» Now we consider the OPE & x & ~ ®2 + ..., where Ag2 = 2d

» Scalar descendants of non-chiral operators @2(9 can appear, but
unitarity forces A@% > |2d — 3| + 3

» Lower bounds possible due to gap in dimensions for d < 3/2



Latest Results

The Stress Tensor

T% isa A =4, ¢ = 2 operator present in every CFT:

» Ward identity fixes (¢popT") o< d
» Only unknown: (TT)  c, the central charge
» In SCFT, T part of U(1)g current multiplet (A =3,/ =1)

T =J% + 00,07 + ...

» Conformal block contributions are

d2
(PpdP) ~ 3600 42 (general CFTs)
2
@otoah ~ L g, (SCFTs)

T2c¢



Latest Results

| ower Bounds on ¢

. Real Scalar . Chiral Scalar in SCFT
0.016
0.012
0.008
0.004
O 12 14 16 18 4 Y% 12 14 16 18 @

» Bound smoothly approaches free values as d — 1

> Ciree = T35 (real scalar)
> Cchiral = 55 (chiral superfield)

» If a CFT contains a d = 1 scalar, ¢ = Cfree + Cint = Cfree
> In dual AdSs description, ¢ ~ R3M?3,

» Bound — Fundamental limit to strength of quantum gravity!



Latest Results

Lower Bounds on ¢ for SO(NN) or SU(N), N = 2..15

SO(N) or SU(N/2) Scalar SU(N) Chiral Scalar in SCFT

C C

16¢chiral 7
14Cchiral i

14cfree
1 2cfree
]-OCfree
8Cfree
6Cfree
4Cfree
2Ctree
0

1 11121314 15 16 ¢ 01 12 14 16 18 ¢

» All lower bounds approach the free values Ncgee O NCehiral aS
d — 1, growing linearly with N near d ~ 1

» Also similar bounds on current 2pt functions: (J!J”) o< kd!/
» Bound on strength of bulk gauge couplings in AdSs!



Latest Results

N =1 Superconformal Algebra

dim
11 P,
+1/2 Qa Q4
0 Mg D, R M,
~1/2 S, S,
1 K,
{Q,Q} =P (5,5} =K

» Superconformal primary means [S, O(0)] = [S,O(0)] =0
» Descendants obtained by acting with P, Q, Q
» Chiral means [Q, ®(0)] = 0



Latest Results

Superconformal Block Decomposition

®: scalar chiral superconformal primary of dimension d in an SCFT

(@(21)@ (1) B(23)@ (24) = —is S [ho*Gae(u,v)

12734 Oed x ot

» Sum over s.c. primaries O with R=0and £ =10,1,2...
> 21 <> x3 gives crossing relation only involving © € & x &7

» Additional constraints come from relation to ® x & OPE

Note: Ga ¢(u,v) is a finite sum of conformal blocks, since O has finite
number of descendants that are conformal primaries!



Latest Results

Superconformal Block Derivation

Multiplet built from O (generically) contains four conformal primaries
with vanishing R-charge and definite spin:

name operator dim spin
O O A [

J, N QQO + #PO A+1 1+1,1-1
D QX0°0 +#PQO0O + #PPO A +2 l

» Superconformal symmetry fixes coefficients of
(PDTT), (PDTN), (PDTD) in terms of (PPTO)
» Must also normalize J, N, D to have canonical 2pt functions

> Superconformal block is then a sum of ga /'s for O, J, N, D



Latest Results

Superconformal Blocks

We found, [DP, Simmons-Duffin '10]

(A +0) (A—(—2)
Oae = gag+ 4(A_|_£_|_1)9A+1,£+1 + N 1)9A+1,e—1
(A+0)(A—(—2)
16(A 0+ 1)(A —¢—1)7a+2

» Unitarity bound A > ¢ + 2 saturated — multiplet shortened

> Ga ¢ can also be determined from consistency with A/ = 2
superconformal blocks computed by [Dolan, Osborn '01]

» Similar results for current 4pt functions recently derived by [Fortin,
Intriligator, Stergiou '11]



Latest Results

Higher-Spin Protected Operators in & x @

Up/e(ecgoand lower bounds on A(Q(’)) ¢=2.4,...,10

0.01 — | —
0.005 _— |

000, 4o 14 16 18 2°

» ® x ® OPE also has higher-spin protected operators (QO),

» Gap since A 5., = 2d + ¢ while A > 12d —3|+3+ /¢
(QO)¢ (Q°0),

» Dashed lines large-N values...deviations tightly constrained!



Latest Results

Current 2pt Function Bounds in SCFTs

SUSY lower bound on x for SU(N) adjoint currents, N = 2..15
K

1 12 14 16 18

> Lower bounds on coefficient (J!J7) oc k6?7, if J! is the adjoint
SU(N) global symmetry current appearing in ® x ®J1



Latest Results

Current 2pt Function Bounds in SCFTs

SUSY lower bound on k for singlet currents of SU(N), N = 2..15
K

14K free ]
12K free |
10Kfree |
8Kfree |
OKfree |
4K free |

2Kfree

%% 2 14 16 1 @

» Bounds on coefficient (J!J”) o< k§!7, assuming J! is a singlet
under the SU(V) global symmetry

» In SCFTs k') = —3Tr(F!F/R) is calculable!



Latest Results

Bounds on Current 2pt Function and Comparison to SQCD

SUSY lower bounds on kr using SU(N¢)r,, Nf = 2..15
aY
18"‘h"ree S
16K free T
14K free L
12K free 1
10Kfree 9
8Kfree 1
0K free 1
4K free ]
2”ifree 1 |

01 1.2 1.4 1.6 1.8 d
Conformal SU(N,.) SQCD: 2N, < Ny < 3N., Mesons: M = QQ
> SU(Nf)L X SU(Nf)RZ M x MT ~ Jr, +Jr+ ...
» Use SU(Ny)r, crossing relations to bound (JrJR) o kg

. _ __ o _ 3N, _ 9 N?
Realized values: dys = 3 — 55= and kg = 15
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