1 The conformal group

1.1 The algebra

The conformal group in d dimension is generated by SO(d) rotation generators
M;; = —Mj;, translations P;, special conformal transformations K; and the
dilatations generator D. The non-zero commutators take the form

ab; cd] =1 (6achd 6bc ad — 6adec + 6bdMac)

(M

[ aby ] =1 (5ach + 6bc a) [Maba Kc] =1 (60,ch + 6cha)
[D,Po] =P,  [D, K] =-K,

[Km Pb] = 200D + c1 My (1)

Fix the constant ¢; by the Jacobi identity which should be true for any gener-
ators 1, to, t3:
[[t1, t2], ts] + [[ta, ts], t1] + [[ts, t1],t2] = O (2)

Implement the commutation relations for the conformal group in Mathemat-
ica. If possible, use d = 6. Smaller choices such as d = 3 or d = 4 are also
acceptable here and in the rest of the exercise.

1.2 Representations

The local operators of a CFT form representations of the conformal group.
A highest weight representation of the conformal group consists of a primary
operator Oa r(0) sitting at the origin, or the corresponding state on the sphere
S4=1 |A, R), together with its descendants.

The lowers weight states |A, R) are annihilated by the lowering operators
and have eigenvalue A under dilatations

KilA,R) =0  D|A,R) = A|A, R) (3)

Furthermore, they belong to some irreducible unitary representation R of the
rotation group SO(d). We can denote a basis in R as |A, R, s) and the SO(d)
generators in R as (mﬁ):

Implement some highest weight representations for the conformal group in
Mathematica. You should be able to act with the algebra generators on a generic
linear combination of descendants. You should at least implement the represen-
tations corresponding to highest weight vectors in a scalar and vector represen-
tations R of SO(d).

Extra: implement the representation for a spinor R.

In order to work with spinors, it is useful to identify SO(6) with SU(4),
i.e. label the rotation generators as Mj, with A, B running from 1 to 4 and
>4 Mﬁ = 0. An SO(6) vector becomes an antisymmetric matrix Pag = —Pp 4,
etc. The usual metric d;; becomes the totally antisymmetric tensor eABCD
Then the spinors simply carry a single fundamental or anti-fundamental SU(4)
index.



1.3 Unitarity bounds and short representations

A highest weight representation will be unitary if it has no descendants of neg-
ative norm. The hermitean inner product in the highest weight representation
is defined by the rule P/ = K,:

(PoPy---|A,Rn)) PPy |A,R,m) = (A,R,n| - K,KoP.Py---|A, R, m)
(4)
The right hand side is computed by applying repeatedly the commutation rela-
tions of the conformal group.

Use your Mathematica implementation to figure out for which range of con-
formal dimensions your highest weight representations are unitary, by computing
the matriz of inner products at any given level (number of Ps) up to some large
value. It should become soon clear that only the first few levels are important to
answer this question

At the boundary of the allowed region, the highest weight representations
have null vectors, i.e. descendants of norm zero. You should show that the
first null vector to appear in the representation is actually a primary, i.e. is
annihilated by all the K;. Viceversa a descendant which is also a primary will
have zero norm. In this case, a unitary representation is obtained by setting to
zero these null vectors and all their descendants, which are also null. The result
is a short representation of the conformal group.

Use your Mathematica implementation to look for the short representations
with highest weights scalar and vector (and spinor if you coded it). You should
recognize that these short representations correspond to free fields and conserved
currents respectively.

1.4 Towards conformal blocks

A primary operator inserted at a point 2% near the origin can be described by
the state |A, R;z) = e ©i|A, R). This state satisfies deformed constraints

Ki|A, Ryz) = K& (2)|A, R;z)  DIA, Ryz) = DAF(2)|A, R; z)
Mi|A, Ry z) = M (2)|A, Ry z) (5)

for appropriate differential operators K;(z), D(z), M;;(x).

Compute the differential operators, by hand or using your Mathematica im-
plementation to represent |A, R; x).

In an OPE, we consider two local operators, say Oa, g, (0) at the origin and
Oa,.R,(x) near the origin, and look at the state they construct on a sphere
surrounding them. We want to look at the projection |z) of that state on
the space of descendants of a given conformal primary |A, R). The state is
characterized by the equations

Kilz) = K2*™(2)lz)  Dlz) = [A + DA2F2(2)] |a)

K3

Mijlz) = [mgl + MA R (a;)} ) (6)



It should be clear that these equations can be solved recursively level-by-
level, starting from

a ...
Caluun,;mx z

|JI> = |£L’|A1+A27A+n |A7R7m> +oee (7)

where the structure constants Cl,...q, ;m are constrained by rotation invariance.

Compute |x) up to a reasonable level with Mathematica for a few choices of
Ry, Ro, R. Include at least the case where all operators are scalars, and the
cases where one is a vector and the others scalars. Are the answers unique or
are there degrees of freedom?

A conformal block for a four-point function is then simply defined as an
inner product (z|y) where (x| encodes two operators, say Oa, r, at infinity and
Opg,rs at x/|z]?, and |y) the other two, say Oa, g, (0) at the origin and Oa, g,
at y.

Compute (x|y) up to some reasonable power of x,y with your Mathematica
implementation, for a conformal block of 4 scalar operators in a scalar and
vector channel. Can you teach Mathematica to recognize the result as a linear
combination of hypergeometric functions? Repeat the exercise for four spinors
if you coded that.

1.5 Conformal blocks and short representations

If the state |A, R) belongs to a short representation, it may be impossible to
solve the linear equations for |x), unless the external operators satisfy some
constraints.

Can you see this for the J scalar operators in the scalar and vector channels?
Can you give this a simple physical explanation?

On the other hand, if one of the external operator, say Oa,, r,, belongs
to a short representation, one needs to impose by hand that null descendants
of Op,,Rr, decouple from the answer. In turns, this can constrain the allowed
operators running in the internal channel, or reduce the degrees of freedom of
the answer.

Test this for the case where Oa,. g, 5 a free scalar field.

2 Extras: the OSp(8x|4) superconformal algebra

The maximal superconformal algebra in six dimensions combines the conformal
group, 16 supercharges )%, 16 superconformal charges S4 and the Sp(4) R-
symmetry rotation generators Lg;. Schematically, the new relations are

(P,Ql=0 [QQ =P [MQ=Q [DvQ]:%Q L,Ql =@
5.Q=M+D+L [K.Q =5

PS|=Q [M,S]=S [D,S]= —%s IL,S] =S

.8 =K [K,S]=0 (8)



Implement the commutation relations and fix the constants with Jacobi iden-
tities

The highest weight representations are still built starting from a primary
|A, R, r), annihilated by S and K, with descendants under the action of @ and
P. Now we need to pick a representation R of SU(4) and r of Sp(4).

Implement some highest weight representations. An important example has
scalar R and r corresponding to a traceless antisymmetric tensor of Sp(4), i.e.
the vector representation of SO(5) = Sp(4). Find the null vectors for A = 4,
which corresponds to a very important short representation, which includes the
stress tensor.

Ultimately, you can use this code to compute the superconformal blocks for
a four point function of this short operator.



