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Deriving an expression for the Matric Flux
Potential based on the van Genuchten
hydraulic function parameters
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eODbjective
The general equation to
estimate the critical value of
soil water content using matric
flux potential with Van
Genuchten hydraulic functions

for agricultural and
environmental purposes




Schematic representation of basic assumptions to characterize the water dynamic in the soil-plant-
atmosphere system for agricultural and environmental purposes, where ‘q’ is the soil water flux
density (Darcy-Buckingham, 1856-1907), ‘Ze’ is the effective root depth, ‘Vp' is the effective soil
volume explored by plant, ‘©’ is the soil water content (‘©w’, ‘©¢’ and ‘©f are wilting point,
critical value and field capacity, respectively), ‘Ta’ is the actual transpiration, ‘Tp’ is the potential
transpiration, ‘LA’ is the total leaf area, ‘r, is the equivalent root diameter, ‘r,’ is the radius of
the root extraction zone and ‘RA’ is the total root area

atmosphere
if Ow < 6<8c: Ta< Tp (dry zone: Dz)
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Basic equations

Soil hydraulic diffusivity (D, m? d1)
D=+ [1]
C

Soil hydraulic conductivity (K, m d-1)

2

1 I\l (n>1and0<m<1)
K(@)=K.0 {1-(1-@ ) } 2]

Specific water content (C = d6/dh, m1)

C(0)=a(n-1)6, -6, )@;(1-@;] [3]

Effective degree of saturation (relative soil water content)

-0,
0, -0

S r

0= 4



Matric flux potential (M, m? d1)

M,(6,)- 00} - (65 -or) [o(6)o

Substituting [1], [2] and [3] in [5]

1 m
e @l{l—(l—@mJ }
% de

-1 @1,m(1_@;)’“ 6]

M, (6, )=




Analytical solution
® = cos*™(x)

1
X = arccos(@z”‘ )

Substituting [7] and [9] in [6]:

+fsin1+2m(x)cos mLeA18 (¢ )dx

fsml 2m (% )cos?™ A3 (x )dx — Zfsm cos?™ 43 (x )dx +

[7]
[8]

[9]

L [10]



Hypergeometric function (LF,)

fsml 2n (x) costilm S(X)dx=COSZ(M)mZ(X)zFl[/lm+m-;,_n;;(in:)”r:cosz(X)]sin'zm(x)sinz(x)m[: [11]

isin(x)cos%m)ms(x)dx _ C;s;(z:):’lz)r(:) [12]

o= o P e e WO (1)
Substituting [11], [12] and [13] in [10]:

M. (%)= (n_l)r?;;m_l) 005" (x){ . [+ m—1,m; -+ m;c0s? (x)] -2+ . [Am +m-L-m; im -+ micos® ()]} [14]

X



The hypergeometric function (LF,)

m+m-1)

~—|*
=
x~

Am+m AM+m+ 1
( ( ji-

2Fl[/1m+m—l,m;,1m+m;c032(x)]=2{( (m), '[COSZFX)] }=1+2[Cos;:(x)ljﬁl[(/lm+m+j 2)(m+ j-1) ] [15]

and, analogously:

. oo g [ (x) A (Am+ma+ j-2)(j-m-1)
,Fi [Am-+m~1,-m; im +m; cos (x)]-1+2[ " 1;[ T [T [16]
1+(/Im(+m+1)(2J)rm)cos (x)
cos* (x) i (am+m+ j-2)(j+m-1)] __ (Zm+m-Ljm (m+m)(L+m) cos*(x) m+m+2
Z[ H /Im+Jm+jjl mem () (Zm+m+1) 2 . (Zm+m+2)(3+m) cos® [17]
[+ (Am+m+3) 4 }
1+(/lm(+m+1)(2;m)cosz(x)
4 [ cos™ (x) /lm+m+J 2)(i-m-1)]_, (Am+m-1) . (Am+m)(1-m) cos® (x) AM+m+2 3
1+2[ H (Am+m+ j-1) amem () (Zm+m+1) 2 ) (Am+m+2)(3-m) cos’ [18]
[+ (Am+m+3) 4 }

@=m(A+1) [19]



The analytical solution

1. COSZ(X)(1+(¢)(2-;m) 1. COSZ(X)(1+(¢)(2;m)
X =Lcosza*‘”) x)J(1+m 3 e -(1-m 3 e
Mw( a) 2a(n—l)(l+(p) ( ) (1 ) [1+ COSZ(X) (2+(¢)(3)+m) (1 ) [1+ COSZ(X) (2+(¢)(3)_m) [20]
4 3+ 4 3+

which can be rewritten as:

M, 1) - 5l - ol ) [21]

with:
1+COSZ(X)(1+¢)(2+m) 1+COSZ(X)(1+¢)(2—m)
S Y R E 2 N Y I S o)
505 (x) (2+¢) (3 +m) 505 (x) (2+¢)(3-m) [22]
4 (3+¢) 4 (3+¢)




Matric flux potential (M, m? d-1)

AR R e B e e [



The rhizosphere...

The equivalent root volume per plant (V,, m3) is defined as follows:

Ve = nrozze [25]
During the constant rate phase, from t to t, the flux density (g, m d1) in the
rhizosphere can be calculated by:

T A, oh
Gp = Ar - ((9 or |t 0 <tst, [26]
In the falling rate phase (q,, <q<q,):
T.A, oh
__ N v [27]
Ga A ( )Ebt,

The soil volume explored per plant (V, m3), representing the rhizosphere, is
defined as follows:

V, =z, (rnf — roz) 28]



Matric flux potential (root
surface and falling rate phase)

It has been shown (Metselaar & De Jong van Lier, 2007) that it is reasonable to
assume that _

M, M _G [29]
M, M, q

Substituting equations [26] and [27] in [29]:
M T
AEFREL I [30]
M, T

p
where T, is the (dimensionless) relative transpiration. Substituting the

expression derived for M (equation [23]) in equation [30] yields:
_ M _ A(@)_A(@w)
o MI ) A(gl )_A(@w) [31]

In Figure 1, T, calculated for Van Genuchten type of soils by equation [31]
is shown as a function of relative soil water content O with:
o' = V=0 [32]

w




Relative transpiration Ta/Tp as a function of
relative soil water content OT [O@T = (6-6w)/
(6l- 6w)] for Van Genuchten type of soils at

different values of m with A= 0.5
Y Van
Genuchten

081 A =05

0.6

Ta/ Ty
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0.2
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dB/dt (mm/da)
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Van Genuchten diffusivity

1—2n- n\ n
p-kI____ K g u|i_[1-@m
do aln-1)6,-6.)




The relative transpiration

For the special case of ©, =0 (or: 6, = 6,), equation [31] reduces to

o (p+1)(2+m)|. G (p+2)(3+m)] o (p+1)(2-m)|. n (@+2)(3-m)
(@)M (1+m)'1+ (p+2) 1+77(¢+3) -(1-m) 1+ (p+2) 1+—— (¢+3) ]
T2 ]
6, _1 _1 ] _ 1 1
' " (¢+1)(2+4m)|. 6" (¢+2)(3+m) " (¢+1)(2-m)|. 6" (p+2)(3-m)
(1+m){1+ ¢ (+2) 1+@4¢7(¢)+3) ~(1-m) 1+% ¢ (+2) l+@T 4 (¢+3)

[34]

[35]



It can easily be seen that: 0 T T =

—=-2=-t r =__pTr [36]
ot Z, Z, Z,
or, substituting equation [34] in [36]: _
T
20 _ T, 40 27
_ _ ot z, A\6)
which can be reorganized as:
1 - T
060 = ————dt
4(0) z2,4\6, [38]

Substituting d@ = ((9 —(9 )d@ and integratlng yields

-
6’ -0, I 90 = — m —afa)(t_ﬁ) [39]

Substituting equation [24] in [39] and performing the following transformation:

@rlﬂ =cos?(z) [40]

1
z= arccos(@ 2’“] [41]

d@ = -2mcos®™*(z)sin(z )dz [42]



results in

fcos sm

WhICh can be rewritten as

cos?(z) (p+1)(2+m)

cos’(z) (@+2)(3+m)

-(1+ m){1+

3 (<p+2)

+

Le cos’(z) (¢+2)(3-m)

.

4 (¢p+3)

(1—m){1+

cos”™*(z)sin(z)

cos’(z) (p+1)(2-m)
3 (p+2)

3

4 ((p+3)

Where

T, (t-t,)
m(6, - 6,)A(8, )z,

S r

_ (cp+1)(2+ m)
3((p+2)

(¢+2)(3+ m)
4(q0+3)

=(¢+1ﬂ2-m)
3(p+2)

b =

[45]

[46]

[47]

[48]

_f {1+ acos® (z)[1+bcos’ (z)]} - h{1+ c.cos® (z)[1+d.cos’ (z)]}

(9+2)(3-m)
4(¢+3)

d=

g=1+m

h=1-m

[43]

Z
[44]

[49]

[50]

[51]



Analytical solution

Transforming equation [44] according to

y- cos’(2) [52] “ = 2c08(2)sin(2)
results in y
v=f ! y
v, 9 [a.y(b.y +1) +1] —h [c.y(d.y +1)+1]
Equation [54] can be f=c-1
solved as follows:
f za(-f,-m-f, S -, ) za(-f,-f,l-f, S5 + 5, ]
y -1 +5,-Sgy I'+S, +2S.y
T fSA ] f B f
y y
Sc =Sp Sc +S;,
s Ve

[53]

[54]

[55]

5 Y

[56]



where the auxiliary variables (S,, Sg S, Sp and S) are defined as follows:

Sa _\/a g° ZaQ[Zbg h)+Ch]+Ch[4d(g h)+Ch] [57]

S, =+/(ag -ch)’ - 4(g - h)(abg - cdh) [58]
Sc = \/azg2 +4ab(gh—gz)—Zacgh+4cd(gh—h2)+ c’h? [59]
S, =ag-ch 601

S. = 2(abg -cdh) -



Expanding equation [56] results in:

R [ff1f, S50 F[f-f1f, S+ 50
. -I"+S,-Spy I'+S,+S.y
y 3 Y - - f T
y y
y_SC—SD y+SC+SD
oL SE >
fS,
2 Fl 'f,'f,].'f, SB_SD ) 2 Fl('f,'f,l'f, SB i SD
y! -["+ S ,-2SLY, ~ I'+S, +Spy,
' - L f - o
Y1 Y1
Sc =S Sc +S
y, - cS D L+ cS D
E E

[62]



Substituting [52] in [62]:

2 Fl

(—f,—f;L—f, 3575 )

-S, +S,-S, cos?(z)

cos?' (z),

cos?’(z, )]

, Fl(-f,-f;L-f,

f
cos?(z)

cos?(z)- SCS_ So
E

S. +S
) Fl(-f,-f;L-f, B b )

S, +S, +S. cos?(z)
f

cos?(z)

cos?(z)+ Sc +Sp.

E

SB'SD
-S, +S,-S. cos?(z,)

f

cos?(z,)

Sg+S
F [ -f-fLf, 5 * 9o
? 1( . SD+SA+SEcosz(z,))

[63]



Substituting [41] in [63]:

L —

m
[

s

[64]



Expanding Gauss's hypergeometric functions for k = 4:

65]

with 1_ f 1-f)2-f) @-f)2-f)3-1)

Q_[(l—f)+(2(2—f))+ o3-1) ~ 24{a-t) [66]




Summary: M

Matric flux potential (M, m? d-1)

R i e e e e [



Comparison between analytical (results for sand soil according to equation
22 using different values of ‘k’ - from 4 to 12) and numerical solution
showing the matric flux potential (M, cmZ2.d-1) as function of effective degree
of saturation (Se), where a = 0.0144 cm1; m = 0.348109518; n = 1.534;
Os = 0.46 m3.m=3; ©r = 0.02 m3.m=3; A = -0.215 and Ks = 15.42 cm.d.

k=1

140 | Sand

120 A

100 A

80 - )
Analytical

M (cm?/d)

60

40

20 +
Numerical

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Se



Comparison between analytical (results for loam soil according to equation
22 using different values of ‘k’ - from 4 to 12) and numerical solution

showing the matric flux potential (M, cmZ2.d-1) as function of effective degree
of saturation (Se), where a = 0.0084 cm; m = 0.306037474; n = 1.441;
Bs = 0.42 m3.m=3; ©r = 0.01 m3.m=3; A =-1.497 and Ks = 12.98 cm.d!

k=12

140 | Loam =4
120 -
100 + Analvtical
<} 80 -
e
&
=
60 -
40 +
Numerical
20 -
0 ‘
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Se



M (cm?/d)

Comparison between analytical (results for clay soil according to equation 22
using different values of ‘k’ - from 4 to 12) and numerical solution showing
the matric flux potential (M, cm2.d-1) as function of effective degree of
saturation (Se), where a = 0.0195 cm™1; m = 0.098286745; n = 1.109;
O©s = 0.59 m2.m=3; ©r = 0.01 m3.m=3; A = - 5.901 and Ks = 4.53 cm.d?

Clay

5 Analytical

Numerical

0 1 T T T T T T T T
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

Se



SU m mary % % From [1] to [32]

Substituting [30] and [32] in [34], the final equation can be written as follows:

@T= 6—HW [32]
M _Ta A(@)
T=—r=——=—=x|for ©'=06
"M, Tp A ( of ) 134]
@1(1+¢))(2+m)- @%(2+¢)(3+m).
. (1+m) 1+? (2+¢) 1+T (3+¢) B
Hermer : o :
(1-m) 1+@_H(1+¢)(2_m) 1+@_E(2+¢)(3_m) [24]
s ) T4 @e)




Relative transpiration Ta/Tp as a function of relative
soil water content O
[©T = (6-6w)/(6]- Bw)] for Van Genuchten type of
soils at different values of m with A= 0.5

1,

Van
Genuchten
08 A=05
m =0.1
0.6 -
= m =0.5
o
0.4 - m =0.1134
(=straight line)
m = 0.352
0.2 m =0.8 (highest
convexity)
0 1 T T T T 1
0 0.2 0.4 0.6 0.8 1 1.2

et



Relative transpiration Ta/Tp as a function of relative soill
water content OT [OT = (8-6w)/(6O1- Bw)] for Van
Genuchten type of soils at different values of A with
m = 0.5

A=21
(close to

— straight line)

\CU

" 04 - A=05

z A, — 0
f Van
0.2 7 =2 Genuchten
m =0.5
0 i I I I I I 1
0 0.2 0.4 0.6 0.8 1 1.2

ef



Sum mary:e- @(t) From [33] to [66]

Substituting [45] in [65], the final equation can be written as follows:

[67]
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