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Outline

° Entanglement ancl ranclom matrices

TS MultiPartite entanglement and frustration

Entanglement is not ONE but rather THE
characteristic trait of c]uantum mechanics

Schroeclinger
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A measure of the amount of bil:)artite

entanglement between A and B




State of the glo]aal sgstem
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TA = Partg A in a factorized state
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5trateg9

-~ fix purity (.e. entanglement)
' . Pic|< a generic state of given purity
| & find distribution of eigenvalues of reduced densitg

matrix for ditferent Purities (1.e. entanglement)
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Ranclorﬁ sta;ccs (a” states equa”g Probablc)

What is a random state |¢> “

Uniform measure on unit sphere

States distributed accorcling to the Haar
measure of the unitarg group U(?‘[)

) =Vio)  VeU(H)=UHa®Hp)

.
Induced measure on the reduced ,M ;‘
densitg matrices of A |¢0>'

'l

du(pa)  pa =trp|) (Y |
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Intermezzo: generation of typical states

Tgl:)ical states can be egicientlg generatecl
]33 (generic) chaotic dynamxcs

<EAB> :

Quantum

sawtooth map

Scott and Caves, JPhA 38, 9555 (200%)
Mejia~Monasterio, Benenti, Carlo, Casati, PRA 71, 062324 (2005)
_Rossini, Benenti, PRL 100, 060501 (2008)




Tgpical cntanglement

How entanglecl IS a tgl:)ical state?
E Lubkin, JMP 191028 (1978)

G =) — 2N

This is a lot! Close to the minimum, 1/N
w4 € [1/N,1]

With Lt:lcretius,1 I find disorder in an initial state of
the universe repugnant. Furthermore, a pure state
remains pure. Entropy is somehow to be developed

without fundamental entropy.




Variance?

()Y = (r) = () = o

can be calculated clirectlg.

D N Page, PRL 711291 (1993)

Sensitive calculation: both terms of order | /N?

Higher moments

more ancl more comPlicatecl
O Giraud, JPA 40 2795 (2007)




An interesting mathematical Phenomenon:

concentration omc measure
« The uniform measure on the N-dimensional sphere
concentrates very stronglg about any equator as N gets

large (an9 Polar cap has volume exl:)onential|9 small in N).

° Levg’s Lemma
Ang slow19 varging function on the sphere takes values

close to tlﬂe average except for an ex onentia” sma”
g P = Y

A '&e seee.g

//\/ Lecloux~Ta|agrancl :

set.

SPringer~Verlag book

| )= ()
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Concentration of measure

Familiar examl:)le: central limit theorem

A 0(1) independent random variables

S — O(\/N) snarp concentration




Concentration of measure
Noncommutative version:
Wigner’s semicircle law

Spectral distribution of random matrices

UN
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concentration
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inciclenta”g...

concentration of measure has been (beauthcuug)

app ied in the foundations of statistical

' mechanics:
entanglement 9ieHs tgpicalitg
(e.g. Boltzmann)
| Pol:)escu, Snort, Winter arXiv:quant-Pn/ Gl 22>
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Jéiht clistribﬁfion of ‘f:igcnvalues |
P UAEE ()
dp(pa) = dpu(U) x dv(A)

dv(A) = pn(N)d)y ... dAy

Zyczkowskij Sommers, J Phgs A 34 7111 (2001)

E‘igenvalue repulsion!

Lloyd, Pagels, Ann Phys 188, 186 (1988)
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lsoentanglecl Cisopuritg) maniFoHe

000000

What is the tgpical distribution

of the eigenvalues of pa on each manifold?

Sinolecka, chkowski, Kus, Acta Phgs Pol B 55,2081 (2002)

iy S — R




TgPical entanglement sPectrum

pn(A) =] (A = Aj)?

1<]

Find the most Probable spectrum A™ = BrlErs oo |

on a gi\/en isol:)uritg manitold:

PN (A*) — maxpn (A) Constrained

A maximization

with trA? = 4 Problem




Tgpical entanglement sl:)ectrum

max py (A) W V(A, f, 5) Unconstrained

minimization
B, & Lagrange multipliers (constraint)

pn(A) =] (A = Aj)?

1<J

V(A& B) = Zln\)\ %

1<k

+5N(;A§—WA> +§(;Ak—1>




Gas of eigenvalucs on the interval

V(A) :§ZAi+BNZ)\? - %Zlnw — Al

1<]
-— _—

: =, 0
harmonic re[:)ulsxve 2D Coulomb

Hard wall

from unit trace

_ Hard wall
- from Positi\/it9

NY///4
AN

1

Dyson, J Math Phgs 3157 (1962)
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| Saddle Point equations
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Trace condition

Fixed Puritg
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Wigner
semicircle
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Marchenko-Pastur

distribution

“1.5‘ 2 ‘2.0‘ b




summériZing: entanglément speétra (low Puritg)

R TR T )\

a

NS i e D

B e
e ey 0
D iR S
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\ b
max en anglecl states

Phase transition at w4 = 5/4




arger Puritg: eval:)oration of the

argCSt Ci gen\/alue towards factorized state
o S
R : :
P o
0.8/ a Phase transition
Ue (Hirst order) |
0.2+
e
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.50 far Purity

° but results can be extenclecl to Rengi

Cﬂtf’OPiCS O‘F 8!’19 orclcr

* including “eva[:)oration” of leaAing

eigenvalue

* Naclal, Majumclan Vergassola, RO
110501 (2010), J. Stat. Phys. 142, 403 (2011)

XS ﬁna”g ..............




lsoentrol:)ic manifolds

trpi:'ﬁA > —trpalnps =S4 |
Puritg von Neumann

What is the typical distribution
of the eigenvalucs of pa oneach manifold?




once again: Gas of eigenvalues on the interval

; |
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. From Blpartite to Multipartite |

The purity 7 4 completely defines the BIPARTITE ENTANGLEMENT.
It cle[:)enols on the bipartition.

What about MULTIPARTITE ENTANGLEMENT?

The numbers needed to characterize the sgstem scale exPonentiallg with its size.

intanglement_

WA

eminal ideas from

[Statistical metlwcls] <

Parisi: comPlex sgstems

~

Man’l<o) Marmo, Suclarsl”xan, Zaccaria JPA 2002

N

* N

/

\_

e The distribution of 71 4 characterizes the entanglement of the system.
e The average will be a measure of the amount of entanglement in the sgstem,

while the variance will measure how well such entanglement is distributed

N,

*

B e s e

Facchi, Florio, Pascazio, PRA 2006
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Multil:)artite entanglement

| Define the Potential of Multlpartlte Entanglement O A O
A

'_ as the average Puritg over balanced bipartitions

: . 2
© Minimizers of the Potential of multipartite entanglement: TA = TI‘(,O A) |

Maxima”g Multipartite F:ntanglecl State (MMES)

3 Et the lower bound is saturated, the MMES is “Pertecta

Facchi, Florio, Parisi, Pascazio PRA 2008; JPA 2009, JPA 2010 |
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Lrustration

* Frustration in humans and animals arises From Ul’ﬁCUlH”CCl ﬂCCClS.

* Freud related frustration to goal attainment and identified inhibiting

conditions that hinder the realization of a given objective.

. Inthe Psgchological literature one can find many diverse definitions,
but roughlg speaking, a situation is defined as Frustrating when a
Phgsical, social, conceptual or environmental obstacle Prevents the

satistaction of a desire.
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Lrustration

. lnterestinglg, definitions of frustration have appearcd even in the
wrisdictional literature and appear to be related to an increased
J BE
incidence of Parties seeking to be excused from Pemcormance of their

contractual obligations.

‘ *  There, “Frustration occurs whenever the law recognises that without
default of either party a contractual obligation has become incapable
of being Pemcormecl because the circumstances in which Perxcormance IS
called for would render it a thing racﬂica”g different from that which was

undertaken bﬂ the contract.... It was not this | Promisecl to do. (Defined
]:)9 Lord Radcliffe 1956 in Davis Contractors I td v Fareham Urban District Council [19561 AC
696 at 729 and adop’ced bg the High Court of Australia in Codelfa Construction Pty. Ltd. v.
State Rail Authoritg of NSW (1982) 149 CLR 337 at [1956] A.C. P729)
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Lrustration

« Inphuysics. this concept must be
UG %

mathematized

$ v Mezard, Parisi and Virasoro 1987
SPin Glass Theory and Begoncl
(World Scientific, Singapore)




Paradigmatic example

Three characters A, B anc C are not good friends and do not want to share a room.
On|9 two rooms available.
At least two of them will have to share a room |={>un1cu|mle<:l needs

= = frustration arises

ration \




Frustration
Is it Possible in general tohave T4 = 12T for all bipartitions

and saturate the lower bouncl?

[hﬁ NO r—Rus*rRATlon

=

[min{wA} = i]

@mméwA+mm}=ij

| -
: {mm{wl(é)E} — §(7TA + T+ Tar) = = F

AT
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B
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5ummar9 for qubits

n qubit perfect MMES

2,3 yes

4 no

2,0 yes

7 no (numerical evidence
no




Partition function

Hamiltonian H(z) = mur(|Y))

Partition function Z(B) =




Regi mes

‘ MMLES \

Tgpical

states

Separable

states

maximizers of the Hamiltonian




Curﬁulants

First cumulant: Average of the Potential of Multipartite Entanglent

on tgpical states

‘Second cumulant: Variance \ if the bipar‘citions

were indipendentz
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