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0 (Very short) recall of the Kardar-Parisi-Zhang equation
@ Interface growth
@ The KPZ equation
@ Multi-dimensional interface
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Some examples of moving interfaces

Paper combustion (1D)

Molecular Beam Epitaxy (2D)



Kinetic roughening

KPZ equation

N.wschebor  (3eneric scaling in all dimensions

KPZ equation . . . . .
P Stationary correlation function (in the co-moving frame) :

KPZ equation
higher dimensions

KPZ NPRG C(t,X) = <h(t, )_())h(0,0)>
Results

Has the following behavior :
C(t,X) ~ X7t < |X|7

C(t,X) ~ |X|?X > |X|?

Scaling form : C(t, X) ~ |X|2XF(t/|X|?)

@ universal roughness y and dynamical z exponents
@ universal scaling function F
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Kinetic roughening

Nonequilibrium continuous phase transition in d > 2

smooth phase rough phase
I | -
0 7LC/\ffJxA\W/N”(\»M\/’”L//\J“—V/A\7L
Edwards-Wilkinson rough phase of KPZ
(Aetr,ir = 0) (Aett,ir # 0)
x=(2-4d)/d x>0

z=2 Z+y=2
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A continuous model : the KPZ equation

One of the simplest nonlinear Langevin equations
oh(t, X)

= v V2h(t, X) + A (Vh(t, )?))2 + n(t, X)

ot 2

Kardar, Parisi and Zhang, PRL (1986)

@ 1 : Gaussian uncorrelated white noise
(n(t, X)n(t', X))y =2D§%X — X')o(t — ')
@ 'V2h : smoothening surface tension
@ A\(Vh)? : nonlinear growth along the local normal

Equivalence with other stochastic equations

@ Burgers’ equation for randomly stirred fluids (4 oc Vh)
@ Directed Polymer in Random Media (Z = e(*/2V)h)
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The KPZ universality class

Large universality class

discrete models ballistic deposition, Eden clusters, RSOS models,

polynuclear growth. ..
experiments paper combustion, bacterial colony growth, turbulent liquid

crystal...

Very studied theoretically :

before 2000 : numerics, RG, approximate methods
Frey and Tauber, PRE (1994),Wiese, J. Stat Phys (1998)

last decade : exactresultsin d =1 fort — oo
Johansson, Commun. Math. Phys. (2000), Prahofer and Spohn, PRL (2000),
Prahofer and Spohn, J. Stat. Phys. (2004), Sasamoto, J. Phys. A (2005).

since 2010 : solution at finite t in d = 1

Sasamoto and Spohn, PRL (2010), J. Stat. Phys. (2010), Amir, Corwin and Quastel, Commun. Pure
Appl. Math. (2011), Dotsenko, Europhys. Lett. (2010), Calabrese, Le Doussal and Rosso,
Europhys. Lett. (2010), Calabrese and Le Doussal, PRL (2011), Imamura and Sasamoto, J. Phys. A
(2011), PRL (2012).
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One-dimensional interface

High-precision experiments

Convection of turbulent nematic liquid crystals
high-precision measurements of growing clusters with

circular and flat geometries
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Takeuchi and Sano, PRL (2010), J. Stat. Phys. (2012), Takeuchi, Sano, Sasamoto, Spohn, Sci. Rep. (2011)
— Compares favourably with exact results.



Multi-dimensional interface
RG treatements
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N.wschebor  Roughening Transition (RT) for d > 2 J

KPZ equation
interface growth Smooth phase RT rOugh phase

KPZ equation
higher dimensions

I
KPZ NPRG O }LCWM
Results
: __ 12 3
B-function for g = A“D/v J fixed point

£
A

@ 2-loop in KPZ version critical exponents :
Frey and Tauber, PRE (1994) X = Oand z =2
@ all-order in DPRM version superuniversal (in all d)

Wiese, J. Stat. Phys. (1998)

Rough phase fixed point
perturbative RG fails fo all order — strong coupling !




Multi-dimensional interface
Other approaches

KPZ equation

N.wschebor  Numerical approaches

KPZ equation @ discrete models Tang et al., (1992) Pagnani and J X
interface growth )
:il;fl:f:iar:::sions Parisi , PRE (2013) .E. Marinari et al., (2012), Kelling and Odor, 2 0384
KPZ NPRG PRE (2011) T. Halpin-Healy, PRL (2012) 3 0304
Results o direCt integrations Miranda and Reis, (2008) 4 0256
dc = 0 O
@ real Space NRG castellano et al, (1998-99)
Analytical approaches
@ perturbative FRG d. ~ 2.5
Le Doussal and Wiese, PRE (2005) \
_ exponents
® Mode-Coupling Theory d. =4
Frey, Tauber and Hwa, PRE (1996),Colaiori and Moore, PRL (2001) > 1 d Scaling
@ Self-Consistent Expansion de = o0} function

Schwartz and Edwards, (1992), Schwartz and Katzav, (2008)



For d > 1, an analytical
nonperturbative approach is needed
to control the rough phase
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Non Perturbative Renormalisation Group for
the KPZ equation

Outline

Q Non Perturbative Renormalisation Group for KPZ
@ NPRG for nonequilibrium systems
@ Construction of an approximation scheme



Field theory for the KPZ equation

KPZ equation
e Field theory for a Langevin equation

«zequaon build generating functional to compute noise averages (O),

KPZ NPRG Janssen, Z. Phys. B (1976), de Dominicis, J. Phys. (Paris) (1976)

nonequilibrium
NPRG

effective action

Results @ introduce response field h to enforce equation of motion
@ integrate over the Gaussian noise distribution

Langevin dynamics : generating functional :

A — .
oh=vV2h + = (VhY + z_ / DDlig] e~ Ste:d1+ e +72)

KPZ action

- S . A i
Skpzly, 7] = /ddX at {90 [51‘90 — v V2 — > (Vg0)2] — Dgpz}




Nonperturbative Renormalization Group for
nonequilibrium systems

KPZ equation Berges, Tetradis and Wetterich, Phys. Rep. (2002), Canet, Delamotte, Chaté, J. Phys. A (2011),Berges,

Mesterhazy, (2012), Kloss, Kopietz, PRB (2011)
N. Wschebor

Wilson’s philosophy : Scale dependent generating functional |

KPZ equation

KPZ NPRG _
. -  =Sle.#l- A+ [(o+]9)
effective action ZKJ[ILI] — /DQ@DS@ e
Results
w > 2 (2
ASm[waw] — E./)_(’J (¢¢) RFL(V 781‘) < 77; )

Special constraints for KPZ

from lto’s discretization, causality and symmetries

A rk(q2 )

o (G 0 1.¢° K2
R/{(waq)_r/ﬁ (?) (VﬁqZ _2DH) 1
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Nonperturbative Renormalization Group for
nonequilibrium systems

Legendre transform

ol & + log 2., ]] = / jo +76 — DS, @]

Exact flow equation for I,

—1
O, = 1 Tr| O.R.-G. with G, = [r,{@) 4 R,Q}
2 Jug

No exact solution, but useful to implement approximations

not based in perturbation theory.




Construction of an approximation scheme
Quest of a scheme preserving symmetries

KPZ equation

N. Wschebor

calculate full momentum and frequency dependent
T two-point functions in the stationary regime.

KPZ equation

nonequilibrium
NPRG

effective action

1
Results aﬁ;[rn(z)]/j:Tr/ aﬁ}R/{'Glﬁ:'<_§ [r/{(4)]/j—|’[rli(3)]lG/ﬁ:[rﬁ:(S)]j) ‘GF@

—>An extremely efficient approximation scheme exist for
correlation functions : close equations by expanding
vertices in internal momentum and frequency.

Blaizot, Méndez-Galain and Wschebor, Phys. Lett. B (2006), Benitez et al., PRE (2009)

Problem

Hard to make compatible with Ward identities amongst
r(hmhg |
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Construction of an approximation scheme

Symmetries of the KPZ action

Symmetries

gauged shift symmetry

p(t,X) = o(t, X) + c(1)

gauged Galilean symmetry

o(t, X) — X-0rv(t) + o(t, X + V(1))
B(t, X) = ¢(t, X + Av(1))

time reversal symmetry in

Qp(to Y) — _90(_1.7 Y)
@(ta )?) — @(_ta )—(’) T %vzgp(—t, )—())

Ward identities J

rQ’”(w,ﬁ =0)=iw

AP [FQ’”(w + w1, P1)

D (wy, By )}

20 (w, B) = — 5p°T0 % (w, B)



Construction of an approximation scheme

KPZ equation
N. Wschebor
oz eauaion - build @ non-trivial Galilean invariant ansatz for I',.
KPZ NPRG
Resu,ts introduce covariant time derivatives
D) = Ot—A\Vo(t,X)-V  Dip(t, X) = Orp(t, X)— %(Vgo(l‘, )_(’))2

Second Order (SO) Ansatz for the effective action

~ ~ 1 ~ ~ ~ e
il = [ {wfg\oﬂp - o | V2O + DI Ry - wfé’w}

K — K

with 7X three arbitrary functions ¥ = fX(—D;2, —=V?)

Canet, Chaté, Delamotte and Wschebor, PRE (2011)
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Integration of the flow equations

It is convenient to use dimensionless renormalised
guantities

@ three running functions
12(&2, p°) = 12(w?, p?)/ D p
(&P, %) = 11(w?, PP) /v w
(@2, 0°) = 12w, pP)

@ two anomalous dimensions n° = —9sInD,, n¥ = —dsInv,

p/k
w/(Dxr?)

@ one dimensionless coupling g, = \2D,./v,.3k92

Numerical integration of the flow equations

at SO for d = 1 and performing the further approximation
fX(w,p) — FX(p) for d > 1.)




Results
Outline
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© Results

@ Phase diagram and critical exponents
@ Scaling in one dimension
@ Comparison with exact scaling functions



Integration of the flow equations

KPZ equation
R ram Numerical integration of the flow equations

wrzequation RENOrmalisation scale s = In(k/A) froms =010 s - —¢

KPZ NPRG

Results

phase diagram

L gV,

1d scaling

In dimensions d > 2, the flow always leads to one of the
three fixed points EW, RT or KPZ. J




Results in physical dimensions (NLO)
Phase diagram and critical exponents

KPZ equation
N. Wschebor Phase diagram J
KPZ equation C t | t
. . ; ' ritical exponents
LS e-erough ]l_:)hase ! ! | : ; :
Results 31~ = smooth phase : Y .| atthe fixed point
e g - transition V] e~k = X
e o A and z+ y =2
-2 : : * : ' h !
” L L
" ‘:( ‘:' i ? i d | x NLO x num.
| i i ! i S 1 1/2 1/2
i i ©A oy 2 0.373 0.384
A y o 3 | 0.180 0.304
' A | | |
i C— L
0 1 (21 3 4

Canet, Chaté, Delamotte, Wschebor, PRL (2010), PRE (2011), Kloss, Canet, Wschebor, PRE (2012)
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Results in one dimension (SO)

Generalized fluctuation-dissipation theorem in d = 1

@ only one function left 7 = 2 = £, > =1.
@ Exponents
v =D, m=ml =0 = S 12
x=@-d+uP-n)/2= )2,
z=2-y%E"3/2

Dimensionless flow equations

Osh (&, D) = nufe + P Ol + (2 — 1,)& dahy + 1.(, D)
0s0r = QK(ZWU — 1)

Decoupling of the nonlinear term

/. — 0in the regime p and/or & > 1

Canet, Delamotte, Chaté and Wschebor, PRE (2011)
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General solution at the fixed point

in the regime p and/or @ > 1

n 1 @' d:1 1 " @'
D D =
@0 = 520 (5) = 5 (5)

Generic scaling for the dimensionful correlation function

physical limit x — 0 at fixed @, p
equivalent to p = p/x and/or & = w/(k°D,.) > 1

(5
2 (% )

2 - w
= ot () D= 0w

r02(w,p) da=1 2
A=) = iz o~ P

¢
A3+




Results in one dimension (SO)
Proof of generic scaling

KPZ equation

N.Wschebor  Scagling function F associated with the correlation function J

KPZ equation

KPZ NPRG - 0665 -
06SE TSN
Results 0.64 - \ - _
phase diagram 0.63 s _;"
1d scaling 1 L 062 . { —
1d scaling 061 = '\‘
functions g6 i | - 114 b= i
03 04 050607 i o
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Comparison with exact scaling functions

Definition of different scaling functions

KPZ equation
N. Wschebor Normalisations

s equion scaling function g defined as C(t, x) = o t2/3 g(5 x/13/2)

KPZ NPRG with arbitrary constants o« and

Results

@ g dimensionless — fixes dependence in \, v, D
unctons ® g universal — fixes dependence in Dy

@ numerical normalisation fixed according to [*]

Introduction of 3 functions | Normalized functions J
fy)= 9"(y)/4 F(r) = 2 VAF(VAT)
f(ky= 2 [ dy cos(ky)f(y) A= 2)2D/(13Dy?)

0
f(T) = 2/ adk COS(kT)f(kz/B) Canet, Delamotte, Chaté, Wschebor, PRE (2011)
0 * Prahofer and Spohn, J. Stat. Phys. (2004)



Comparison with exact scaling functions

NPRG at SO scaling function in Fourier space

KPZ equation
o0
N. Wschebor . . ~ d’T o
Scaling function f(k) = / — cos(tk%/?) f(1)
KPZ equation 0 T
KPZ NPRG
Results Canet, Delamotte, Chaté and Wschebor, PRE (2011), Prahofer and Spohn, J. Stat. Phys. (2004)

phase diagram

1d scaling

1d scaling
functions

f ~ cos(agk®/2)e=bok”?
for k — oo

ao bo
, NPRG | 0.28(5) 0.49(1)
exact 1/2 1/2

correct scale k3/2 # k
(contrary to MCT and
SCE)

>
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Comparison with exact scaling functions

Universal

amplitude ratio

Qo = C/ dr 72/3 f(r)
0

c=2r(1/3)/x?

90
exact 1.15039
NPRG 1.19(1)

Canet, Delamotte, Chaté and Wschebor, PRE (2011), Préhofer and Spohn, J. Stat. Phys. (2004)



NPRG at NLO

D Correlation and response functions in d # 1

KPZ equation
N.wschebor  Gorrelation function ] Response function ]
KPZ equation
KPZ NPRG | — I
Results —od=1
phase diagram —eod=2
1d scaling ~—vd=3 il
1d scaling
functions
100 1000 0.01 1 g 100 1000

Kloss, Canet and Wschebor, PRE (2012)
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1d scaling

Summary and outlook

Summary

@ NPRG framework for nonequilibrium systems

@ approximation scheme for the KPZ equation

@ scaling functions match very well exact results in d = 1
@ first predictions of scaling functions for d > 1

Outlook

@ height probability distribution
@ upper critical dimension d;
@ Navier and Stokes equation
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