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•  Motivations 

•  Color Superconductors 

•  Color flavor locked phase (CFL)

•  Crystalline color superconductors (CCSC)

•  Low energy effective field theories
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PSR J1614-2230  mass M ~ 2 M⊙    Demorest et al Nature 467, (2010) 1081   
hard to explain with quark matter models   Bombaci et al. Phys. Rev. C 85, (2012) 55807   
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• Quark matter inside compact stars, Ivanenko and Kurdgelaidze (1965), Paccini (1966) ...

• Quark Cooper pairing was proposed by Ivanenko and Kurdgelaidze (1969) 

• With asymptotic freedom (1973) more robust results by Collins and Perry (1975), Baym 
and Chin (1976)

• Classification of some color superconducting phases: Bailin and Love (1984)

A bit of history

7



• Quark matter inside compact stars, Ivanenko and Kurdgelaidze (1965), Paccini (1966) ...

• Quark Cooper pairing was proposed by Ivanenko and Kurdgelaidze (1969) 

• With asymptotic freedom (1973) more robust results by Collins and Perry (1975), Baym 
and Chin (1976)

• Classification of some color superconducting phases: Bailin and Love (1984)

A bit of history

Interesting studies but  predicted small energy gaps ~ 10 ÷100 keV
small/negligible  phenomenological impact for compact stars 

7



• Quark matter inside compact stars, Ivanenko and Kurdgelaidze (1965), Paccini (1966) ...

• Quark Cooper pairing was proposed by Ivanenko and Kurdgelaidze (1969) 

• With asymptotic freedom (1973) more robust results by Collins and Perry (1975), Baym 
and Chin (1976)

• Classification of some color superconducting phases: Bailin and Love (1984)

A bit of history

Interesting studies but  predicted small energy gaps ~ 10 ÷100 keV
small/negligible  phenomenological impact for compact stars 

•  A large gap with instanton models by Alford et al. (1998) and by Rapp et al. (1998)

•  The color flavor locked (CFL) phase was proposed by Alford et al. (1999)  
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Very high density (CSO’s inner core)

Liquid of quarks with correlated diquarks

Models for the lowest-lying baryon excited states with diquarks
Anselmino et al. Rev Mod Phys 65, 1199 (1993)
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Do we have the ingredients?

•   Degenerate system of fermions

•   Attractive interaction (in some channel)

•   T < Tc

Recipe for superconductivity

Le chef BCS

•   At large µ, degenerate system of quarks

•   Attractive interaction between quarks in 3 color channel

•   We expect Tc ~ (10 - 100) MeV >> Tstar-core ~ 10 ÷100 keV

Color superconductivity

THE SYSTEM IS EFFECTIVELY ULTRACOLD
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The main course: Color Flavor Locked phase
Condensate  

(Alford, Rajagopal, Wilczek hep-ph/9804403)

h ↵iC�5 �ji ⇠ �CFL ✏I↵�✏Iij

• Higgs mechanism: all gluons acquire “magnetic mass”; quarks become “massive”

• χSB:   8 (pseudo) Nambu-Goldstone bosons (NGBs)

• U(1)B  breaking: 1 NGB

•  “Rotated” electromagnetism, mixing angle                                   (analog of the Weinberg angle)                                       cos ✓ =
gp

g

2 + 4e2/3

Symmetry breaking { {SU(3)c ⇥ SU(3)L ⇥ SU(3)R ⇥ U(1)B ! SU(3)c+L+R ⇥ Z2

� U(1)Q � U(1)Q̃

F C C F

< R R>< L L> SU(3)L rotation SU(3)c rotation SU(3)R rotation
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Le↵ =
f2
⇡

4
Tr[@0⌃@0⌃

† � v2⇡@i⌃@i⌃
†]

Casalbuoni and Gatto, Phys. Lett. B 464, (1999) 111

⌃ = ei�
a�a/f⇡ �a describes the octet (⇡±,⇡0,K±,K0, K̄0, ⌘)

Octet

v2⇡ =
1
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µ2

2⇡2
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NGBs of the CFL phase
Since the color superconductors are realized in compact stars (ultracold systems) we can 
integrate out the fermionic degrees of freedom, focusing on the low energy NGBs  

Masses

�Le↵ = Tr(M†⌃+ ⌃†M)

Son and Sthephanov, Phys. Rev. D 61, (2000) 74012 

�Le↵ = �cDetM Tr(M�1⌃)� c0 Det⌃ [Tr(M⌃†)2 + (TrM⌃†)2] + h.c.

m2
⇡± = A (mu +md)ms

m2
K± = A (mu +ms)md

m2
K0,K̄0 = A (md +ms)mu
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“Phonons”
There is an additional massless NGB, ϕ, associated to U(1)B         Z2

Quantum numbers ϕ ~ <Λ Λ > like the H-dibaryon of Jaffe, Phys. Rev. Lett.  38, 195 (1977)

Effective Lagrangian up to quartic terms

Le↵(') =
3

4⇡2

⇥
(µ� @0')

2 � (@i')
2
⇤2

Son, hep-ph/0204199
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bulk “sound” or phonon

classical field long-wavelength
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Son, hep-ph/0204199

Phenomenology

Dissipative processes  due to vortex-phonon interaction damp r-mode oscillations of CFL 
stars rotating at frequencies < 1 Hz 

MM et al., Phys. Rev. Lett. 101, 241101 (2008) 
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µd = µs
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3

Alford and Rajagopal, JHEP 0206 (2002) 031
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Mismatch vs Pairing

The CFL phase is favored for 

• Energy gained in pairing 

• Energy cost of pairing 

⇠ 2�CFL

⇠ �µ ⇠ m2
s

µ

m2
s

µ
. 2�CFL

u
d

s

Forcing the superconductor to a homogenous gapless phase 

Casalbuoni, MM et al. Phys.Lett. B605 (2005) 362
leads to the “chromomagnetic instability”

E(p) = ��µ+
p
(p� µ)2 +�2

M2

gluon

< 0
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• Energy cost of pairing 

⇠ 2�CFL

⇠ �µ ⇠ m2
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  For                         some less symmetric CSC phase should be realized
m2

s

µ
& 2�CFL

Forcing the superconductor to a homogenous gapless phase 

Casalbuoni, MM et al. Phys.Lett. B605 (2005) 362
leads to the “chromomagnetic instability”

E(p) = ��µ+
p
(p� µ)2 +�2
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gluon
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LOFF (or FFLO)-phase

LOFF: Larkin-Ovchinnikov and Fulde-Ferrel

P2

P
2 q 

1

• In coordinate space 

• In momentum space 

For                                   the superconducting phase named LOFF is favored 
with Cooper pairs of non-zero total momentum

For two flavors

�µ1 ' �0p
2 �µ2 ' 0.75�0

<  (p1) (p2) > ⇠ � �(p1 + p2 � 2q)

<  (x) (x) > ⇠ � ei2q·x

�µ1 < �µ < �µ2
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LOFF (or FFLO)-phase

LOFF: Larkin-Ovchinnikov and Fulde-Ferrel

The LOFF  phase: non-homogeneous superconductor, with a spatially modulated 
condensate in the spin 0 channel
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LOFF (or FFLO)-phase

LOFF: Larkin-Ovchinnikov and Fulde-Ferrel

The LOFF  phase: non-homogeneous superconductor, with a spatially modulated 
condensate in the spin 0 channel

P2

P
2 q 

1

• In coordinate space 

• In momentum space 

For                                   the superconducting phase named LOFF is favored 
with Cooper pairs of non-zero total momentum

For two flavors

�µ1 ' �0p
2 �µ2 ' 0.75�0

<  (p1) (p2) > ⇠ � �(p1 + p2 � 2q)

<  (x) (x) > ⇠ � ei2q·x

�µ1 < �µ < �µ2

The dispersion law of quasiparticles is gapless in some specific directions. 
No chromomagnetic instability.
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Crystalline structures: CCSC phase

•  Compliacted structures can be obtained 
combining more plane waves

•  “no-overlap” condition between ribbons

X

Y

Z

X

Y

Z

CX 2cube45z

Rajagopal and Sharma Phys.Rev. D74 (2006) 094019

• Three flavors

<  ↵iC�5 �j >⇠
X

I=2,3

�I

X

qm
I 2{qm

I }

e2iq
m
I ·r✏I↵�✏Iij

qm
I = q nm

I

simplifications
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Phonons in the CCSC phase
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FIG. 1: The areas above the solid lines are excluded by
the direct upper limit for the Crab pulsar obtained from the
S3/S4 runs for the cases σmax = 10−3 and 10−2. The dotted
(dashed) line is the constraint set by the spin-down limit for
σmax = 10−3 (10−2). The rectangular box is the theoretically
allowed region of µ and ∆.

Based on the extrapolation of terrestrial materials, val-
ues as high as 10−2 has been suggested for neutron star
crusts [36, 37], which may also be favored by the enor-
mous energy (∼ 1046 erg) liberated in the 2004 December
27 giant flare of SGR 1806-20 according to the magnetar
model [38, 39]. In this work, we consider the effects of
σmax in the range 10−3 to 10−2, values that have been
used in the study of compact stars by other authors (e.g.,
[18, 19, 27, 38]).

Using the shear modulus given in Eq. (5), the max-
imum quadrupole moment for a solid quark star in the
crystalline color superconducting phase can be estimated
by Eq. (4). However, the moment of inertia Izz is needed
to calculate the corresponding maximum equatorial ellip-
ticity. Using the empirical formula for strange stars given
by Bejger and Haensel (see Eq. (10) of [40]), Eq. (2) gives
the maximum equatorial ellipticity as

εmax = 2.6 × 10−4

(
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1.4M"
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)2
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)4 [
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1.4M"

) (

10 km

R

)]−1

. (6)

We use the values M = 1.4M", R = 10 km, and
σmax = 10−2 in order to compare with [19], in which
Owen obtained εmax ∼ 2 × 10−4 for solid strange stars
(with the quarks clustered in groups of about 18). For
the estimated range of the shear modulus given above,
we find that εmax could be as large as ∼ 5 × 10−2 for
solid quark stars in a crystalline color superconducting
phase. This relatively large value of εmax is about four
orders of magnitude larger than the tightest upper limit
obtained by the combined S3/S4 result for the pulsar
PSR J2124-3358 [30].

Constraints set by the Crab pulsar. Eq. (1) suggests
that the observational upper limits on h0 obtained from
known isolated pulsars can be used to set a limit on ε

assuming a value of Izz. However, the moment of inertia
is very sensitive to the poorly known dense matter equa-
tion of state (EOS). It can change by a factor of seven
depending on the stiffness of the EOS [40]. Alternatively,
with Eq. (2), one can use Eq. (1) to set a limit on the
pulsar’s quadrupole moment without assuming a value
of Izz [41]. The limit can in turn set a constraint on the
shear modulus of crystalline color superconducting quark
matter by Eq. (4). In particular, with the expression (5)
for ν, we can define an exclusion region in the ∆−µ plane
by the the following constraint:
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∼ 7.3 × 104 MeV2
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where h̃0 is the observational upper limit on h0 for a
given pulsar.

Under the assumption that the pulsar is an isolated
rigid body and that the observed spin-down of the pulsar
is due to the loss of rotational kinetic energy as gravita-
tional radiation, one can also obtain the so-called spin-
down limit on the gravitational-wave amplitude hsd =
(5GIzz |ḟ |/2c3r2f)1/2, where ḟ is the time derivative of
the pulsar’s spin frequency [30]. As it is expected that
the strain amplitude satisfies h0

<
∼ hsd in general, we

can derive a constraint on the product ∆µ based on the
spin-down limit:
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where we have used Eq. (10) of [40] for the moment of
inertia for strange stars.

In [30] it is reported that the gravitational-wave strain
upper limit for the Crab pulsar (h̃0 = 3.1× 10−24) is the
closest to the spin-down limit (at a ratio of 2.2). For the
other pulsars, the direct observational upper limits are
typically at least one hundred times larger than the spin-
down limits. For pulsars in globular clusters, in which
cases the spin-down measurement is obscured by the clus-
ter’s dynamics, the gravitational-wave observations pro-
vide the only direct upper limits. In the following, we
shall focus on the constraints set by the observational
data for the Crab pulsar.

The S3/S4 results for the Crab pulsar are plotted in
Fig. 1. In the figure, the solid lines represent Eq. (7) when
the equality holds for the breaking strain σmax = 10−3

and 10−2, assuming that M = 1.4M" and R = 10 km.
The pulsar’s spin frequency is f = 29.8 Hz and the dis-
tance is r = 2 kpc. For comparison, the dotted and
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FIG. 2: In the left panel, the ellipticities obtained from our analysis are shown as a function of the core transition
density ρc/ρn, where ρn is the nuclear saturation density. We consider two breaking strains, a maximum value
σ̄br = 10−2 and a minimum of σ̄br = 10−5. For each of these values we examine the region between the maximum
and the minimum shear modulus µ, obtained for the range of parameters in [10], cf. (2). The shaded region
indicates the region permitted by LIGO observations and the horizontal line is the current LIGO upper limit of
ε = 7.1×10−7 for PSR J2124-3358 [5]. If the breaking strain is close to the maximum the observations are already
constraining the theory. If it is close to the minimum, however, there are no significant constraints yet. In the
right panel we compare the ellipticity obtained by considering the full star, only the core of the full star and just
the naked core, with no fluid around it. We take the breaking strain to be σ̄br = 10−5. As one can see the results
for the two cores do not differ significantly, while the ellipticity of the core plus fluid star is smaller, more so as
the core size decreases at higher transition densities.

der to make real improvements, one would (again) want
to use a realistic equation of state. This would require
the calculation to be carried out within General Relativ-
ity. Then the determination of the background solution
is straightforward, but the calculation of the mountain
size would require implementing the General Relativistic
theory of elasticity, see for example [15]. To date, there
have been no such calculations. Work in this direction
should clearly be encouraged.

Finally, we need to improve our understanding of the
breaking strain. The range of values that we have used,
10−5 ≤ σ̄br ≤ 10−2, is relevant for a crust consisting of
normal matter. The upper limit represents the limit on
Coulomb force dominated micro crystals while the lower
limit is a pessimistic estimate of large scale breaking.
However, the physics of the core is very different from
that of the crust. There is no reason to believe that the
estimates on the breaking strain for the crust should be
applicable to the core. We used these estimates simply
because no data relevant for our study is available. The
response of the crystalline quark matter to large stresses
is also uncertain. Normal matter will be predominantly
brittle and break into pieces when the temperature is suf-
ficiently far below the melting temperature and will re-
spond by plastic flow (up to some limit) otherwise. How
an elastic quark core will respond is completely unknown.
Yet, for our purposes it may not matter which scenario
is realised as long as the timescale for plastic flow at a
given strain is longer than the observation time.

We thank Krishna Rajagopal for useful discussions.
This work was supported by PPARC/STFC via grant

numbers PP/E001025/1 and PP/C505791/1.
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the direct upper limit for the Crab pulsar obtained from the
S3/S4 runs for the cases σmax = 10−3 and 10−2. The dotted
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σmax = 10−3 (10−2). The rectangular box is the theoretically
allowed region of µ and ∆.

Based on the extrapolation of terrestrial materials, val-
ues as high as 10−2 has been suggested for neutron star
crusts [36, 37], which may also be favored by the enor-
mous energy (∼ 1046 erg) liberated in the 2004 December
27 giant flare of SGR 1806-20 according to the magnetar
model [38, 39]. In this work, we consider the effects of
σmax in the range 10−3 to 10−2, values that have been
used in the study of compact stars by other authors (e.g.,
[18, 19, 27, 38]).

Using the shear modulus given in Eq. (5), the max-
imum quadrupole moment for a solid quark star in the
crystalline color superconducting phase can be estimated
by Eq. (4). However, the moment of inertia Izz is needed
to calculate the corresponding maximum equatorial ellip-
ticity. Using the empirical formula for strange stars given
by Bejger and Haensel (see Eq. (10) of [40]), Eq. (2) gives
the maximum equatorial ellipticity as
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We use the values M = 1.4M", R = 10 km, and
σmax = 10−2 in order to compare with [19], in which
Owen obtained εmax ∼ 2 × 10−4 for solid strange stars
(with the quarks clustered in groups of about 18). For
the estimated range of the shear modulus given above,
we find that εmax could be as large as ∼ 5 × 10−2 for
solid quark stars in a crystalline color superconducting
phase. This relatively large value of εmax is about four
orders of magnitude larger than the tightest upper limit
obtained by the combined S3/S4 result for the pulsar
PSR J2124-3358 [30].

Constraints set by the Crab pulsar. Eq. (1) suggests
that the observational upper limits on h0 obtained from
known isolated pulsars can be used to set a limit on ε

assuming a value of Izz. However, the moment of inertia
is very sensitive to the poorly known dense matter equa-
tion of state (EOS). It can change by a factor of seven
depending on the stiffness of the EOS [40]. Alternatively,
with Eq. (2), one can use Eq. (1) to set a limit on the
pulsar’s quadrupole moment without assuming a value
of Izz [41]. The limit can in turn set a constraint on the
shear modulus of crystalline color superconducting quark
matter by Eq. (4). In particular, with the expression (5)
for ν, we can define an exclusion region in the ∆−µ plane
by the the following constraint:
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where h̃0 is the observational upper limit on h0 for a
given pulsar.

Under the assumption that the pulsar is an isolated
rigid body and that the observed spin-down of the pulsar
is due to the loss of rotational kinetic energy as gravita-
tional radiation, one can also obtain the so-called spin-
down limit on the gravitational-wave amplitude hsd =
(5GIzz |ḟ |/2c3r2f)1/2, where ḟ is the time derivative of
the pulsar’s spin frequency [30]. As it is expected that
the strain amplitude satisfies h0
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where we have used Eq. (10) of [40] for the moment of
inertia for strange stars.

In [30] it is reported that the gravitational-wave strain
upper limit for the Crab pulsar (h̃0 = 3.1× 10−24) is the
closest to the spin-down limit (at a ratio of 2.2). For the
other pulsars, the direct observational upper limits are
typically at least one hundred times larger than the spin-
down limits. For pulsars in globular clusters, in which
cases the spin-down measurement is obscured by the clus-
ter’s dynamics, the gravitational-wave observations pro-
vide the only direct upper limits. In the following, we
shall focus on the constraints set by the observational
data for the Crab pulsar.

The S3/S4 results for the Crab pulsar are plotted in
Fig. 1. In the figure, the solid lines represent Eq. (7) when
the equality holds for the breaking strain σmax = 10−3

and 10−2, assuming that M = 1.4M" and R = 10 km.
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FIG. 2: In the left panel, the ellipticities obtained from our analysis are shown as a function of the core transition
density ρc/ρn, where ρn is the nuclear saturation density. We consider two breaking strains, a maximum value
σ̄br = 10−2 and a minimum of σ̄br = 10−5. For each of these values we examine the region between the maximum
and the minimum shear modulus µ, obtained for the range of parameters in [10], cf. (2). The shaded region
indicates the region permitted by LIGO observations and the horizontal line is the current LIGO upper limit of
ε = 7.1×10−7 for PSR J2124-3358 [5]. If the breaking strain is close to the maximum the observations are already
constraining the theory. If it is close to the minimum, however, there are no significant constraints yet. In the
right panel we compare the ellipticity obtained by considering the full star, only the core of the full star and just
the naked core, with no fluid around it. We take the breaking strain to be σ̄br = 10−5. As one can see the results
for the two cores do not differ significantly, while the ellipticity of the core plus fluid star is smaller, more so as
the core size decreases at higher transition densities.

der to make real improvements, one would (again) want
to use a realistic equation of state. This would require
the calculation to be carried out within General Relativ-
ity. Then the determination of the background solution
is straightforward, but the calculation of the mountain
size would require implementing the General Relativistic
theory of elasticity, see for example [15]. To date, there
have been no such calculations. Work in this direction
should clearly be encouraged.

Finally, we need to improve our understanding of the
breaking strain. The range of values that we have used,
10−5 ≤ σ̄br ≤ 10−2, is relevant for a crust consisting of
normal matter. The upper limit represents the limit on
Coulomb force dominated micro crystals while the lower
limit is a pessimistic estimate of large scale breaking.
However, the physics of the core is very different from
that of the crust. There is no reason to believe that the
estimates on the breaking strain for the crust should be
applicable to the core. We used these estimates simply
because no data relevant for our study is available. The
response of the crystalline quark matter to large stresses
is also uncertain. Normal matter will be predominantly
brittle and break into pieces when the temperature is suf-
ficiently far below the melting temperature and will re-
spond by plastic flow (up to some limit) otherwise. How
an elastic quark core will respond is completely unknown.
Yet, for our purposes it may not matter which scenario
is realised as long as the timescale for plastic flow at a
given strain is longer than the observation time.
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Summary

•Motivated by compact stellar observations, the study of matter in 
extreme conditions allows to shed light on some properties of QCD

•Color superconductivity is a phase of matter predicted by QCD

•The temperature is so low that only NGBs are relevant

•The study of NGBs is linked to some observables of compact stars
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h L
↵i 

L
�ji = �h R

↵i 
R
�ji = 1�↵i��j � 2�↵j��i

Chiral symmetry breaking

At low density the χSB is due to the condensate
that locks left-handed and right-handed fields 

In the CFL phase we can write the condensate as

h ̄  i

Color is locked to both left-handed and right-handed rotations. 

F C C F

< R R>< L L> SU(3)L rotation SU(3)c rotation SU(3)R rotation
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Two good dishes ...

h ↵iC�5 �ji ⇠ ✏I↵�✏Iij�I
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Two good dishes ...

h ↵iC�5 �ji ⇠ ✏I↵�✏Iij�I

� U(1)Q
{

� U(1)Q̃

{
CFL Color superconductor

Baryonic superfluid 
“e.m.” insulator

SU(3)c ⇥ SU(3)L ⇥ SU(3)R ⇥ U(1)B ! SU(3)c+L+R ⇥ Z2

�3 = �2 = �1 > 0
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Two good dishes ...

h ↵iC�5 �ji ⇠ ✏I↵�✏Iij�I

{{
� U(1)Q � U(1)Q̃

2SC

SU(3)c ⇥ SU(2)L ⇥ SU(2)R ⇥ U(1)B ⇥ U(1)S ! SU(2)c ⇥ SU(2)L ⇥ SU(2)R ⇥ U(1)B̃ ⇥ U(1)S

�3 > 0 , �2 = �1 = 0

Color superconductor 
“e.m.” conductor

� U(1)Q
{

� U(1)Q̃

{
CFL Color superconductor

Baryonic superfluid 
“e.m.” insulator

SU(3)c ⇥ SU(3)L ⇥ SU(3)R ⇥ U(1)B ! SU(3)c+L+R ⇥ Z2

�3 = �2 = �1 > 0
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